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The yield of radiation in the Li*(d,p)Li’*(y)Li’ reaction has been measured as a function of angle in 
correlation with protons observed in the direction of the beam and with the beam alone. No anisotropy 
was detected in either observation. The only plausible theoretical explanation of these results is the assign- 
ment of /=1/2 to the first excited state of Li’ in agreement with other recent observations. 





I. INTRODUCTION 


IRECTIONAL effects in the emission of particles 

from nuclei are an important source of informa- 
tion on the properties of nuclear energy levels. The 
direction of emission may be correlated with the direc- 
tion of an incoming particle initiating the reaction'~* or 
with the direction of some other emitted particle.’ 
It has been pointed out*® that the two cases are 
similar in their formal aspects. General rules have been 
given?* which govern the complexity of the correlation 
between any two particles, either incoming or outgoing, 
in a nuclear process, provided no other directional 
information is supplied in the experiment. 

In a reaction frequently encountered, particle P 
enters a nucleus to form a compound system, which 
decays by emission of particle Q to an excited state in 
a final nucleus and then by y-emission to the ground 
state. Angular distributions of the type (P,Q) and 
(P, y) have been studied in a number of instances.® 
The angular correlation (Q, 7) has also been investi- 
gated in reactions in which particle P enters as an s 


* Assisted by a contract with the AEC. 

'R. D. Myers, Phys. Rev. 54, 361 (1938); E. Gerjuoy, Phys. 
Rev. 58, 503 (1940); C. L. Critchfield and E. Teller, Phys. Rev. 
60, 10 (1941); D. R. Inglis, Phys. Rev. 74, 21 (1948). 

2. Eisner and R. G. Sachs, Phys. Rev. 72, 680 (1947); L. 
Wolfenstein and R. G. Sachs, Phys. Rev. 73, 528 (1948). 

3C. W. Yang, Phys. Rev. 74, 764 (1948). 

‘4D. R. Hamilton, Phys. Rev. 58, 122 (1940); G. Goertzel, 
Phys. Rev. 70, 897 (1946); D. L. Falkoff and G. E. Uhlenbeck, 
Phys. Rev. 79, 323 (1950); S. P. Lloyd, Phys. Rev. 80, 118 (1950) ; 
J. A. Spiers, Phys. Rev. 80, 491 (1950). 

5 L. Eisenbud, Phys. Rev. 76, 185 (1949). 

6 See the review by Hornyak, Lauritsen, Morrison, and Fowler, 
Revs. Modern Phys. 22, 291 (1950). 


wave and thus has no influence on the subsequent 
correlation measurement.’'* When the entering wave is 
not isotropic, however, the correlation (Q,) is in 
reality a correlation (P, Q, y) among all three particles, 
since the direction of the incident particle P is generally 
specified by the experimental arrangement. The situa- 
tion is equivalent to the (7, y, y) or the (P, y, y) 
correlations which have been treated by Beidenharn, 
Arfken, and Rose. If the assumption is made that the 
angular momenta associated with the motion of the 
particles and with the state of the compound nucleus 
are all unique, the only additional complexity in the 
present case arises when particle Q as well as particle P 
has a spin. The most general case which might be 
encountered, however, may involve overlapping states 
in the compound nucleus and multiple values of orbital 
angular momenta for the particles. The calculation of 
the correlation function is then exceedingly complex, 
and the result will include interference terms and a 
large number of unknown parameters. 

The interference effects which involve only magnetic 
substates and are peculiar to the triple process may be 
eliminated by observing any two of the radiations in 
parallel or antiparallel directions.’ The most con- 
venient arrangement for studying states in the final 
nucleus is to observe the particles Q in the same direc- 
tion as the beam particles P, a process which we shall 
designate by (PQ; ). The correlation function may 


7 B. Rose and A. R. W. Wilson, Phys. Rev. 78, 68 (1950). 

8 W. R. Arnold, Phys. Rev. 80, 34 (1950); Barnes, French, and 
Devons, Nature 166, 145 (1950). 

* Biedenharn, Arfken, and Rose, Phys. Rev. 83, 586 (1951). 

” B. A. Lippmann, Phys. Rev. 81, 162 (1951). 
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then be written 


W(0)=X0 om2(0) 2 Pmyms(8), (1) 
m2 m3 


where om2(0) is the partial cross section for the forma- 
tion of the substate mz in the residual nucleus following 
the emission of particle Q in the direction 6=0; and 
Pmym3(0) expresses the relative probability of a transi- 
tion from the sublevel m2 of the excited state with 
angular momentum 7/2 to the sublevel m; of the final 
state with angular momentum J;, by means of 2” pole 
radiation in the direction 0." 

Even in those cases in which it seems impractical to 
calculate the quantities om2(0), the correlation function 
(1) can provide useful information. Since the function 


Um2(8) = Be Pmom3(6) (2) 


will be a polynomial in cos*@ of degree not greater than 
Lz or Iz, whichever is smaller, a measurement of the 
correlation function makes it possible to set a lower 
limit on the value of the spin J;. A unique assignment 
of spin may not be possible, even when L2>J2, since 
it can happen in rare cases that the function (2) will 
not attain the maximum allowed complexity.” It is 
also possible that the (P,Q) transition will limit the 
complexity of the correlation function (1). Except for 
accidental cancellations, however, it is possible to 
predict the extent of this limitation for any given case. 
As has been shown by Biedenharn, Ariken, and Rose,’ 
the maximum power of cos’@ in the correlation function 
cannot exceed either Lo+JZ, or J;+Z;, whichever is 
smaller, where Lo and JZ, are the orbital angular mo- 


Taste I. Angular distribution of radiation emitted in the 
transition from the substate m, of the state J, to the state 
J;=3/2, The functions have the proper relative weight within 
each group 
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35—45 cos*#+40 cost? 
17+ 105 cos*@— 120 cos*é 
32—60 cos*@+80 cos'é 








"The quantity om2(0) may be calculated in the manner used 
in the references given in 1 and will in general involve many 
unknown parameters. The calculation of Pm2m;(@) is straight- 
forward and includes only known quantities. See, for example, 
references in 4. 


” Arfken, Biedenharn, and Rose, Phys. Rev. 84, 89 (1951). 
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menta associated with P and Q, respectively, and J; is 
the angular momentum of the compound nucleus.” 
Thus in the triple process the complexity will exceed 
that allowed by Z;, provided there are no other limita- 
tions, and it is possible to have an anisotropic corre- 
lation even with L,;= 

A particularly simple application is to the case of an 
isotropic (PQ; y) correlation. Since L221, the isotropy 
probably arises either from the condition J;<1 or from 
a limitation imposed by the (P, Q) transitions. For the 
latter to be the case LZ; must equal 0 and either Lyo=0 
or J,<1. In either event the angular distribution of Q 
relative to P must also be isotropic. If, therefore, the 
(PQ; y) correlation is isotropic while the (P, Q) corre- 
lation is not, the only possible formal limitation is 72< 1. 
In a similar manner the angular distribution of the 
y-rays relative to the particles P with Q unobserved is 
also informative.“ In this case the complexity of the 
(P, y) distribution is limited by the smallest of the 
quantum numbers (Lo, /1, Z2, L2).° If again the (P, 7) 
correlation is isotropic while the (P,Q) correlation is 
not, the spin J, provides the only possible formal 
limitation. 


II. THE Li*(d,p)Li™*(y)Li? REACTION 


In two reactions it has been established that radiation 
from the first excited state of Li’ is emitted isotropically. 
Littauer'* has observed an isotropic distribution relative 
to the incident proton beam in the Li’(p,p’)Li™*(y)Li? 
reaction. Unless )=0 for the entering protons or /;=0 
for the compound nucleus Be’, this result would indicate 
a spin J,<1, or in the case of Li’, J,.=1/2.f Rose and 
Wilson’ have measured the angular correlation be- 
tween the radiation and the alpha-particles in the 
B'°(n,a)Li™*(y)Li’ reaction, and they find it to be 
isotropic. In this instance the entering slow neutrons 
have Lo=0 so that the correlation is a simple (a,7) 
process, for which quantitative correlation functions 
can be calculated. The likely possibilities have been 
examined by Feld'® and by Devons,’ and only the 
case [;= 1/2 gives an isotropic correlation function'® in 
accordance with the rules discussed above, if the 
radiation is taken to be either pure magnetic dipole or 
pure electric quadrupole. Since, however, for the case 
I,=5/2 (or 7/2) the parity and angular momentum 
selection rules give L;=1 for the alpha-particles, the 
correlation function is limited to a cos*@ complexity for 


3 If the values of Lo, 7;, and LZ, are not unique, this statement 
will apply separately ‘to each part of the correlation function 
corresponding to a particular Zo, J;, and Z,, but it must be 
modified appropriately for the terms in which values of Lo, 1, 
or L; are mixed. 

4S. S. Hanna, Phys. Rev. 76, 686 (1949). 

1 R. M. Littauer, Proc. Phys. Soc. (London) A63, 294 (1950). 

t Note added in proof: —A. H. Bethel and R. E. Segel in this 
laboratory have obtained evidence that the inelastic protons in 
this reaction are not emitted isotropically, thereby strengthening 
the assignment of /,= 1/2. 

16 B. T. Feld, Phys. Rev. 75, 1618 (1949). 

17S. Devons, Proc. Phys. Soc. perry A62, 580 (1949). 

18 See, however, the case J=3/2 below 
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both types of radiation. Accordingly, it is possible to 
obtain a cancellation of the cos’? term by a somewhat 
unlikely mixture of magnetic dipole and electric quadru- 
pole radiation.!7-!® 

In the Li®(d,p)Li’*(y)Li’ reaction the angular distri- 
bution of protons relative to the entering deuterons 
has been measured at bombarding energies from 0.3 to 
1.4 Mev.”® The measured angular yield functions con- 
tain terms as high as cos‘#. The odd terms which are 
observed are indicative of interference between waves 
of opposite parity. It seems likely therefore that 
incoming deuterons with Zo=0, 1, 2 contribute to the 
reaction. There is evidence perhaps in these distribu- 
tions that the (d,p) stripping process contributes parti- 
ally to the reaction. A forward peak, characteristic of 
the theory of Butler,” begins to form above 1 Mev but 
is inconspicuous at lower energies, where we shall 
assume the reaction involves primarily the compound 
nucleus. 

In order to investigate the complexity which may be 
attained by the yield function of the gamma-rays 
correlated either to the protons observed in the direction 
of the deuteron beam or to the beam alone, the distri- 
bution functions (2) are listed in Table I for magnetic 
dipole and electric quadrupole radia(ion, taking 7;=3/2 
(odd parity) for the ground state of Li’ and three 
choices, J2=1/2, 3/2, 5/2 (all odd parity), for the 
excited state. It is seen that these functions attain their 
maximum complexity, except for the case of quadrupole 
radiation and J,=3/2." With a knowledge of these 
functions and the rules discussed above it is possible 
to predict the maximum power allowed in the corre- 
lation functions for any particular choice of Lo, 1, Li, 
I,, and Z2. An examination of all possible cases reveals 
that a nonisotropic correlation W(@) is expected unless 
I,=1/2 or I2=3/2 (quadrupole). Furthermore, the 
gamma distribution function relative to the beam is 
found to be at least as complex as the proton distribu- 
tion, except for the same two cases. Actual correlation 
functions W(@) have been calculated for a variety of 
choices of Lo, 11, and Ly, for J2=5/2 and 3/2 (dipole). 
In each instance the maximum power of cos’ was that 
predicted by the rules. The numerical coefficients 
ranged from 0.2 to 2.5 times the isotropic term, and in 
the dipole case were almost uniformly negative for 
I,=5/2. For all the cases examined involving Lo=2, 
which seems required by the evidence from the (d,p) 
angular distributions, and for some with Z»=0,1, the 
quadrupole expression involved a term in cos‘#. Un- 
doubtedly the real correlation function would include 
terms corresponding to several choices of Lo, Z;, and Le, 
as well as some in which values of these quantities were 
mixed. Below a bombarding energy of 1 Mev, however, 


TD. R. Inglis, Phys. Rev. 81, 914 (1951). 

® Krone, Hanna, and Inglis, Phys. Rev. 75, 335 (1949); 80, 
603 (1950); W. Whaling and T. W. Bonner, Phys. Rev. 79, 258 
(1950) ; D. N. F. Dunbar and F. Hirst, Phys. Rev. 83, 164 (1951). 

21S. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951). 
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Fic. 1. Schematic diagram of the apparatus: (D) deuteron 
beam; (7) lithium target on thin backing; (P;) fixed proton 
counter; (P:) rotating gamma-counter; (6) correlation angle; 
(Aj, Aa) 10-mc linear amplifiers; (C) coincidence circuit; (Ci, C2) 
single channel registers; (Cr, C4) total and accidental coincidence 
registers; (A3) 3-mc linear amplifier; (S) single channel discrimi- 


nator. The last two circuits were used to obtain energy resolution 
of the radiation observed in the experiment. 


Pe 





the yield of the reaction indicates the presence of a 
fairly strong resonant state in the compound nucleus.” 
No matter what assignment is made to this resonance, 
one could expect to find a nonisotropic correlation for 
the “resonant”’ part of the reaction, except for J2=1/2 
or for pure quadrupole radiation and /;=3/2. 


Ill. EXPERIMENTAL APPARATUS 


The energy of the deuteron beam, supplied by the 
electrostatic accelerator of the Department of Physics, 
was in the range 600 to 900 kev for which the remarks 
of the preceding section would apply. In an effort to 
decrease single channel counting rates enriched Li*® 
targets were used in the correlation measurements. 
One was prepared in a small mass spectrograph,” 
available in the laboratory, with provision for trans- 
porting the target without breaking vacuum to the 
beam tube of the accelerator in order to minimize 
oxygen contamination. A second target was prepared 
with lithium sulfate compound” having a Li®/Li’ ratio 
of 20. The first target was reasonably thin (less than 
0.1 mg/cm?) and relatively free from oxygen. The 


™ Built according to the design of Smyth, Rumbaugh, and 
West, Phys. Rev. 45, 724 (1934). 

*% Produced by Carbide and Carbon Chemicals Division, Oak 
Ridge National Laboratory, Y-12 Area, Oak Ridge, Tennessee 
= obtained on allocation from the Isotopes Division of the 

EC. 
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Fic. 2. Measured angular correlations in the Li®(d,p)Li™(y) Li’ 
reaction: (Top) gamma-rays correlated with protons emitted in 
the direction of the deuteron beam. (Bottom) gamma-rays from 
Li’™* and Be’* correlated only with the deuteron beam. 


sulfate target was appreciably thicker (containing 
roughly the same amount of lithium), but it had rel- 
atively less Li’ (owing principally to a faulty alignment 
in the lithium separator in the preparation of the first 
target) and gave a reduced gamma-ray intensity 
resulting from Li’? bombardment. 

The experimental arrangement is shown schemati- 
cally in Fig. 1. The aluminum wall surrounding the 
target was } inch thick. Thin aluminum windows were 
provided for observing charged particles, but one side 
of the chamber was free for observation of the gamma- 
rays. The protons and the gamma-rays were detected 
with anthracene and sodium iodide crystals, respec- 
tively, in conjunction with the RCA 5819 photomulti- 
plier tube. In order to reduce gamma and neutron 
background the anthracene was in the form of a thin, 
5-mil flake. Appropriate tests showed that this system, 
shielded by suitable foils, was an efficient detector of 
the two proton groups from the Li® reaction with 
unimportant contributions from other radiations. The 
Nal(TII) crystal was a ?-inch cube mounted in a Lucite 
cup, containing mineral oil and making good optical 
contact with the photomultiplier. Aluminum foil served 
as a reflector. The efficiency for 0.5-Mev radiation was 
found to be roughly 50 percent. The proton counter 
was fixed at zero degrees to the beam, while the gamma- 
counter was free to rotate in a horizontal plane. Both 
counters were shielded with lead and aluminum to 
reduce background. The solid angles of the detectors, 
about 2X10~ steradian for the gamma-counter and 
10~ steradian for the proton counter, produced coinci- 
dence rates of about 10/min and total single channel 
rates on the order of 10°/sec. 
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Pulses from the cathode followers of the counters 
passed through 10-mc amplifiers having gains of about 
100. Sensitive trigger circuits were employed in con- 
junction with blocking oscillators to produce uniform 
pulses which were mixed on the grids of a pentode for 
coincidence detection. Single channel rates were ob- 
tained directly from the blocking oscillators. Resolving 
times down to 30 or 40 millimicroseconds were used 
without excessive loss of true coincidences. In the 
experiment the background of uncorrelated phenomena 
in each detector produced an appreciable accidental 
coincidence rate, which was monitored by feeding the 
output of each blocking oscillator to a second coinci- 
dence detector which received only random pulses. 
This was accomplished by introducing a 0.5-micro- 
second delay into the line from one of the blocking 
oscillators. This procedure is particularly desirable 
because the unsteadiness of the beam produces an 
unsteady source of radiation from the target, which 
results in a higher accidental rate than would be calcu- 
lated from the resolving time and the single counter 
rates. In operation it is important to know only the 
ratio of the resolving times of the two coincidence 
detectors. This value was measured over long periods 
of time and found to be subject to only negligible drifts. 


IV. THE (dp,y) CORRELATION** 


The correlation measurements were obtained by 
observing the (p,y) coincidence rate from the 
Li®(d,p)Li™*(y)Li? reaction at angles of the gamma- 
counter from 35° to 145°. Despite the fact that sym- 
metry about 90° is expected, measurements were ob- 
tained in both the front and back quadrants as a check 
on geometric and scattering effects. The integrated 
beam intensity was measured with a beam current 
integrator and also with the total proton count from 
the fixed proton counter; the two measurements agreed 
satisfactorily. For each observation the coincidence 
rate was corrected for slight variations in the distance 
of the gamma-counter. In all some 100 observations 
were made at nine angles of the gamma-counter, and 
approximately 45,000 real coincidences were observed. 
The measurements were compatible with an isotropic 
distribution, the observed fluctuations being consistent 
with the expected statistical uncertainty. The data, 
presented in Fig. 2, are the results of two separate 
observations taken several months apart with different 
targets (see above), somewhat different bombarding 
energy, and with alterations in counters, circuitry, and 
geometry. Effects of scattering were investigated by 
placing lead absorbers in strategic places and by ob- 
serving the decay of the coincidence counting rate 

* A brief account of part of the measurements reported in this 
section has been given in Nature 168, 429 (1951). Measurements 
on the (p,7) correlation in which the protons were observed at 90° 
have been reported by J. O. Newton, Proc. Phys. Soc. (London) 
A64, 938 (1951). See also W. H. Burke and J. R. Risser, Phys. 
Rev. 85, 741 (1952); and Phillips, Heydenburg, and Cowie. 


Phys. Rev. 85, 742 (1952). 
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when various thicknesses of lead were interposed 
between the target and the gamma-counter. 


V. THE (d,y) ANGULAR DISTRIBUTION 


In order to obtain additional evidence for the isotropy 
of radiation from the excited state under study, a brief 
investigation was made of the angular distribution of 
such radiation relative only to the direction of the 
incident deuteron beam. Energy discrimination was 
employed in order to discard radiation from target 
impurities, but the 480- and the 430-kev gamma-rays 
from Li™ and Be™, respectively, were not resolved. In 
these mirror nuclei there is little doubt as to the identical 
nature of the first excited states.2* Since the (d,y) 
distribution with the proton (or neutron) unobserved 
will in general differ from the (dp,y) correlation, unless 
of course they are both necessarily isotropic, a measure- 
ment of the former should provide additional evidence. 
On the other hand, if the isotropy of the Li’* radiation 
is conceded, the observation will serve to confirm the 
expected isotropy of Be’* radiation. The relative yield 
of Li™ and Be™ radiation was not determined quanti- 
tatively in the present experiment, but from observa- 
tions reported in the literature® it can be estimated 
very roughly that the yields are comparable. 

The radiation from the lithium target was detected 
with a NaI(TII) crystal similar to the one used in the 
correlation measurements with minor changes in the 
mounting to improve the resolving characteristics of the 
system. All shielding was removed from around the 
counter assumbly, except for a lead collimator which 
served greatly to reduce annihilation radiation coming 
from the walls of the target chamber (arising from the 
positron activity induced by deuteron bombardment of 
carbon). The pulses from the photomultiplier after 
amplification were analyzed in a single channel discrimi- 
nator’® with a 1.5 volt channel width. The system was 
calibrated with annihilation radiation from a Na” 
source. The angular measurements were obtained by 
recording the unresolved photopeak of the Li’* and 
Be™ radiation at several angles with respect to the 
deuteron beam. No significant angular effects were 
observed in these measurements, either in the height of 
the peaks or in the area under the peaks. The data, 
corrected for geometric effects and small contributions 
from annihilation radiation, are shown in Fig. 2. 


* Brown, Snyder, Fowler, and Lauritsen, Phys. Rev. 82, 159 
(1951); D. R. Inglis, Phys. Rev. 82, 181 (1951). 
26K. I. Roulston, Nucleonics 7, 27 (1950). 
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TABLE II. Coefficients in the series 1+ A, cos6+ A: cos*@. 


Ea Ai 








0.040 
0.009 
0.023 


800 kev 
700 kev 
700 kev 


(dp,y) 
(dp,y) 
(d,y) 








VI. DISCUSSION 


As presented the data include the instrumental and 
geometric corrections. There are in addition small cor- 
rections (~1 percent) arising from the motion of the 
recoiling Li’* nucleus at the instant of emission of the 
radiation. After applying these corrections the data 
were analyzed into series of the form 1+ A, cos@ 
+A: cos’@ by the method of least squares. The results 
are given in Table II. The coefficients obtained differ 
from zero by amounts which are easily compatible with 
the uncertainties in the measurements. In view of the 
definite and fairly complex asymmetry observed in the 
(d,p) process, it is striking that in both processes 
involving the gamma-ray no asymmetry can be de- 
tected. Although it is conceivable that an isotropic (or 
nearly isotropic) correlation function could be con- 
structed for a,spin J;2>1/2, it seems very unlikely that 
at the same time the (d,y) process would not display a 
detectable anisotropy or vice versa. The most reason- 
able conclusion is that the lack of anisotropy arises from 
the nature of the gamma distribution functions, Table 
I. The choice is between J;.=1/2 with either dipole or 
quadrupole radiation or both and J,=3/2 with pure 
quadrupole radiation. The latter choice is unlikely in 
view of the lifetime?” (~10-" sec) of the radiating 
state, which indicates that magnetic radiation probably 
predominates and in addition J,=3/2 seems rather 
implausible theoretically.” The assignment J,=1/2 to 
the first excited states of Li’ and Be’ is the only reason- 
able explanation for the isotropy of the radiation in the 
present two observations as well as in the B'°(n,ay)Li’ 
and Li’(p,p’y)Li’ reactions. 

Our thanks are due Paul W. Milich for the construc- 
tion and care of a considerable part of the equipment 
used in the experiment, H. M. Watts of the Radiation 
Laboratory of The Johns Hopkins University for 
valuable discussions in connection with the circuits 
employed, and S. M. Shafroth for assistance in meas- 
uring the (d,y) angular distributions. 


27 L. G. Elliott and R. E. Bell, Phys. Rev. 76, 168 (1949). 
28H. H. Hummel and D. R. Inglis, Phys. Rev. 81, 910 (1951). 
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Using a double-lens beta-ray spectrometer, the beta-spectra and the internal conversion coefficients for 
Co, Nb®, Au'®*, and Hf!*! were investigated. All the beta-spectra were found to be of allowed shape with 
end-point energies 0.306+0.005 Mev, 0.160+0.003 Mev, 0.97+-0.01 Mev, and 0.408+0.008 Mev, respec- 
tively. The extra activity presented in Au! was identified to be Au’, and the slow neutron absorption 
cross section of Au'®§ was estimated to be about 10° barns. 

The internal conversion coefficients indicate that both of the gamma-rays from Co® are E~2* radiations; 
the 0.77-Mev gamma-ray from Nb® is either an M-2! or an E-2? radiation or a mixture of both; the 0.411- 
Mev gamma-ray from Au!" is an E-2? radiation; the 0.474-Mev gamma-ray from Hf'*! is an E-2? radiation, 
the 0.134-Mev and 0.340-Mev gamma-rays are M-2! radiations, and the 0.130-Mev gamma-ray is doubtful 


but seems to be an E-2? radiation. 


The results are discussed from the point of view of the beta-decay theory and the shell structure model 


(Mayer, Haxel, Jensen, and Suess). 





I. INTRODUCTION 


ITHIN the past few years the theory of internal 
conversion has been worked out in some detail 
by several investigators, and a complete table of the 
K-shell internal conversion coefficients was published 
recently by Rose and his collaborators.! The general 
purpose of such calculations is to evaluate the prob- 
ability of the transition of K, L, etc., atomic electrons 
to states of the continuum under the influence of the 
electromagnetic radiation emitted by the nucleus when 
an isomeric transition occurs. An essential feature is 
that the probability of the transition depends upon the 
intensity of the electromagnetic field in the vicinity of 
the nucleus where the field decreases with a power of r 
determined by the multipole order of the radiation. 
Hence the measurement of the probability of the transi- 
tion of atomic electrons from different shells affords a 
method of exploring the multipole order of the transition. 
Two selection rules govern the nature of the electro- 
magnetic radiation, from which it becomes possible to 
draw some conclusions about the nuclear states involved 
in the transition. The first is the rule that the photon 
which is emitted from a 2! electric or magnetic multipole 
has angular momentum /h with respect to the position 
of the multipole.?* Thus, if J and J’ are the angular 
momenta in units of A of the initial and final states of 
the radiating system, then / must have the value 


[I+1'| 212 |I-I'|, (1) 


with the lowest value of / most probable. 

The second selection rule governs the parity change 
between initial and final states. Electric 2'-pole and/or 
magnetic 2'~!-pole radiation occur only between states 
of the same parity if / is even, and only between states 
of opposite parity if 1 is odd.? 

* Now at Yerkes Observatory, Williams Bay, Wisconsin. 

1 Rose, Goertzel, Spinrad, Harr, and Strong, Phys. Rev. 83, 79 
(1951). 

2 W. Heitler, Proc. Cambridge Phil. Soc. 32, 112 (1936). 

3 E. Segre and A. C. Helmholz, Revs. Modern Phys. 21, 271 
(1949). 


This paper describes the study of a number of cases 
in which a nucleus A is transformed by beta-decay into 
an excited state of a stable nucleus B. The transition 
from the excited state of B occurs by the emission of an 
internally converted gamma-ray. 

In so far as Fermi’s theory of beta-decay applies, it is 
usually possible to draw some conclusion about the spin 
and parity changes involved in the beta-ray process 
from the shape of the beta-spectrum and the ft-value.*'5 
Such studies of the beta-spectrum together with the 
coefficients of internal conversion provide a check of 
the theoretical predictions of the spins and parities of 
nuclei A and B, such as those given by the shell struc- 
ture model. The present work was undertaken to 
provide sufficient accuracy in the experimental deter- 
mination of beta-spectra and internal conversion coef- 
ficients so that a significant test of the shell theory could 
be made. 


Il. APPARATUS AND CALIBRATION 
1. Beta-Ray Spectrometer 


All the measurements were carried out by using the 
double-lens beta-ray spectrometer’ of this laboratory 
(Fig. 1). The spectrometer consists of two current 
carrying coils 95.8 cm apart. The source was placed at 
the center of one coil and the detector was placed at the 
center of the other. Electrons from the source were 
detected only when their trajectories were of the first 
order,’ those having trajectories of higher orders being 
eliminated by a helical baffle at the center of the instru- 
ment. The transmission and the resolving power of the 
instrument were controlled by two iris diaphragms 
situated in close contact with the ends of the helical 
baffle. Because of the large dimensions of the instru- 
ment, scattering from the side walls was practically 
absent. Scattering from the helical baffle was eliminated 

‘E. Fermi, Z. Physik 88, 161 (1934). 

5 E. J. Konopinski, Revs. Modern . — 209 (1943). 


®M. G. Mayer, Phys. Rev. 78, 16 (19 
7H. Agnew and H. L. Anderson, Rev. Sci. Instr. 20, 869 (1949). 
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Fic. 1. The beta-ray spectrometer. 


by introducing an extra helical baffle in front of the 
detector. The Compton electrons produced by gamma- 
rays from the source were reduced to a negligible 
amount when this device was installed. 


2. Calibration 


Although the spectrometer makes use of an iron shell 
to shield the orbits from the earth’s magnetic field, its 
linearity is not noticeably impaired thereby and a single 
constant k=J/p relates the momentum p with the 
current in the coil 7. This constant was checked by 
observing the current at which the maxima of the 
conversion lines of Cs!*7 (624 kev)’ and of Co™ (1163.1 
kev and 1323.2 kev)* appeared. Values of the constant 
k from these calibration points were 16.92, 16.91, and 
16.90, where # is in units of me and J is in amperes. The 
value k= 16.91 was adopted in the calculations. 

The transmission of the spectrometer was determined 
by a beta-gamma coincidence measurement using a Co® 
source. With the source and the beta-ray counter in the 
standard position in the spectrometer, a gamma-ray 
counter having a 2-mm brass window was placed 2 cm 
behind the source. The gamma-ray counting rate V,, 
the beta-ray counting rate Vg, and the beta-gamma coin- 
cidence rate Ng, were measured for various values of 
current in the spectrometer. Co™ decays by emitting a 
beta-ray followed by two gamma-rays in cascade; thus, 
at any given value of the current, 


No7/Ne=e:(1— a1) +€2(1— a2) (2) 
and 

N,=4(1—a)NV+e(1—a2)N, (3) 
where €; and €2 are the efficiencies of the counter for 


eR M. Langer and R. D. Moffat, Phys. Rev. 78, 75 (1950). 
® Lind, Brown, and DuMond, Phys. Rev. 76, 591 (1949). 


counting gamma-rays 1 and 2, respectively, ai, a2 are 
the total interhal conversion coefficients corresponding 
to the two gamma-rays, respectively, and JV is the 
total number of beta-disintegrations per second. Here, 
the possible beta-gamma angular correlation is taken 
to be zero.”° The absolute strength of the source is given 
by 

N=N,N,/Noy. (4) 


Using this value and the area A under the momentum 
spectrum of Co™, which is equal to the product of N, 
the resolution w, and the transmission ¢ of the instru- 
ment [ Eq. (6) ], the transmission can be determined. 

It was found that when the counter position was 
fixed, the transmission depended very sensitively on the 
source position. Thus, the position of the source and the 
control diaphragms were carefully adjusted to get (1) 
sufficient resolution and (2) the highest possible trans- 
mission. For a source 4 mm in diameter, the transmis- 
sion was 1 percent with a resolution of 2 percent. 


3. The Counter 


A spherical G-M counter was originally used for the 
detector. This type of counter was designed particularly 
for a system in which low energy electrons receive an 
accelerating voltage at the detector to aid them in the 
penetration of the thin window.’ Later, a cylindrical 
counter was used which had an efficiency which was 
more nearly independent of the energy of the electrons. 
Figure 2 shows a sketch of the cylindrical counter. It 
was constructed of a 4 in. long brass tubing with 
twenty-two js in.X} in. slots distributed around the 
circumference, and a center wire along the axis of the 
tubing. Nylon foils, made conducting by evaporating 


10 R. L. Garwin, Phys. Rev. 76, 1876 (1949). 
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5 yug/cm® of aluminum on them, were used for the 
window." The thickness of the window ranged between 
80 ug/cm? to 100 ug/cm?; it stopped electrons of energy 
below 5 kev. 

A mixture of neon and amyl-acetate with a total 
pressure of 8 cm was generally used for the counter 
filling. On several occasions, ethyl-acetate at pressure 
2.4 cm was used. With the latter, the vapor pressure 
could be kept constant by dipping liquid ethyl-acetate 
into ice, and the thickness of the counter window could 
be reduced to 50 ug/cm? which corresponds to a cut-off 
energy about 3 kev.” 

The efficiency of counters was also studied at various 
pressures. Let m be the number of electrons per molecule 
and p be the pressure (in cm Hg) of the gas in the 
counter. It was found that the efficiency of the particular 
counter used was almost proportional to mp for beta- 
particles of energy ~0.6 Mev when mp<70. For 
mp > 70, the efficiency of the counter reached its maxi- 
mum and remained constant. The value of mp for 8 cm 


of neon is 80, and it is 115 for 2.4 cm of ethyl-acetate, 


CENTER WIRE 


HOLE ~~ FILLING 








\ 
GLASS BEAD 


—_—_—_""" 
SCALE 1 INCH 


Fic. 2. A sketch of the cylindrical counter. 


100 percent efficiency for electrons for the whole range 
in beta-ray spectrometer work was therefore assumed. 


4. Sources 


Sources were deposited on 15 yg/cm? Nylon foils 
having a thin backing of evaporated aluminum. The 
weight of the sources was determined by controlling the 
total amount of liquid deposited, and the uniformity 
was checked by radio-autograph. All the samples 
reported here were obtained from Oak Ridge National 
Laboratory except those mentioned specially. 


'' The method used to wrap thin foils on a cylinder was as 
follows: A wet foil was laid on a rectangular frame of a width 
slightly smaller than the length of the counter and a length slightly 
longer than that of the circumference of the counter. Then the 
counter, whose surface was painted with clear glyptal, was placed 
at one end of the frame. The foil could then be picked up and 
glued to the surface when the counter was rolled carefully over 
the frame. It was necessary to leave enough space on the counter 
shell without slots for the overlapped ends of the foil. 

' The ethy]-acetate filling permitted the use of thinner window 
and more stable gas pressure. However, it was found that the 
counters with the ethyl-acetate filling had several minor draw- 
backs. They needed higher applied voltage (1700 v); they pro- 
duced pulses less uniform in height and having a longer dead time 
(~ 100 ysec). The plateau was also shorter, viz., having about 30 
volts with a 2 percent slope. 
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Ill. EXPERIMENTAL METHOD 
1. Momentum Spectrum 


By a momentum spectrum is meant the plot of the 
number of beta-disintegrations m(p) per unit momentum 
interval per second vs the corresponding momentum p 
of the beta-particles. The quantity m(p) cannot be 
measured directly because of the finiteness of the 
resolving power of a beta-ray spectrometer. However, 
it can be shown that n(p) is related to the counting rate 
N, of the detector, the transmission /, and the resolution 
w of the beta-ray spectrometer by the following ap- 
proximate equation: 


n(p)=N./pwt=kN./Iut, (3) 


where k is the constant previously defined. Equation (5) 
is a good approximation for 0< p< Pmax(1—w) provided 
(1) an originally monoenergetic line of momentum )’ 
appears as an isosceles triangle, and (2) the resolution 
w which is defined as the ratio of the width of the 
triangle at the half-maximum, Ap’, to the momentum 
p’ is a constant. A detailed discussion is given in the 
appendix. 

In the present measurement, the assumption (1) was 
justified by the shapes of single conversion lines 
measured, and the assumption (2) was justified by the 
linear relationship found between the coil current J 
and the magnetic rigidity p as shown in Agnew and 
Anderson’s paper.’ Since p was proportional to the coil 
current J, a momentum spectrum was thus obtained by 
plotting V./I vs p or Hp. Consequently, the area under 
the momentum spectrum is 


A=Nut, (6) 


where V is the total number of beta-disintegrations per 
second. 


2. Maximum Energy of a Beta-Spectrum 


The maximum energy of a beta-spectrum was deter- 
mined by means of a Fermi plot. Since Eq. (5) is no 
longer correct and the counting rate is low for p near 
Pmax, experimental points near the end of the beta- 
spectrum were ignored in curve-fitting according to the 
method of least squares. The percentage errors in the 
final results were obtained by the standard statistical 
method."* 


3. Internal Conversion Coefficient 


The ratio of the number of K-shell electrons ejected 
per second, Vx, to the number of gamma-quanta 
emitted per second, .V,, is defined to be the K-shell 
internal conversion coefficient, ax, and similar de- 
finitions hold for az, etc. The ratio of the total number 
of internal conversion electrons ejected per second, .V., 


13H. Margenau and G. Murphy, The Mathematics of Physics 
and Chemistry (D. Van Nostrand Company, Inc., New York, 
1943), pp. 487-502. 





B-SPECTRA AND 


to N, is called the total internal conversion coefficient a. 
However, in older literature, the internal conversion 
coefficient was defined as the ratio of the internal con- 
version electrons to the number of radiative transitions 
N,, i.e., a’ =N,./N,=N./(Ng+N.), where the “primed” 
quantity denotes the older definition. In this paper, the 
former definition is followed in agreement with the 
more recent custom.'* 

The measurement of the internal conversion coef- 
ficients for a given isotope does not require a knowledge 
of the true activity of the source if the decay scheme is 
known. Let N be the total number of beta-disintegra- 
tions per second. The area under the curve of the plot 
of the momentum spectrum is A = Vw? according to Eq. 
(6) provided that the window absorption of the counter 
is negligible. The area under the K-shell internal con- 
version peak in the momentum spectrum is equal to 
Ax=arkx'N,wt. Therefore, 


ax'=AxN/AN,, (7) 


where the quantity N,/N can be determined from the 
known decay scheme. The value of ax is thus given by 
the following expression : 

(7’) 
which is used to compare with the theoretical values of 
Rose ef al. 

A Fermi plot of the momentum spectrum is essential 
to decide what part of the curve is due to the beta-rays 
and what part is due to the conversion electrons, and to 
make the correction at low energies for the cutoff of 
the counter window. Accordingly, such plots were made 
in every instance. Where some degree of forbiddenness 
was revealed in a lack of straightness using the simple 
Fermi rules, an appropriate correction factor was 
applied.’ However, because of the distortions due to 
the source thickness and the uncertainty of Fermi’s 
theory over the low energy range, a correction curve 
for the window absorption thus obtained might not be 
correct. Hence, one-half of the difference of the area 
under the measured spectrum and that under the cor- 
rected spectrum was taken as the possible error of the 
measurement. 


41> ag’ ‘(1 —a’), 


IV. RESULTS 
1. Co 


5.3-year Co™ decays into an excited state of Ni® by 
negatron emission, with a maximum energy of 0.31 Mev. 
Subsequently two gamma-rays of energy 1.1715 Mev 
and 1.3316 Mev, respectively, are emitted in cascade. 
The beta-spectrum was found to be of allowed shape 
down to 0.17 Mey.!® 

The coefficients of internal conversion for Co were 
measured first by Deutsch and Siegbahn"* and then by 


4 See, for example, J. R. Reitz, Phys. Rev. 77, 10 (1950). 
% Deutsch, Elliot, and Roberts, Phys. Rev. 68, 193 (1945). 
16M. Deutsch and K. Siegbahn, Phys. Rev. 77, 680 (1950). 
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Fic. 3. The beta-spectrum of Co™. 





Waggoner, Moon, and Roberts.'’ Their measurements 
indicate that the two gamma-rays are both due to 
electric quadrupole radiations. However, in all these 
measurements, thick window counters were used. It 
was considered worth-while to study the same problem 
with thin window counters. 

The measured beta-spectrum of Co® is shown in 
Fig. 3. A 10-microcurie source of 0.2-mg/cm? thickness 
and 0.5-cm diameter was used. The internal conversion 
peaks are shown in the same figure with the scale 
enlarged 1000 times. The rising background on the left 
side of the first peak is known to be caused by Compton 
electrons produced in the source. It was found that the 
beta-spectrum is allowed down to 70 kev with an end- 
point energy 0.306+0.005 Mev as shown in Fig. 4. The 
dotted curve in Fig. 3 is the extension of the beta- 
spectrum corresponding to the extrapolation to zero 
energy of the straight Fermi plot. The total internal 
conversion coefficient is found to be (1.72+0.17) 10-4 
for the 1.17-Mev gamma-ray and (1.24+0.12)10-4 
for the 1.33-Mev gamma-ray, where the experimental 
errors are taken according to the assumption stated in 
Sec. III. A comparison of the present measurement 
with those of the other authors is given in Table I, where 
the experimental errors assumed by the latter are also 
indicated. 

The values of ax are unknown because the K lines 
were not resolved from JL, etc., lines. However, the 
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Fic. 4. The Fermi plot for the beta-spectrum of Co™. 


1 Waggoner, Moon, and Roberts, Phys. Rev. 80, 420 (1950). 
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Fic. 5. The decay scheme of Co™ and the 
suggested level values. 


values of ax/a, can be roughly estimated from Gold- 
haber and Sunyar’s empirical curves;'* they are high 
for all multipole radiations. If ax/a,~10 is assumed for 
both gamma-rays, ex=(1.55+0.15)X10-* for the 
1.17-Mev gamma-ray and ax=(1.12+0.11) 10-4 for 
the 1.33-Mev gamma-ray. A comparison of these values 
with the theoretical ones in Table II' permits one to 
assign both gamma-rays to be more likely E-2? radia- 
tions. This is in agreement with the angular correlation 
measurement’? and the polarization-direction correla- 
tion measurement” which assigned the states of Ni® 
involved in the decay of Co™ as 0+, 2+, and 4+, 
respectively. However, the internal conversion measure- 
ments alone would not rule out the possibility of M—2! 
or mixed M-2! and E-2? transitions, if one interprets 
the experimental uncertainties rather conservatively. 

The Fermi plot of the beta-spectrum is straight down 
to 70 kev. This, together with the absence of beta- 
gamma angular correlation,’ allows one to conclude 
that the transition is allowed, though the /ft-value is 
rather high (logft=7.5). This means, accepting the 
assignment 4+ for the state of Ni® for Co™ decay, that 





oS 


+4 ——_+ +--+ + — 





Fic. 6. The beta-spectrum of Nb®. 
18 M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951). 
19 F, L. Brady and M. Deutsch, Phys. Rev. 78, 558 (1950). 
20 F, Metzger and M. Deutsch, Phys. Rev. 78, 551 (1950). 


Co has a 5+, 4+, or 3+ ground state according to 
the G-T selection rules. The possibility of a 3+ state 
can be ruled out by the fact that there is no evidence 
for transitions from Co® to the lower excited state of 
Ni®. The experimental evidence at hand does not 
permit one to decide between the assignments 4+ and 
5+. Shell structure model predicts 5+ for Co®* and 
is thus not inconsistent with our results. A tentative 
conclusion about the level values involved in the decay 
of Co® is shown in Fig. 5. 


TasLe I. Total internal conversion coefficient X 10*. 





1.17 Mev 


2.32+0.6 
1.73+0.061 
1.72+0.17 


2. Nb* 


The decay scheme of 37-day Nb® is simple. The 
work of Mandeville, Scherb, and Keighton™ indicates 
indeed that beta-decay of Nb® into Mo* is followed 
by a single gamma-ray. The beta-spectrum and the 
internal conversion coefficient have been determined by 
Hudgens and Lyon.” Figure 6 shows the beta-spectrum 
of Nb* obtained from the present measurement using 
a two-microcurie source of 0.05-mg/cm? thickness and 
0.5-cm diameter. The purity of the source was checked 
by observing the decay rate over 9 half-lives and was 
found to be sufficient for the purpose of the experiment. 
The internal conversion peak is plotted in the same 
figure on a scale enlarged eighty times. The Fermi plot 
is seen in Fig. 7 to be straight down to 40 kev. The 
dotted curve in Fig. 6 is the extrapolation of the beta- 
spectrum corresponding to a straight Fermi plot down 
to zero energy. The present results differ in some re- 
spects from those of Hudgens and Lyon. A comparison 
is given in Table ITI. 


Deutsch and Siegbahn 
Waggoner et al. 
The present measurement 


1.286+0.035 
1.24+0.12 








TABLE II. K-internal conversion coefficients X 10‘. 





E-2 a -23 Z-2 M-2! M-2 








2.87 
2.07 


1.38 


1.17 Mev 0.72 
5 1.03 


1.33 Mev 0.58 





The Z and M conversion line can only barely be 
resolved from the K conversion line. By comparing the 
heights of the two tips as indicated in Fig. 6, or by 
decomposing the conversion line into two isosceles 
triangles and comparing their area, one obtains as a 
rough estimate for ax/a,~4, ie., ax~1.3X10-*. The 
error introduced in measuring the area under the beta- 
spectrum is about 10 percent. 


21 Mayer, Moszkowski, and Nordheim, Argonne National 
Laboratory Report No. 4626 (1951). 

2 Mandeville, Scherb, and Keighton, Phys. Rev. 74, 888 (1948). 

% J. E. Hudgens, Jr., and W. S. Lyon, Phys. Rev. 75, 206 (1949). 
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A comparison of the measured internal conversion 
coefficient with the theoretical values corresponding to 
different multipole transitions! is given in Table IV. 
Therefore, the 0.77-Mev gamma-ray is classified as 
magnetic dipole or electric quadrupole radiation, or a 
mixture of both. 

Nb* has a spin 9/2, and should, according to the 
shell structure model, be in a gg/z state. This is perhaps 
also the state of Nb®%, because adding two neutrons 
usually does not change the nuclear configurations.” 


TABLE III. Results of Nb®. 





Hudgens 
and Lyon 


Present 
measurement 





0.146 Mev 
0.75 Mev 
2.4X 107% 


Beta-ray end-point energy 0.160+0.003 Mev 
Gamma-ray energy 0.77+0.01 Mev 
Total internal conversion coeff. (1.6+0.16) 1073 








The spin of Mo* is known to be 5/2. Shell structure 
model predicts d5,2.24 The multipole order of the 0.77- 
Mev gamma-ray (M-2! and/or E-2?) together with the 
shape of the beta-spectrum (allowed) and the ft value 
(log /t=5) would then be consistent with 9/2+ or 7/2+ 
for the excited state of Mo. The shell structure 
favors a g7/2 State, which is adopted in the tentative level 
values shown in Fig. 8. 


3. Au! 


The beta-spectrum and the internal conversion coef- 
ficients of 2.69-day Au'* have been the subject of 
extensive investigations. In some earlier work by Levy 
and Grueling,** several gamma-rays with energies of 
0.157, 0.208, and 0.411 Mev and two beta-ray com- 
ponents of maximum energies 0.601 and 0.97 Mev were 
observed. However, the spectrometric work of Peacock 
and Wilkinson,” Siegbahn and Hedgran,” and the 
latest work of Saxon and Heller” show that the beta- 
spectrum is simple with an end-point energy of 0.97 


TaBLe IV. K conversion coefficient for Nb®. 








Theoretical values x 10 


M-? 


E-2' 
3.50 0.53 


Experimental value X10* 





M-2! 


1.30.2 1.32 








+0.01 Mev followed by an internally converted gamma- 
ray of 0.411 Mev. These conflicting results were ex- 
plained by Hill and Mihelich,?* who showed that the 
additional activities observed by Levy and Grueling 
were due to Au'* formed through successive neutron 
capture during the pile irradiation of gold as follows: 


Au!*?+-n—Au'™®, Au!®§-+-n—Au!, 


“4 P. W. Levy and E. Grueling, Phys. Rev. 75, 819 (1949). 
%C. L. Peacock and G. Wilkinson, Phys. Rev. 74, 297 (1948). 
26K. Siegbahn and A. Hedgran, Phys. Rev. 75, 523 (1949). 
27D). Saxon and R. Heller, Phys. Rev. 75, 909 (1949). 

28 R. D. Hill and J. W. Mihelich, Phys. Rev. 79, 275 (1950). 
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Fic. 7. The Fermi plot for the beta-spectrum of Nb®. 


The method used by Hill and Mihelich was to identify 
the photographic lines of conversion electrons taken 
with a spectrograph using secondary electrostatic 
focusing. The ratio of Au'*® to Au'®’ was estimated to 
be 1:95 by comparing the intensities of the 0.157-Mev 
and 0.411-Mev gamma-rays; it was reduced to 0.6: 100 
later®® by drastically changing the percentage of 0.157- 
Mev gamma-rays per beta-particle emission of Au!, 
Here the same problem was studied by measuring simul- 
taneously the total beta-disintegrations of both Au'®® 
and Au'®*, The result differs considerably from that of 
Hill and Mihelich. 

Figure 9 shows the beta-spectrum of Au'*. The 
sample was obtained from Oak Ridge, where it had 
been irradiated for seven days with an average flux of 
approximately 6.510" cm~* sec~'; the measurement 
was performed about three days after the irradiation. 
The spectrographic analysis of the particular piece of 
gold from which the sample was taken shows the 
presence of a small amount of Ag and very small amount 
of Ca, Cu, and Mg, none of which should interfere 
with the present study. 

The Fermi plot for the spectrum is shown in Fig. 10 
and indicates clearly the superposition of two com- 
ponents. The end point of the high energy component is 
0.97+0.01 Mev, while that of the low energy component 
is estimated from the Fermi plot as about 0.4 Mev. 
Besides the well-known 0.411-Mev gamma-ray, two 
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— Si, 





Fic. 8. The decay scheme of Nb® and the 
suggested level values. 
* R. D. Hill, Phys. Rev. 79, 413 (1950). 
* The author is indebted to Mr. J. A. Cox, Superintendent of 
the Radioisotope Control Department, Oak Ridge National 
Laboratory, for supplying this information. 
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Fic. 9. The beta-spectrum of Au'**. Sample was obtained from 
Oak Ridge National Laboratory. 


gamma-rays of energy 0.159 and 0.207 Mev, respec- 
tively, were also found. None of the impurities leads 
to the observed activities. Chemical purification was 
performed and the activities were found to be unaf- 
fected. Therefore the activities must be due to some 
isotope of gold. 

Figure 11 shows the beta-spectra of Au’®* irradiated 
in the heavy water pile of Argonne Laboratory. In these 
measurements some older and therefore weaker sources 
were used. Hence the spectrometer was operated with 
lower resolution but higher transmission. Furthermore, 
an end-window mica counter of window thickness 1 
mg/cm? was used instead of a Nylon window counter, 
because the supporting grid of the Nylon window 
counter cuts down the transmission by a factor of 
about one-half. Curve 1 in Fig. 11 is the spectrum of a 
sample irradiated for 45 hours in the pile. The measure- 
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Fic. 10. The Fermi plot for the beta-spectrum of 
Au! shown in Fig. 9. 


#}R. S. Krishnan, Proc. Cambridge Phil. Soc. 37, 186 (1941). 
Thanks are due to Mr. J. B. Niday and Mrs. A. Tompkins for 
their help in performing the chemical process. 


ment was done about one week after irradiation. Curve 
2 corresponds to the measurement on the same sample 
34 days after irradiation, with the high energy part 
normalized to coincide with that of the first measure- 
ment. It can be seen that the two activities have dif- 
ferent half-lives. Assuming that the beta-spectrum of 
Au'®8 is simple as indicated by the dotted curve (No. 3) 
in the figure, the half-life of the low energy component 
can be estimated by comparing curves 1 and 2. It is 
found to be 3.2 days, which differs by about 4 percent 
from the accepted value of the half-life of Au'®®, 3.3 days. 

The end-point energy of the low energy component 
can be estimated from the Fermi plot which is shown in 
Fig. 12. It is 0.35+0.04 Mev. This agrees with the 
values for Au'®® of 0.32 Mev by Beach, Peacock, and 
Wilkinson,” and of 0.38 Mev by Mandeville, Scherb, 
and Keighton.** 
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Fic. 11. The beta-spectra of Au'®*, sample was irradiated in the 
heavy water pile of Argonne National Laboratory. Curves 1 and 2 
are the spectra measured 7 and 34 days after irradiation, respec- 
tively. Curve 3 is the spectrum corresponding to a straight Fermi 
plot. 


The internal conversion peaks in curve 2 are readily 
identified with the energy spectrum of Au'** found by 
Beach ef al. with a thinner counter and a better reso- 
lution. The first peak can be identified with the K con- 
version line of the 0.157-Mev gamma-ray. The second 
peak is the Z line corresponding to the 0.157-Mev 
gamma-ray, the K line of the 0.207-Mev gamma-ray, 
and the K line of the 0.230 gamma-ray, which are not 
resolved. The third peak is the Z line of the 0.207-Mev 
gamma-ray. All these findings show that the extra 
activity is due to Au'®*. The neutron absorption cross 
section of Au'®* can be estimated from the comparison 
of the beta-activities of Au'*’ and Au!” and the neutron 
flux. 

After making the correction for window absorption, 
the total amount of Au'*® compared to Au'®* under the 
curve in Fig. 9 was about 16 percent, while that under 


® Beach, Peacock, and Wilkinson, Phys. Rev. 76, 1624 (1949). 
3% Mandeville, Scherb, and Keighton, Phys. Rev. 74, 601 (1948). 
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curve 1 in Fig. 11 was about 11 percent and that under 
curve 2 was about 30 percent. The first value gives a 
neutron absorption cross section of Au'®* of ~8.8X 10° 
barns, and the last two give an average result of 9.1 105 
barns if a neutron flux is 10% cm~ sec~' is assumed. 
This is much higher than the value of Hill and Mihelich, 
i.e., 1.6 10‘ barns. This large discrepancy might partly 
be due to the uncertainty in the pile neutron flux on 
which the calculations are based. 

The K internal conversion coefficient for 0.411-Mev 
gamma-ray is 3.0 percent. The Z and M conversion 
coefficients are 1.3 percent. All these values agree 
exactly with the results of Siegbahn and Hedgran.” The 
radiation is classified as electric quadrupole radiation. 
This classification is consistent with the lifetime of the 
isomeric state (10-" sec).*4 

The multipole order of the 0.411-Mev gamma-ray, 
together with the fact that Hg'®* has zero spin and 
presumably even parity, enable one to assign 2+ to the 
excited state of Hg'**. The Fermi plot of Au’ is 
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Fic. 12. The Fermi plot for the beta-spectrum of Au'®*. 


straight, which could mean that this is an allowed 
spectrum or a first-forbidden spectrum (A/=0 or 1, 
yes) with allowed shape which happens more often for 
high Z isotopes. Indeed, the condition that the correc- 
tion factor for forbiddenness reduces to a constant is 
given by Konopinski® as 

Z>1.6W "5, 


where Wo is the maximum energy (including rest mass) 
in unit of mc? of the beta-particles. For Au'%*, 1.6W "5 
«8, and this condition is thus fulfilled. Therefore the 
ground state of Au'®’ could be 1+, 2+, or 3+. The ft 
value (logft=7.3) tends to indicate a first-forbidden 
spectrum and hence a negative parity of the ground 
state. 

The shell structure model favors a 2— state” for the 
ground state of Au'®*. Adopting this assignment, one 
obtains the tentative level scheme shown in Fig. 13. 


4 R. L. Graham and R. E. Bell, Phys. Rev. 84, 380 (1951). 
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Fic. 13. The decay scheme of Au'®* and the 
suggested level values. 


4. Hf!*! 


The decay of Hf'*' and the internal conversion coef- 
ficients have been investigated by Chu and Wiedenbeck*® 
and lately by Hedgran and Thulin.** The decay scheme 
proposed by Chu and Wiedenbeck is shown in Fig. 14. 
It fits with the delayed nature of the gamma-rays*’ fol- 
lowing the beta-decay and the cascade nature of the 
0.130-Mev and the 0.471-Mev gamma-rays.**:** 

Later, Jensen found another gamma-ray of energy 
0.087 Mev.” This gamma-ray was identified by Cork 
et al.“' as due to the activity of Hf'’®. The total amount 
of Hf'’5 relative to the activity of Hf!" one month after 
four weeks of irradiation was determined by Hedgran 
and Thulin* as 2.1 percent. However, Cork et al." found 
one other gamma-ray of energy 0.601 Mev by using a 
photographic registration. This was also confirmed by 
Burson ef al.” They assigned the gamma-ray to the 
direct transition from the highest excited state of Ta'*! 
to the ground state. Since this gamma-ray has not been 
reported by Chu and Wiedenbeck and Hedgran and 
Thulin, it is presumably of very low intensity.** The 
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Fic. 14. The proposed decay scheme of Hf'* 
of Chu and Wiedenbeck. 


% K. Y. Chu and M. L. Wiedenbeck, Phys. Rev. 75, 226 (1949). 

36 A. Hedgran and S Thulin, Phys. Rev. 81, 1072 (1951). 

37S. De Benedetti and F. K. McGowan, Phys. Rev. 75, 728 
(1948). 

% Mandeville, Scherb, and Keighton, Phys. Rev. 75, 221 (1949). 

% Bunyan, Lundby, and Walker, Proc. Phys. Soc. (London) 
A62, 253 (1949). 

“ E. N. Jensen, Phys. Rev. 76, 958 (1949). 

“' Cork, Stoddard, Rutledge, Branyan, and Le Blanc, Phys. Rev. 
78, 299 (1951). 

“ Burson, Blair, Keller, and Wexler, Phys. Rev. 83, 62 (1951). 

® The branching ratio is less than 2 percent according to Mr. 
S. B. Burson’s private communication. 
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TaBie V. Number of conversion electrons for Hf**!, 








Chu and Wiedenbeck Hedgran and Thulin 
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proposed decay scheme seems to be well established, 
except that there are some small differences in the 
energies of gamma-rays as measured by different 
authors. But the problem of the internal conversion 
coefficients is still an open one as is shown in Table V, 
where Vx; (i=1, 2, 3, 4) is the number of K conversion 
electrons of the ith gamma-ray emitted per second per 
unit beta-disintegration, and Nz; and Nw; denote the 
number of Z and M conversion electrons, respectively. 
The gamma-rays are numbered according to increasing 
energies. The purpose of the present measurement, 
which was done before the publication of Hedgran and 
Thulin’s paper, was to measure the conversion coef- 
ficients of the gamma-rays to compare with Chu and 
Wiedenbeck’s results. It was found that the results 
were in agreement with Hedgran and Thulin’s and, in 
spite of the complications of the problem and the uncer- 
tainties of the measurements, could be taken in con- 
junction with the determinations of the branching ratio, 
the ratio of Nx,:N xe and the ratio of Nx: N12 of the 
latter, to give a complete comparison with the theor- 
etical predictions of the shell structure model and 
Goldhaber and Sunyar’s empirical classification of 
nuclear isomers.!® 

The beta-spectrum of the present measurement is 
shown in Fig. 15, where the dotted curve corresponds 
to a straight Fermi plot. The sample was in the form of 
Hf,0; powder irradiated in Oak Ridge pile for four 
weeks. The source was prepared by depositing very 
fine Hf,O3; powder of 2 microcurie strength on a con- 
ducting Nylon foil and then covering the source with 
a piece of zapon foil of thickness ~5 yug/cm? to hold the 
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Fic. 15. The beta-spectrum of Hf'*. 


powder in place. The size of the source was ~0.5 cm 
in diameter and the thickness was ~0.3 mg/cm?. The 
energies of the gamma-rays of Hf'*! and their internal 
conversion coefficients are listed in Table VI, where 
Nxy:Nxo~2:1, Nx2:N12~8, the branching ratio for 
the 4th gamma-ray ~87 percent, and the activity of 
Hf'’5 to that of Hf'*'~2.1 percent just after four week 
irradiation, ax~40 percent, and ax/az,~4.5 for the 
0.342-Mev gamma-ray of Hf'7® **4 were used for the 
calculation. The errors of the internal conversion coef- 
ficients were calculated from the experimental errors 
of ax’, etc., which are about 10 percent. The errors of 
the internal conversion coefficients for the third gamma- 
ray could not be given because of the uncertainty of 
Wilkinson and Hicks’ measurements. 

The theoretical K-shell internal conversion coef- 
ficients for different gamma-rays for various multipole 
radiations from the table of Rose et al.' and the values 
of ax/a, from Goldhaber and Sunyar’s empirical 
curves'’ are listed in Table VII. 

In connection with the comparison of the experimental 
results with the theoretical values two remarks must be 


TABLE VI. y-ray energies and internal conversion 
coefficients for Hf!*. 





Energy of gamma-rays Internal conversion coefficients 





0.34+0.06 
0.56+0.10 
3.142.2 


0.130 Mev Ry 
Ih+M, 
0.134 Ke 
—1.1 
L:+M;2 0.38+-0.28 
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0.13 (very poor estimation) 
0.02 (very poor estimation) 
0.024+0.003 
0.006+0.0006 
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made: (1) The conversion peaks of the first two gamma- 
rays occur in the low energy range; considerable uncer- 
tainties could thus be involved in the corrections for 
the counter window absorption. (2) The theoretical 
values of the K-shell internal conversion coefficients for 
the first two gamma-rays were obtained by means of 
extrapolation of the curves of Rose ef al., and errors 
could thus be introduced. However, all those uncer- 
tainties do no completely obscure the nature of the 
gamma-rays. In fact, one can readily assign the fourth 
gamma-ray as an electric quadrupole radiation, both 
the second and the third gamma-ray as magnetic 
dipole radiations, and the first gamma-ray as most 
likely an electric quadrupole radiation. The classification 
of the first gamma-ray is consistent with the lifetime of 
the isomeric transition (22 usec). 

The Fermi plot of the beta spectrum is shown in 
Fig. 16. It is straight with an end-point energy of 
0.408+0.008 Mev. This straight Fermi plot could be 
an indication of either an allowed spectrum or a first- 
forbidden spectrum with a constant correction factor 


= G. Wilkinson and H. G. Hicks, Phys. Rev. 75, 696 (1949). 
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for the forbiddenness as in the case of Au'®*. However, 
a first-forbidden spectrum is compatible with the nature 
of the first gamma-ray from the following theoretical 
consideration. 

The spin of Hf!” and Hf'”® are both 1/2. Shell 
structure model predicts the value 1/2 as the state of 
Hf!”’, Hf'?®, and for Hf'*!.24 Because of the beta-spec- 
trum is of an allowed shape, the highest excited is likely 
to be of state 3/2+ or 1/2. The spin of Ta! is 7/2. 
Shell structure model favors a gz/2 for the ground state.”! 
The multipole orders of the second, third, and fourth 
gamma-ray indicate the first excited state and the 
second excited state as 5/2+ and 3/2+, respectively. 
Therefore, the nature of the first gamma-ray requires 
3/2+ or 1/2+ as the highest excited state. This fits 
with a first-forbidden spectrum and high ff value 
(log ft= 7.2). 

This case is quite interesting purely from the point of 
view of the shell structure model, because the states of 
Ta!®! seem to cover all the term values in the sixth 
shell, (gz/2, dsy2, ds2, and sy2) except the last one 
(Ai1/2). This is different from the scheme of Goldhaber 
and Sunyar.'* They assigned the first excited state as 
7/2+ and the first, third, and the fourth gamma-ray all 


TaBLE VII. K-shell internal conversion coefficients and 
ratios for the y-rays from Hf'*, 








K-shell internal conversion 
coefficients axk/ 
E-28 M-2! E-2! E-2 


Energy of 
gamma-rays 
in Mev E-21 





1.9 0.5 
0.14 2. 
0.060 4.3 


130,0.134 0.15 
rr 0.014 
0.0066 0.0185 








as electric quadrupole radiations and did not mention 
the nature of the second one. 

The author wishes to express his sincere appreciation 
to Professor H. L. Anderson for suggesting this problem 
and for his kind guidance during its progress. Thanks 
are also due to Mr. S. D. Bloom, Mr. S. A. Moszkowski, 
and Mr. D. Kahn for their friendly help. 


APPENDIX 


In most of the beta-ray spectrometer measurements, 
a single conversion line can be represented by an isosceles 
triangle having a width at half-maximum proportional 
to the momentum of the conversion electrons and a 
height for a source of unit strength (one particle per 
second) equal to the transmission of the machine ¢. Let 
p’ be the momentum of the conversion electrons and w 
the resolution; the width of the triangle at half-maxi- 
mum will be wp’ if the magnetic field of the instrument 
is linearly proportional to the current through the coil 
and there is no distortion of any kind. 

The shape of a single conversion line of momentum 7’, 
denoted by K(, ~’), is essentially the probability that 
an electron of momentum p’ from the source appears at 
the slit of the detector of a beta-ray spectrometer when 
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Fic. 16. The Fermi plot for the beta-spectrum of Hf'*. 


the current through the coil is 7, appropriate to the 
magnetic rigidity p. If n(p’)dp’ is the number of beta- 
particles of momenta between p’ and p’+dp’ emitted 
per second and N.(p) is the counting rate of the de- 
tector when the coil current is J, then 


vap= f K(p, p’)dp’n(p’). 


In the case of K(p, p’) being an isosceles triangle, 


‘ tt p’) 
vem f in(p’ nO th 


wp’—(p'—p) 
- ing ae, (i) 


where a= p/(1+w), b=p, and c= p/(1—w). 

Equation (1) can be easily transformed into a dif- 
ferential equation. After terms containing the third or 
higher power of w being neglected, it reads 


(1/wt)22N./dp?+2dn/dpt pen/dp?, (ii) 





Fic. 17. A Gaussian curve, considered as a sum of an isosceles 


triangle and three isosceles trapezoids. 
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with the following solution 
n=(1/wt)(N./p). (iii) 


This is Eq. (5). The correction term to V,/p is of order 
w*, which is small for w=2 percent. 
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it is always possible to divide a symmetrical shape into 
isosceles triangles so that they can be treated sepa- 
rately as the special case given above. For instance, a 
Gaussian curve can be divided into an isosceles triangle 
A and three isosceles trapezoids B, C, and D are illus- 
trated in Fig. 17. An isosceles trapezoid may be regarded 


as the difference of two isosceles triangles whose apexes 
are at the position p’. Equation (3) is thus applicable 
to the general case, except that the width w will be an 
average of widths of different triangles with proper 
weights attached. 


DISCUSSION 


Equation (3) can be generalized to the case that the 
shape of a single conversion line is symmetrical with 
respect to p’ but other than an isosceles triangle, because 
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Energy Levels in C!’, Al”, and Na”™ Using a Scintillation Spectrometer for Heavy Particles* 


H. F. Stoppart Anp H. E. Gove 
Laboratory for Nuclear Science and Engineering, Massachusetts Institute of Technology, 
Cambridge, Massachusetts 
(Received March 24, 1952) 


Energy levels in carbon, aluminum, and sodium have been measured using a “‘proportional’’ sodium 
iodide scintillation counter to determine energies of outgoing protons from inelastic proton scattering at 
7.26 Mev with the following results: C: 4.45 Mev; Al’: 0.84, 1.01, 2.23, 2.77, 3.03, 3.71, 4.00, 4.47, 4.60, 
4.87, 5.43 Mev; Na®: 2.10, 2.37, 2.69, 3.01, 3.70, 3.92, 4.45 Mev. 

Factors limiting the resolution are presented, and it is found that the standard deviations of the dis- 
tributions are consistent with 2.4 photoelectrons produced at the photocathode of the RCA 5819 per kev of 


particle energy lost. 


1. INTRODUCTION 


ee rINUED interest in the level structure of the 
nuclides has led to many recent experimental 
determinations of excited states. Usually the energy 
assignments are based on range measurements of the 
outgoing particles in nuclear scattering experiments or 
by deflection of these particles in known magnetic 
fields. This paper reports energies for excited states of 
several nuclides found by a different method which 
takes advantage of the “proportional” characteristics 
of the scintillations produced in a NalI(TI) crystal 
when it is excited by protons.' By using a crystal of 
sufficient thickness all of the particle range is absorbed 
and, in principle, all groups can be examined simul- 


taneously. 


2. EXPERIMENTAL 


The object in designing such a counter is to get as 
much of the light as possible from the crystal into the 
phototube since this is one of the factors which deter- 
mines the resolution. For this purpose a simple alumi- 
num reflector was designed as shown in Fig. 1. Because 
of total reflection at the crystal surface, a large part of 


* This work has been supported in part by the joint program 
of the ONR and the AEC. 

1 Taylor, Jentschke, Remley, Eby, and Kruger, Phys. Rev. 84, 
1034 (1951). 


the light comes out of the edge of the crystal, and the 
aluminum reflector is designed to utilize as much of 
this as possible. The volume of the reflector is filled 
with Dow-Corning DC-703 silicone oil to provide optical 
matching between the glass crystal holder and the glass 
tube face. Mineral oil, which is usually used in this 
application, is unsatisfactory in vacuum systems because 
of its high vapor pressure. The transmission of both 
silicone oil and mineral oil was checked and in the 
region of interest the silicone oil was actually found to 
be better. 

The sodium iodide crystal was cleaved on all six sides 
from a larger single crystal obtained from Harshaw 
Chemical Company. Cleaving gives a thin flat plate 
with the smoothest, most uniform surface possible. The 
cleaving operations were carried out in a dry box. Dif- 
ficulty with gamma-ray background is minimized by 
making the crystal thin and hence increasing the ratio 
of efficiency for detecting charged particles to efficiency 
for detecting gamma-rays. 

The counter is mounted on one of the movable arms 
in the MIT scattering chamber.? No window is used 
between the crystal and the target, and this necessitates 
filling the whole chamber volume with dry nitrogen 


? Boyer, Gove, Harvey, Deutsch, and Livingston, Rev. Sci. 
Instr. 22, 310 (1951). 
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when it is opened because of the hygroscopic nature of 
sodium iodide. 

The photomultiplier is an RCA 5819 tube and is 
powered with a highly stabilized positive high voltage 
supply usually operated at about 600 volts. The signal 
is brought out of the scattering chamber through several 
feet of coaxial cable to an impedance matching pream- 
plifier which also inverts the pulse. After passing through 
through about 50 feet more of cable the pulse is delay 
line clipped and amplified about 1000 times with a 
Brookhaven type “non-overloading” amplifier.* The 
pulse is then displayed on an oscilloscope and fed into 
a very stable Los Alamos single-channel analyzer.* 

3. RESULTS 
Magnesium 

The simplest way to present the resulting pulse 

height distributions is to photograph the oscilloscope 


with a time exposure, thereby integrating all the 
pulses.® In each of the photographs shown in this paper 





























Fic. 1. Diagram of the NaI counter. The sodium iodide crystal 
(D) is held against the bottom of the glass container (C) by a 
Lucite retaining ring (EZ). The glass container is held to the 
aluminum reflector (B) by ““Duco”’ cement (G), while the reflector 
itself is held to the tube (A) by “Ambroid” cement (H). The 
volume of the reflector is filled with DC-703 silicone oil (J) 
through a spout on the top (K). A lead defining diaphragm (F) is 
placed at the entrance to the counter. 


there are a total of about 1.2105 counts. Figure 2 
shows proton groups emitted at about 45 degrees for- 
ward from a thin magnesium target placed in the 
cyclotron proton beam. Using the known level energies 
at 4.14 and 1.38 Mev,® it is found that the sodium 
iodide crystal has a linear response to better than 4 
percent. A fainter level is seen at 5.10 Mev. From this 
work one cannot determine if it is from Mg or the less 
abundant isotopes of magnesium. 

The film technique is good for locating levels but in 
its present application does not give accurate quan- 
titative results for group intensity or shape. This 
information is better obtained from the single-channel 
analyzer data, which for this same magnesium reaction 
is shown in Fig. 3. 

RESOLUTION 


The discriminator run on the magnesium data does 
not indicate the best resolution possible with this 


3 W. Higinbotham and R. Chase, Rev. Sci. Instr. 23, 34 (1952). 
*C. W. Johnstone, Los Alamos (drawing number 4r-26323). 

5 P,. Hofstadter and R. McIntyre, Phys. Rev. 80, 631 (1950). 
6 C. E. Bradford and W. E. Bennett, Phys. Rev. 78, 302 (1950). 
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Fic. 2. Pulses resulting from magnesium bombarded by protons. 
The largest pulses come from the elastically scattered protons (A). 
This group appears to be broader than the others because it is 
considerably overexposed. The other two strong groups result 
from the Mg™ being excited to the well-known energy levels of 
1.38 and 4.14 Mev. A fainter line (D) is seen which corresponds to 
a level at 5.10 Mev. Note that the oscilloscope trigger cuts off just 
before the thin dense base line which is artificially inserted im- 
mediately after the run. 


counter. In order to separate variables affecting the 
resolution, such as target thickness and analyzer channel 
width as well as photocathode statistics, several runs 
were made by elastically scattering both deuterons and 
protons off a very thin gold leaf target with the counter 
at 40 degrees from the direction of the beam. Three 
discriminator runs were made in each case with the 
channel width carefully measured and the data cor- 
rected for spread due to this source. 

The resulting mean standard deviation for the 14.5- 
Mev deuterons was 92 kev, while the proton data, at 
a beam energy of 7.26 Mev, gave a mean standard 
deviation of 74 kev. These values can then be used to 
compute the number » of photoelectrons released at the 
photocathode per kev of particle energy by using the 
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Fic. 3. Discriminator data for protons on magnesium. A single- 
channel analyzer was used to scan the pulses resulting from proton 
groups incident on the counter from magnesium bombarded with 
the cyclotron proton beam. Although this curve is drawn as a 
histogram the channel widths actually considerably overlap. 








melt. 


Fic. 4. Pulses resulting from carbon bombarded by protons. 
Group “A” is due to the elastic protons, “B” to protons elastically 
scattered from hydrogen impurity in the target, and “C” to the 
inelastic protons from the 4.45-Mev level in C. No other groups 
are seen up to very close to the base line which corresponds to 
about 6.5-Mev level energy. The increased density near the base 
line may be due to carbon recoils. 


where s is the standard deviation of the data in kev, V 
is the particle energy in kev, R is the multiplication of 
the first dynode, and r is the average multiplication of 
all succeeding dynodes. The multiplication of the first 
dynode was separated from the others because it is 
operated at about three times higher voltage. In our 
case the effect of the dynodes in spreading the dis- 
tribution amounts to about 20 percent. 

The value of » that fits the deuteron data is 2.4 
photoelectrons per kev of particle energy lost. This 
value leads to a somewhat smaller value of the proton 
standard deviation than was actually obtained, but 
this can be accounted for, within the errors of standard 
deviation, by initial spread in the cyclotron beam itself. 

For the single-channel analyzer data shown in this 
paper the largest spread of the groups is due to the 
channel width which was kept rather wide to maintain 
high efficiency. No estimate of the resolution can 
be made from the photographic data since the gamma 
of the negatives is unknown. However, since fast 
(super-XX) film was used which was developed in 
fine-grain developer it is safe to assume that the gamma 
is less than one and hence the groups’ widths from the 
microphotometer data are broadened by this factor. 


Carbon 


A thin (about 0.4 mg/cm*) aquadag target was 
bombarded with the proton beam and the resulting 
proton groups observed at about 45 degrees from the 
direction of the beam. Figure 4 is a photograph of the 
oscilloscope in this case and Fig. 5 is a plot of the single- 
channel analyzer data in a similar experiment. In both 
cases there are only two groups attributable to the 
carbon ; the intense elastic group, and the inelastic group 
from the first level. The broad group is due to protons 
scattered from hydrogen contamination in the target. 
Part of the reason the width of this group is larger than 
the other two is the rapid variation of energy with angle 
for this process. The geometric angle of the counter then 
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sees a greater energy distribution. However, this is not 
enough to account for the total width, and apparently 
it is necessary to include a contribution due to the 
multiple scattering of the particles in the target. This 
has the effect of adding to the geometric angle of the 
counter the average scattering angle. 

To make a very thin carbon target a gold foil 200 
ug/cm? thick was dipped into a dilute solution of 
polystyrene in xylene and allowed to dry. By using an 
energy of 4.45 Mev’ for the first excited level of C”, an 
energy of 7.26+0.04 Mev is found for the incoming 
beam. This is consistent with that obtained from the 
magnesium data. 

Another piece of information that can be obtained 
from the gold-polystyrene target is the angle of the 
counter to the beam. This is due to the rapid shift of 
the energy of the hydrogen elastic group with angle. 
Since the protons that make up the gold elastic group 
have essentially the full energy of the beam while the 
hydrogen elastic group energy depends on the square 
of the cosine of the angle, we can write 


Exn/Es=cos0—~En, ‘Ea, 


where Ey, is the energy of the hydrogen elastic group, 
Ez is the bean energy, and Eg is the energy of the gold 
elastic group. Assuming the crystal to be linear with 
energy, we can substitute the ratio of the pulse heights 
for the ratio of energies. The result serves the useful 
purpose of checking the direction of the beam through 
the scattering chamber. 


Aluminum 


Because aluminum, which exists only as the single 
nuclide Al?’, has some uncertainties in its level structure, 
several photographs were made using a 1.88 mg/cm? 
aluminum foil target and the 7.26-Mev proton beam. 
The photograph obtained at a forward angle of 50 
degrees (laboratory system) is reproduced in Fig. 6. 
This is clearly a more complicated case than magnesium 
or carbon. Microphotometer traces of two photographs 
similar to Fig. 6 but differing from each other by a 





c*®ip,p1c® 
(0128) 











1 | ee 
10 20 3% 60 70 680 90 


«a sO 
VOLTS « 2 

Fic. 5. Discriminator data for protons on carbon. The broad 
nature of the hydrogen elastic group is clearly shown. This is 
discussed under the carbon heading. 
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factor of four in exposure are shown in Fig. 7. Note the 
effect of nonlinear response of the film to intensity. 

From the positions of the peaks and the beam energy, 
the level energies for aluminum are calculated and are 
presented in Table I. No levels are evident in the region 
between 1.2 and 2.0 Mev of intensity greater than 5 
percent of the level at 2.23 Mev.’ This is also true for 
the picture taken at a back angle of 135 degrees in the 
laboratory system. 

This run demonstrates the limit of usefulness of this 
sodium iodide counter as a device for the determination 
of energy levels. However, when efficiency is an im- 
portant factor, this technique may be more useful than 
the precise magnetic methods. 


TaBLeE I. Level energies for Al?’. The groups can be identified 
on the microphotometer trace of Fig. 7 since the abscissa is 
calibrated in units of level energy. In each case the estimated 
error is +40 kev. 





Corresponding level 
obtained by E. M. Reilley 
(private communication) 
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4.875 
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5.565 
5.620 
5.736 
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Sodium 


An interesting target to compare with aluminum is 
sodium. It also exists as a single isotope, Na™, and is pre- 
sumably quite similar to aluminum in structure. Both 
nuclei have odd Z and even N, and according to current 
shell models the last nucleons in both cases should be 
in d5y2 states. 

A sodium metal target was prepared by evaporating 
the metal in vacuum onto a very thin collodion film. The 
target was transferred to the scattering chamber by 
keeping it under kerosene. Photographs at 90 degrees 
and 145 degrees from the direction of the proton beam 
were made, and the microphotometer traces of these 
negatives are shown in Fig. 8. Note the shift in energy 
of the groups with angle. This allows them to be iden- 
tified as inelastically scattered protons from sodium. 


7D. M. Van Patter and W. W. Buechner, Phys. Rev. 87, 51 
(1952). 
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Fic. 6. Pulses resulting from aluminum bombarded with protons. 
Because of the large intensity, the elastically scattered proton 
group is considerably overexposed which causes it to appear 
broader than the other group. 


Interference of the oxygen elastic peak with the sodium 
elastic peak in the 90-degree photograph makes it 
difficult to use this data for determining the Q values so 
the values in Table II are for the 145-degree photo- 
graph. Note that sodium levels e, /, g, 4, and 7 agree 
numerically within the experimental error with levels 
in Al?’. The chance probability of a one-to-one corre- 
spondence, within the experimental error, between at 
least five levels in aluminum and sodium in the region 
up to 4.5 Mev is 1.2 percent. It is also interesting to 
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Fic. 7. Microphotometer trace of aluminum photograph. Note 
that the ordinate in this trace is plotted directly as level energy. 
This gives an idea of how well the energy levels can be deter- 
mined. In this figure, as in Fig. 8, a part goes below zero relative 
intensity. This is due to small variations in the film backing and 
zero exposure density. 
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Fic. 8. Microphotometer traces of sodium photograph. Traces 
for two angles are included so that the effect of shift of energy 
with angle, which is apparent even with visual observation of the 
oscilloscope tube, may be recognized. Groups 1 and 2 are protons 
elastically scattered from oxygen and carbon, respectively. Group 
3 is due to protons inelastically scattered from carbon. The groups 
designated by letters are described in Table IT. 


note that there are the same number of levels in both 
cases in this region. 


Scintillation Counter 


The sodium iodide counter offers a useful alternative 
to the gas proportional triple-chamber counter’ that 
has proved so satisfactory in the past. No difficulty in 
the experiments so far attempted was experienced 
arising from gamma-ray or neutron backgrounds always 
present around the cyclotron. The distinguishing feature 
of the sodium iodide counter, that of detecting all 
particle groups simultaneously, is an advantage for the 
experiments described in this report, but may be a 
limitation when good counting statistics are desired on 
a weak group, since the counting rate is limited by the 
total counts. This feature of the counter proved to be 
a great value in an unexpected sense. When the oscil- 
loscope is observed during a run, one sees a distribution 
just as in the photographs shown in the figures of this 
paper. Any difficulties due toslit scattering, beam hitting 
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target holder, cyclotron partly on deuteron rather than 
molecular hydrogen resonance, etc., are immediately 
obvious. Also, by observing the relative positions of the 
groups while the counter is rotated in angle, one can 
decide the relative masses of the particles making up 
the groups. 

Several experiments with both deuteron beams and 
proton beams are now in progress using this counter. 
Arrangements are being made to place a very thin gas 
counter in front of the sodium iodide counter, which 
should permit the identification of the reaction products, 
since for a given energy lost in the crystal there will be 
a characteristic pulse in coincidence from the gas 
counter. 

We wish to thank Professor M. Deutsch and Professor 
M. S. Livingston for their helpful advice and to express 
our gratitude to the crew of the M.I.T. cyclotron for 

TABLE II. Level energies for Na* compared with previously 
measured values. The letter designation is the same as that of 
Fig. 8. Levels g and / are chosen on the assumption that only two 
groups are present in the unresolved peak. In each case the 
estimated error is +40 kev. 
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Level Boyer* 


Energy this paper, 


0.43 
2.07 


2.10+0.04 Mev 
2.37 


2.69 
3.01 


en. a 


*M.I.T., Laboratory for Nuclear Science and Engineering Progress 
Report, July 1, 1950 (unpublished). 

> Endt, Haffner, and Van Patter, Phys. Rev. 86, 518 (1952). 

eH. Brown and V. Perez-Mendez, Phys. Rev. 78, 812 (1950). 


their able assistance. We should also like to express our 
appreciation to Professor L. H. Ahrens of the M.I.T. 


Geology Department for kindly allowing us the use of 
a microphotometer. 
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Thermodynamic Continuity and Quantum Principles 
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A condensed survey is given of the results of a previous investigation on quantum concepts and principles 
developed from the anti-Gibbs postulate of thermodynamic continuity. The same postulate now also yields 
major parts of quantum statistics, such as the equality of various occupation number sets without permuta- 
tion of individual particles, not however the alternative “either Bose or Fermi statistics.” A distinction must 
be made between a coherent redistribution of particles without entropy change, and an incoherent redistri- 
bution leading to a new thermodynamic equilibrium. The latter is obtained from the former by a process of 
diffusion from separate level groups to a totality of levels. 





I. QUANTUM PRINCIPLES OBTAINED 
FROM CONTINUITY 


RECENT investigation' demonstrated that the 

conceptual scheme as well as several principles 
of quantum theory can be derived as consequences of 
a fundamental postulate of continuity in the domain of 
thermodynamics: “The classical discontinuity of the 
diffusion entropy of two different gases gradually made 
alike, known as the Gibbs paradox, does not occur in 
reality.” If one accepts this continuity principle, then 
the following conclusions can and must be drawn. 

(1) The alternative “like or unlike” as applied to 
states A and B of a gas, or of the mechanical systems 
(particles) constituting the gas, is to be abandoned in 
favor of a fractional likeness between two states. The 
latter may be described quantitatively by an intensity 
factor g(A, B) of mutual likeness with value between 
0 and 1. The quantity g, which is symmetric in its two 
arguments, determines the diffusion entropy S—So 
of the two gases A and B so that S—S» may have an 
intermediate value between zero for g=1 in case of 
like gases, and the full classical value, 2nR1n2, for 
q=0 in case of m moles of gas A and m moles of a different 
gas B diffusing from separate volumes V into the com- 
mon volume 2V. For the entropy S—.S» as a continuous 
function of g refer to Eq. (7) below. 

(2) Among all possible states of a mechanical sys- 
tem (gas particle) one may pick out a certain state Ai, 
then another state A» quite unlike A; with g(Ai, A2)=0, 
then a third state A; quite unlike A; and A», and so 
forth until one has a (complete) set of mutually unlike 
or “orthogonal” states A, with mutual likenesses 


Q(Ak,A x) = See. (1) 


From the remaining states one now may collect another 
complete orthogonal set B,B,---, then a set C, and 
so forth. This procedure is not unique, a fact known as 
degeneracy. The fractional likenesses g(A,,B;) be- 
tween members of different sets have values between 
0 and 1. Whereas classical theory considers any state 
A, as surrounded by an indiscriminate manifold of 
other states all unlike A, the continuity principle leads 


1A. Landé, Am. J. Phys. (to be published). 


to an organized arrangement of all possible states 
in orthogonal sets, members of different sets being 
linked by mutual likeness factors 0<q<1. 

(3) Likeness between two gas states is synonymous 
with inseparability, and unlikeness implies physical 
separability—by means of semipermeable diaphragms 
or other selective devices. Such devices play a decisive 
part in the definition of the diffusion entropy through a 
reversible process of unfusion. Any modification of the 
classical diffusion entropy S—S» therefore implies a 
modification of the classical alternative “permeable or 
impermeable.” To be more specific, fractional likeness 
between states A and B will manifest itself in a frac- 
tional separability of A from B. Let us define a device 
permeable for particles in the state B; and impermeable 
for non-B;=orthogonal to B;, as a B;-selector. When 
this selector is confronted with particles in the state 
A,, then it will pass a fraction g=q(Ax,B;) of the in- 
cident A, gas, .nd will reject the remaining fraction 
1—gq. A further inevitable consequence is that the passing 
fraction, in order to qualify for passage through the 
B,-selector, must have turned from the original state 
A, to B;. Similarly, the repelled fraction 1—g must have 
turned to the state non-B;. These transitions may be 
ascribed to a dynamical interaction between the parti- 
cles and the selector; the latter represents an instru- 
ment of analysis, a challenge “B; or non-B;.” The 
newly acquired states will persist until subjected to 
another perturbing analyzer, e.g., a Cm-selector. in 
this way the continuity postulate foreshadows the 
splitting effect of one state A, into component states 
B,,Bz,-++ separately collectible with fractional in- 
tensities g(A;,B;) and quantitatively defining the q’s. 
The sum of the intensity fractions must be unity: 


2; q(Ax,B;)=1, and pa q(A,,B;)=1, (2) 


remembering that the qg’s are symmetric. 

In the following we not only use the concept of a 
B;-selector which passes B; and repels non-B; (whether 
coming from the right or left) but also the concept of 
a B-separator which projects separate components 
B,,B,-++ all to one side (working from right to left 
as well as from left to right; the Stern-Gerlach field 
is an example). In contrast to a Maxwell demon which 
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represents a thermodynamically objectionable one- 
way valve, selectors and separators are thermodynami- 
cally admissable; however, one must carefully dis- 
tinguish between reversible coherent, and irreversible 
incoherent splitting as discussed below 

(4) When the splitting effect of a gas state A, into 
separately collectable components 8; is interpreted 
in terms of individual gas particles A;, then g(A,,B;) 
represents the statistical fraction of all incident parti- 
cles A, jumping to B;. The same fraction g(A,,B;) also 
represents the probability for a single particle irres- 
pective of the presence of others, to carry out a transi- 
tion to B; when challenged by a B-separator. When the 
fractional transition probabilities are written down in 
the form of a matrix 


Q(A1,Bi) q(A1,B2) 
q(A2,B;) q(As,Bs) 


then the rule (2) requires the sum of the elements in 
every row and in every column to be unity: the sum 
rule for the g(A,B) matrix. 

(5) Similar matrices may also be drawn up for g(B,C) 
and g(A,C) etc. The question now arises whether 
there might be a general mathematical relation be- 
tween the elements of the various matrices; in parti- 
cular, whether the elements of g(A,B) and those of 
q(B,C) may be determining, in a unique or multivalent 
way, the elements of g(A,C). The problem of find- 
ing a mathematical relation between matrices in general 
is too vague to have a definite solution. In the present 
case, however, several restrictions make the relation- 
ship between the three matrices a quite definite mathe- 
matical problem. First, there is the sum rule (2) for 
the rows and columns which must hold not only for 
q(A,B) and (B,C) but also, as the result of the mathe- 
matical relationship, for g(A,C). Second, the relation 
must work also in the special case of the states A and 
C coinciding so that g(A,B) combined with g(B,A) 
will yield g(A,A) as a unit matrix, Eq. (1). Third, the 
relationship is required to be self-reproducing so that 
it will also yield the matrix qg(A,B) from g(A,C) and 
q(B,C), as well as g(B,C) from q(A,B) and 9(A,C). 
This group requirement is not thermodynamic but 
represents a kind of symmetry principle: “What is 
good for the set A is good also for B and C.” 

These three requirements now restrict the relation- 
ship problem between the g-matrices so much that 
only one solution has ever been found—although there 
is as yet no proof of its uniqueness. At first sight 
one might think the solution to read g(Ax,Cm) 
= >>; g(Ax,B;) q(B;,Cm); however, such a direct com- 
bination of the probabilities does not stand the test 
of the special case in the second requirement: g(Ax,A x) 
=(0 for k=k’, since 3°; q(Ax,B;) ¢(B;,Ax) is positive. 
The unit sum rule suggests, however, that the g(Ax,B;) 
be geometrically interpreted as cosine squares between 
“directions” A, and B;, with the set A representing 


one orthogonal axis system, and the set B another. 
This further suggests that the required relation be 
analogous to an orthogonal transformation by means 
of the cosine rule, cos(Ai,Cm)=d; cos(Ax,B;): 
cos(B;,Cm) where cos(A,,B,) is written for +[9(Ax,B,) ]*. 
A more general solution is then obtained when the 
bivalent +./g are replaced by complex quantities 
¥(A,,B;)=+/¢ e**, multivalent because of the arbitrary 
phase ¢. This arbitrariness is greatly reduced, from m? 
to m arbitrary phases, by the requirement that the 
sum of the products of the y’s in one row (column) 
with the complex conjugates of another is to be zero. 
The cosine relation then may be generalized to the 
product rule for (Hermitian) y’s 


¥(An,Cm) = oj W(Ax,B;) -Y(B;,Cm). (3) 


This is the Born-Heisenberg-Jordan superposition 
rule for the complex probability amplitudes Y=/q e**. 
It is the only known mathematical solution of the 
relationship problem under the group restriction of 
self-reproduction. If any other solution could be found 
it would present us with a most interesting, although 
unrealistic, alternative to quantum mechanics. With 
due reservations one may say, then, that the intro- 
duction of complex probability amplitudes y subject 
to the superposition rule is inseparably linked to the 
admission of fractional likenesses g, which in their 
turn are forced on us by the anti-Gibbs postulate of 
thermodynamic continuity. In view of the amplitude 
character of the ~’s one may speak of a wave theory 
of matter, although Born’s statistical interpretation 
of the y’s as probability amplitudes is preferable and 
generally accepted. So far, we have recapitulated in 
a rather condensed fashion the results of a previous 
investigation.! 


Il. CONTINUITY AND QUANTUM STATISTICS 


We now turn to the question as to what extent 
quantum statistics can be considered as a consequence 
of the thermodynamic principle of continuity. Classical 
statistics leads to the discontinuity of the Gibbs 
paradox, whereas quantum statistics yields the re- 
quired continuity of the diffusion entropy. It therefore 
would not seem too surprising if one could reverse the 
argument and derive quantum statistics from the 
continuity postulate. We saw before that this postulate, 
via fractional intensities of mutual likeness, leads to 
probability amplitudes Y subjected to superposition; 
this implies a “wave theory” which will also show 
its influence on statistics, in so far as it controls the 
splitting or redistribution effect of particles over the 
states. Indeed, the wave theory leads to a distinction 
between a reversible redistribution, from a state A, 
in a coherent fashion through intermediate states 
B,,Bo,-++ and back to Ax, symbolized by the formula 


(A kA k) = Di (A ky Bj) ¥(B;,Ax) - 1; (3’) 
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and the irreversible or incoherent redistribution with 
>; 9(Ax,B;) q(B;,Ax)¥1, although g(Ax,A,)=1. (3) 


Thermodynamic implications of both Eq. (3’) and 
Eq. (3’’) will be considered below. 

(1) Let N particles, originally in the state Ax, pass 
through a B-separator. The resulting distribution over 
the states B,B,--- yields the occupation numbers 
N;=Nqj; with dynamical certainty, both in the coher- 
ent and incoherent case, since only the intensities 
qxj are involved. However, only in case of a coherent 
redistribution is this process dynamically reversible, 
according to Eq. (3’). The wave-dynamical certainty and 
reversibility of the sequence (NV,0,0,- - -)<>(V1,N2,: ++) 
proves that both the initial and the final distribution 
of the N particles are to be counted with the same 
statistical weight, viz., unity. Now, by either starting 
from new original states with all N particles in one 
state Ay or Ay etc., or by using new separators B’, 
or B”, etc. one may obtain other reversible sequences 
(0,0,N,0,-++)<>(Vy/N2’: ++), always with wave-dy- 
namical certainty. The final occupation number sets, 
(N,,No,: ++) and (Ny’,N2’,- ++) and so forth must, there- 
fore, all be counted with the same statistical weight, 
unity. This general principle of weight counting is 
opposed to the classical theory with its permutation 
factors N!/N,!No!+ +>. 

(2) However, the discounting of permutations is 
only one, rather negative, feature of quantum statistics. 
It is important now that the transition probabilities 
q(Ax,B;) from the state A, to B; do not give prefer- 
ence to one individual particle over any other, i.e., 
the q’s are symmetric with respect to the WN like par- 
ticles. Symmetry of g=|y|?, however, requires y to 
be either symmetric or antisymmetric in case of two 
like particles, according to perturbation theory. If a 
third particle joins the former two, and if one postulates 
continuity of the symmetry character, then y will 
remain symmetric or antisymmetric also for more than 
two like particles. However, this certainly is not a 
result obtainable from thermodynamic considerations. 

Still there is a certain gap between the proof of the 
weight equality of various occupation number sets 
(NiN2::-), and the justification of the partition 
function Don don--+ exp(Mie+Ne2e2+---) which ulti- 
mately leads to the average number of particles of 
energy € 


n=[(1/t)et*?F1)-1. 


Indeed, it ought to be proved that all equivalent 
occupation number sets occur once within a sufhi- 
ciently large time interval. Such a proof would corres- 
pond to the classical step from Liouville’s weight 
equality of like phase volume elements to ergodicity. 

In view of this gap, all one can say is that the prin- 
ciple of thermodynamic continuity, by virtue of re- 
versible processes of redistribution, yields the equality 
of weight of various occupation number sets irres- 
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pective of permutations of individual particles. Assum- 
ing continuity of symmetry character would further 
leave the alternative between symmetric Bose and anti- 
symmetric Fermi statistics. [The Nernst theorem is 
obtainable only from additional assumptions con- 
cerning the lack of degeneracy of the lowest energy 
level, as explained by Schrédinger in his “Statistical 
Thermodynamics.” 

(3) Coherent and incoherent distribution. In order 
to avoid a decision between the two statistics the 
following thermodynamic considerations deal with 
dilute gases in which (a) each particle has its private 
energy, (b) the density is so low that the question of 
Bose crowding together and Fermi crowding out is 
immaterial. This is the case when the number of par- 
ticles N distributed over a group of Z levels satisfies 
N<Z. In this case quantum statistics yields the simple 
entropy formula 


S=kN |In(Z/N)+const. (4) 


Let N particles, all in the state A,, be distributed over 
Z kinetic energy levels; the entropy according to Eq. (4) 
is, with omission of the additional constant, 


So=kN In(Z/N). 


The N particles may now be redistributed over the 
states B,,B:,--- so that every group of N;=Nq; 
particles occupies a partial volume in Z-space of Z;=Zq; 
levels. This corresponds to the separate collectibility 
in ordinary space and represents a coherent redistri- 
bution. Indeed, the entropy 


S’=k Xj N;|In(Z,/N) 


is identical with So. This distribution does not re- 
present a thermal equilibrium, however. If we now 
let the various particle groups irreversibly diffuse 
from the separate “volumes” Z; to the total volume 
of Z levels, then the final entropy is 


S=k XO; N;in(Z/N)), 


so that after this incoherent distribution the entropy 
increase is 


S-So= —kN bow Qi Ing;. (5) 


The g; play the same part as the concentrations in 
the thermodynamics of dissociation. When a B- 
separator is actually applied to an A, gas, the initial 
result may be a coherent redistribution; after a time, 
however, the distribution becomes incoherent result- 
ing in a thermal equilibrium. 

(4) Alternating application of A- and B-separators. 
The last example showed that application of a B- 
separator to a pure A, gas increases the entropy irre- 
versibly. Let us now consider the simple case of only 
two orthogonal states, A’ and A” in the set A, and 
similarly only B’ and B” in the set B. The mutual 
likeness fractions may be 


q(A’,B’)=4q(A",B") =4, 
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and 
q(A’,B”) =q(A”,B’) =1—4. 
Omitting the common factor kN as well as the addi- 
tional constant one has for the original pure A’ gas, 
So= —1 In1=0. 


Application of the B-separator splits the A’ gas into a 
fraction g of B’ and 1~—q of B”, with resulting equili- 
brium entropy 


S:= —q Ing—(1—g) In(1—q). 
Application of an A-separator now yields 
g=9'+(1—q¢)? of A’ and 1—q@ of A”, 
with resulting entropy 
S2= — q Ingz— (1—g2) In(1—q), 


and so forth. It can be proved? that S,4: is always 
larger than S, for any given likeness fraction q be- 
tween A’ and B’. In the exceptional case of q=}, 


already S; has the value kN In2, to be retained for all 
following S,’s. The value kN: 1n2 also is the asymptotic 
value of S—S» for n— at any q-value under alterna- 
ting application of A- and B-separators. 

If the original sets A and B have a sixfold multi- 
plicity, and the original m moles of pure A, gas are 
subjected to an alternating “shake up” by B- and A- 


separators, the final state will be a mixture of six quite 
different gases, each consisting of 2/6 moles with total 
entropy k\V-In6. Suppose now that this gas mixture 
is exposed to a C-separator whose multiplicity is only 
five, so as to produce a mixture of five different gases 
C,:++C;s. Its maximum entropy can at most be kN -In5, 
less than it was before. This would contradict the 
second law. Thermodynamic reasons thus compel us 
to conclude that the orthogonal sets of states A, and 
B, and C, and so forth of one kind of particle must 
all have the same multiplicity m so that all matrices 
g(A,B), and g(B,C) etc. are quadratic. In particular 
if the multiplicity is infinite for one set, then it must 
be infinite for all others. When it is m for one set, it 
must be m for all others. This seems to be a strange and 
unbelievable result. In fact, it represents a quite trivial 
feature of quantum theory according to the following 
consideration. 

First, one may remember that the various sets of 
states A, and B, etc. represent eigenstates of obser- 
vables A, and B, etc. which are mutually incompatible. 
(If A were compatible with B then two states A; and 
B; might actually be the same states.) In general, the 
number of eigenvalues of various observables of a 
mechanical system are unlimited and lead to quadratic 
infinite g-matrices. Finite matrices occur only when 
“the kind of particle’ whose states we consider is 
restricted to one value of a certain observable, M 


2 Clyde C. Reynolds, Masters thesis, Ohio State University 
(1952). 
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(of the angular momentum, say) with m-fold degeneracy 
so as to allow m orthogonal values of the sub-observable 
A(=M,) and also m values of other sub-observables 
B, and C, etc. (such as M,’ and M,”, etc.), where all 
the sub-observables are compatible with K, but 
mutually incompatible. The thermodynamic require- 
ment of a common multiplicity m leading to quadratic 
matrices g(A,,B;) and so forth then only expresses 
the fact that the common multiplicity is the m-fold 
degeneracy of the state K,, of the particles under 
consideration. That finite g- and y-matrices must be 
quadratic may also be seen from the following ex- 
ample. Suppose A has two eigenvalues, A,’ and Ax”, 
whereas B has three (or one) eigenvalues B;. The 
eigenvalue equations for the latter then are 


(Bex — By War + Bee We's=0, 
Bal east (Bee — Bi eG= 9. 


The determinant has only two solutions B;, rather 
than three (or one), and the assumption of non- 
quadratic matrices y proves to be wrong. In the usual 
case of considering “one kind of particle” and its 
states, there is an infinite degeneracy, and each set of 
orthogonal states has an infinite number of members, 
satisfying the thermodynamic requirement. 

(5) Diffusion of two partially like gases. particles 
of gas A and JN particles of B may diffuse from separate 
volumes V into the common volume 2V. Originally 
the entropy is 


So=2kN In(Z/N). (6) 


Later when N particles of B are in the same volume 
with N particles of A, the description in terms of 
orthogonal states compels us to consider the fraction 
q of the B gas as being in the state A, and the fraction 
1—g in the state non-A, or orthogonal to A, or A. 
Thus, altogether in 2V there are now N(1+ q) par- 
ticles of A and N(1—q) of A, both groups distributed 
over 2Z levels in 2V. The entropy now is 


S=kN(1+q) In[2Z/N(1+q)] 
+kN(1—g) In[2Z/N(1—g)]. (6’) 


The diffusion entropy increase is 


S—So=kN {2 In2—(1+9) In(1+q) 
—(1—g) In(i—q)}. (7) 


S—So decreases monotonously from the classical 
value 2kN In2 valid for g=0 (quite unlike gases) 
to S—S)=0 for g=1 (like gases diffusing). Equation 
(7) is the detailed expression for the continuous entropy 
of diffusion, S—So=f(q) 2kN In2, whose required 
continuity was the starting point of the derivation 
of quantum concepts and quantum principles from the 
anti-Gibbs postulate of thermodynamic continuity. 

All general quantum results derived from the 
postulate of thermodynamic continuity are independent 
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of the Planck constant. They might have been found 
by Gibbs through pure reasoning concerning his 
paradox. The constant / enters only through the 
special formula for the fractional likeness amplitude 
between g and #, 


¥(9,p)=exp(2ingp/h), (8) 


obtained from microphysical evidence. This ¥-function 
is periodic and thereby gives rise to de Broglie’s p=h/d, 
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to the Heisenberg uncertainty relation between coor- 
dinates g and momenta #, and to the duality and com- 
plementarity of the particle theory and its wave-like 
formalism. Also, Eq. (8) opens the path to the dynamics 
of those special mechanical systems whose Hamilton- 
ian and other observables are given as functions of the 
q’s and p’s. Those parts of quantum theory, however, 
which rest on the thermodynamic continuity principle 
are independent of microphysical experience. 


NUMBER 2 JULY 15, 19382 


Ionospheric Absorption by N, and O, of Certain Extreme Ultraviolet Solar Wavelengths 


K. C. CLark 
University of Washington, Seatile, Washington 
(Received March 24, 1952) 


Measurements are reported of the coefficients of absorption by the gases N» and O, of the emission from 
the H Lyman series 2-7, the resonance line 584A of He I, and twenty lines of H, between 980A and 850A, 
the atomic lines likely being strong in solar radiation. For an atmosphere of constant relative composition 
the absorption coefficients are related to the atmospheric heights of maximum photoionization and maximum 
electron concentration by equations which allow for a coistant temperature gradient, the mverse square 
decrease of gravity, and a recombination process which may vary with height. With these laboratory 
measurements for Ny and O: and the known calculated absorption for O, ionosphere layer heights are 
computed for the simple case which assumes complete O, dissociation above 100 km, no Nz dissociation, 
and two-body recombination. Although only the first assumption is probably secure, it appears that photo- 
ionization is capable of producing layers at heights which agree with observation. 


INTRODUCTION 


ONIZATION of the upper atmosphere by the 

absorption of solar radiation is well established as 
the major mechanism in the production of ionosphere 
layers.' The resulting stratified concentrations of elec- 
trons, which are observed in great detail by reflection 
of radio waves and designated D, E, F, and F2, occur 
at varying heights of about 65, 100, 200, and 300 km, 
respectively. To study the possible photoionization 
processes one must correlate information on the avail- 
able solar ionizing radiation, the distribution of absorb- 
ing gases, and the absorption coefficients of the gases 
for these wavelengths. As available radiation there very 
probably is, in addition to the solar blackbody con- 
tinuum, an intense line emission spectrum in the 
extreme ultraviolet to which the resonance spectra of 
H and He from the vicinity of solar flares contribute 
strongly.” Below 910A the excess of radiation over that 
from a solar blackbody at 6000°K has been estimated 
by Spitzer* to be of the order of tenfold in order to 
establish a temperature of about 1500°K at the height 


1D. R. Bates and H. S. W. Massey, Proc. Roy. Soc. (London) 
A187, 261 (1946). 

2 A. Hunter, Repts. Prog. Phys. (The Physical Society, London) 
9, 8 (1942). 

3L. Spitzer, Jr., contributor, The Atmospheres of the Earth and 
Planets (University of Chicago Press, Chicago, Illinois, 1949), 
Chapter 7. I am indebted to Professor Spitzer for a preliminary 
loan of his manuscript. 


of the F, layer. Hunter,? Sedra,* Tousey,® and others 
have estimated this excess to be 2 or 3 orders of magni- 
tude. The resonance line 1216A of H has not been 
photographed in spectra recorded during rocket flights 
up to 140 km,*? although from Preston’s low value® of 
its absorption coefficient in Nz (a<0.005 cm™) one 
would expect considerable intensity at this height. 
The absorption continuum of NO, expected’ near 
1216A, may possibly account for the absence of this 
wavelength in ordinary spectra from rocket flights. 
However, the quantitative experiments of Tousey® 
using filters and thermoluminescent phosphors have 
detected strong radiation in the range 795A-1050A at 
heights between 88 and 127 km and in the band 
1050A-1340A between 80 and 90 km. 

Oxygen and nitrogen are major components of the 
upper atmosphere, the former being almost completely 
photodissociated'®" at heights greater than about 100 
km. Emissions from aurorae and the airglow show the 
presence of molecular nitrogen and atomic oxygen.” 

4R. N. Sedra, Phys. Rev. 83, 190 (1951). 

5 Tousey, Watanabe, and Purcell, Phys. Rev. 83, 792 (1951). 

6 J. J. Hopfield and H. E. Clearman, Phys. Rev. 73, 877 (1948). 

7 Durand, Oberley, and Tousey, Astrophys. J. 109, 1 (1949). 

8 W. M. Preston, Phys. Rev. 57, 887 (1940). 

*G. L. Weissler, conversations, June, 1951. 

OQ. R. Wulf and L. S. Deming, Terr. Magn. Atmos. Elect. 43, 
283 (1938). 

1H. E. Moses and Ta-You Wu, Phys. Rev. 83, 109 (1951). 

2A. B. Meinel, Repts. Prog. Phys. (The Physical Society, 
London) 14, 121 (1951). 
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Fic. 1. Toroidal electrodeless discharge tube as mounted 
on vacuum spectrograph. 


Also, atomic nitrogen is observed in aurorae, although 
the degree of nitrogen dissociation is not agreed upon. 

The ionization cross section of O has been calculated 
by Saha and Rai" and by Bates. Laboratory measure- 
ments of the absorption cross sections of Nz and Oz in 
the extreme ultraviolet have been made recently by 
Weissler'® and earlier by Schneider,'* both of whom used 
line emission sources. Qualitative absorption spectra in 
the extreme ultraviolet, which were made with a con- 
tinuous source and used for wavelength studies, have 
been published by Takamine, Suga, and Tanaka," and 
Worley'® for No, by Price and Collins'® for O2, and by 
Hopfield®® for dry air. The absorption of the H Lyman 
series in O» has been clearly photographed by Takamine 
and Suga,”! who did not attempt cross-section measure- 
ments with their spark source. 

The contribution reported here is a laboratory meas- 
urement of absorption coefficients of the gases N» and 
O» for the lines 2 to 7 of the H Lyman series, for the 
first line 584A of the corresponding resonance series of 
neutral He, and in addition for twenty lines of Ho. 
These measurements can be interpreted in terms of the 
height in the upper atmosphere at which the maximum 
rate of absorption occurs. The resulting layer of maxi- 
mum absorption will be single for each wavelength, 
provided the atmosphere is considered to have constant 
relative composition and no density inversions. If ion- 
ization is at least a partial contributor in the absorption 
process, the layer of maximum ion production will 


1M. N. Saha and R. N. Rai, Proc. Natl. Inst. Sci. India 1, 
227 (1938), discussed in reference 1. 

4D. R. Bates, Monthly Notices Roy. Astron. Soc. 100, 25 
(1939) ; 106, 432, 509 (1946). 

 Weissler, Lee, and Mohr, J. Opt. Soc. Am. 42, 84, 200 (1952). 

16 E. G. Schneider, 3. Opt. Soc, Am. 30, 128 (1939). 

1’ Takamine, Suga, and Tanaka, Sci. Papers Inst. Phys. Chem. 
Research (Tokyo) 34, 854 (1938). 

18 R. E. Worley, Phys. Rev. 64, 207 (1943). 

1% W.C. Price and G. Collins, Phys. Rev. 48, 715 (1935). 

» J J Hopfield, Astrophys. J. 104, 208 (1946). 

*%T. Takamine and T. Suga, Sci. Papers Inst. Phys. Chem. 
Research (Tokyo) 29, 213 (1936). 
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coincide with that of maximum absorption. The height 
of maximum electron density will also depend upon 
how the recombination and attachment processes vary 
with pressure and temperature. 


EQUIPMENT AND PROCEDURE 


Measurements were made using a normal incidence 
vacuum spectrograph containing a glass grating of 
15,000 lines/in. and 1-m radius. The rulings have been 
etched with HF to improve the intensity at short 
wavelengths as described by Wood and Lyman.” For 
high contrast, fine grain, and uniformity Eastman 
Process plates were used. These were sensitized by 
dipping in a 10 percent solution of Cenco pump oil 
in petroleum ether according to the technique of 
Schneider.'® The narrow band of fluorescence permitted 
emulsion calibrations using 3906A from a Hg arc. 
Calibration exposure times were made equal to those 
of the vacuum spectra to avoid reciprocity failure. A 
slit width of 0.04 mm produced lines sufficiently broad 
for accurate microphotometer tracing. The absorption 
coefficient is obtained from the linear slope of the 
semilogarithmic graph of transmitted intensity vs 
density of absorbing gas in the spectrograph. 

The absorbing gases Nz and O2 came from tank and 
electrolytic supplies, respectively. The O2 was purified 
by passing over hot platinized asbestos, P.Os, solid 
CaOH, and solid CO, traps to remove H2, H,0, COs, 
and Hg, respectively. The N»2 was purified similarly 
except that the asbestos was not heated and liquid Ne 
was used in the cold traps. 

As a light source of steady and high intensity a 
toroidal electrodeless discharge tube was arranged as 
shown in Fig. 1 and excited by an inner coil at a fre- 
quency of 6 Mc/sec. The discharge was viewed end-on 
through a portion of the tube constricted to 1-cm 
diameter and water-cooled. An intermediate pumping 
chamber prevented the gas in the discharge from enter- 
ing the optical slit of the spectrograph, and a suitable 
pressure differential was maintained by a capillary of 
1-mm diameter and 30-mm length. The discharge was 
operated at pressures of 0.04 mm for purified H» and 
0.08 mm for the mixture of 5 percent Hz in He. The 
heating power developed in the discharge was estimated 
to be about 50 watts. The H2 spectrum obtained was 
quite similar to that published by Jeppeson,” which 
likewise extended to about 850A. Prominent lines were 
used for absorption measurements. 

Table I lists the resulting measurements of absorption 
coefficients. These values are the means of from three 
to five independent sets of observations, each usually 
covering four pressures of absorbing gas. The ranges of 
probable error indicated refer not only to internal 
consistency but to estimated errors in over-all calibra- 
tions. The line H Lyman a at 1215.7A was not studied 
because of its low absorption and the previous careful 


2 R. W. Wood and T. Lyman, Phil. Mag. 2, 310 (1926). 
%(C. R. Jeppeson, Phys. Rev. 44, 165 (1933). 
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TaBLeE I. Measured absorption coefficients of N: and O; and corresponding layer bsighte at various temperance gradients above 120 km. 








Line 
source 


Wavelength 
A 


Os 


Absorp. coefficient in cm=! S.T.P. 


Height in km of max absorption 
a =9.03°K /km 7.36 5.14 





1025.7 
984.3 
972.6 
949.8 
937.8 


HLy2 
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HLy3 
HLy4 
HLy5 


HLy6 


343 
1350 
171 
113 


930.8 
926.2 
923.9 
920.0 
919.1 


460 
172 
296 
166 
127 


388 
120 
130 
177 
399 
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133 
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270 
229 


250 
248 
185 
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916.8 
916.0 
914.1 
911.3 
910.3 


909.2 
905.4 
903.8 
901.6 
894.1 


890.7 
886.1 
880.6 
868.8 
859.0 


855.6 
584.3 
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440 
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136 137 138 
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255 
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176 
241 
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120 
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120 
120 
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192 
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120 
120 
120 
120 


207 
239 
227 
239 
206 190 171 
120 
310 


315 
328 


251 
257 
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198 








measurements by Preston, which Tousey® and others 
regard as the most reliable. With two exceptions the 
present results cannot be directly matched with those 
of Weissler and of Schneider, which were made using 
neighboring emission lines. Included in the careful 
measurements of Weissler!® were the lines H Lyman 8 
(1025.7A) and He I 584.4A. The absorption coefficients 
of N2 for these lines were observed by him to be 60 cm7 
and 700 cm™, respectively, and for O2 the values were 
43 cm~ and 550 cm. It is seen that the agreement 
is quite satisfactory in the case of Oz, while the absorp- 
tion by Ne appears to be significantly greater than the 
values in Table I. Weissler, using 1215.13A of He II, 
obtained for N2 the value of 66 cm~. 


DENSITY DISTRIBUTIONS 


The data for composition, pressure, and temperature 
of the atmosphere to 120 km are taken from the recent 
compilation of the National Advisory Committee for 
Aeronautics.* Below 80 km the fractions by volume of 
the major constituents O, and N» in dry air are taken, 
following Wildt,?> to be 0.2095 and 0.7809, respectively. 
The region of partial O2 dissociation in summer daylight 
hours is taken to lie between 80 and 100 km, the volume 
fraction of atomic O increasing linearly through this 
region from 0 to 0.346. The volume fraction of N2 

*C. Warfield, 


Field, Virgins 1947). 
25 R. Wildt, Revs. Modern Phys. 14, 152 (1942). 


Tech. Note No. 1200 (N.A.C.A., Langley 





correspondingly decreases to 0.646. Above 100 km the 
atmosphere will be assumed to consist of N2 and O. 

If the temperature and the acceleration of gravity 
are considered constant, the variation of air density p 
with height 4 above sea level, measured relative to the 
value po at ho, follows the well-known exponential form 


(1) 


where z=h—hy and the scale height Hyp=RT)/Mg, 
with R the gas constant, 7, the temperature, M the 
mean molecular weight, and g the acceleration of 
gravity. The effect of the change in g with height can 
be included by using as the scale height the geometric 
mean of its values at h and ho. 

The temperature above 120 km, however, is un- 
doubtedly not constant. With the exception of the low 
rotational temperatures observed by Vegard”* in auroral 
streamers, where the excitation mechanism raises 
doubts,”’”* all evidence indicates that the temperature 
increases rather steadily, reaching a value between 
1000 and 2000°K at 300 km. If, as suggested by Bates,”® 
Spitzer,* and Woolley,®° this increase is described by a 


p/ po= exp( —2/Ho), 


*L. Vegard, contributor, The Emission Spectra of the Night 
Sky and Aurorae (The Physical Society, London, 1948), p. 82. 

27N. C. Gerson, Repts. Prog. Phys. (The Physical Society, 
London) 14, 316 (1951). 

28. M. Branscomb, Phys. Rev. 79, 619 (1950). 

27D. R. Bates, Proc. Phys. Soc. (London) B64, 805 (1951). 

*®R. v. d. R. Woolley, Proc. Roy. Soc. (London) A189, 219 
(1947). 
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constant gradient of a°K/km, the modified density 
distribution above height 4 can be simply shown* to be 


In(p/ po) = —(Mgo/Ra+1) In(1+az/T»), (2) 


which reduces to that of an isothermal atmosphere as 
a vanishes. 

Allowance for the variation of g as well as the linear 
temperature gradient also leads to an exact expression. 
The substitution of g=goro?/r? and T=T7T)(1+<az) in 
the basic atmospheric equation in the form 


—dp/p=dT/T+dz/H (3) 


gives an integrable equation. It will be convenient to 
use the constants 

B=aHy/Ty) and y=Pro/(Bro—Ho). (4) 
The resulting density distribution is 
-(y?8+1) In(1+Bz/Ho) 

+ By? In(1+2/10)+2/(rot+z) 
When the gradient a>>7 /ro, this equation simplifies to 
—(1/8+1) In(1+82/Ho) 

(1/8) in(1+2/ro)+2/B(ro+2). 


In(p/ po) 
(5) 


In(p/ po) 
(6) 
HEIGHT OF MAXIMUM RATE OF ABSORPTION 


If the absorption coefficient of the ith component gas 
is given by a; cm™ for that gas at 0°C and 760-mm 
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layer heights for inverse square gravity and various temperature 
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pressure, then the total absorption coefficient of air at 
height ho is 


A = (po/ps)(aiF:+ a2F2+-+-)10® km“, (7) 
where the composition is given by the volume fractions 
F;, and p, is the density at S. T. P. of air of the same 
composition. The change in the intensity of incident 
radiation J follows Beer’s law and for vertical incidence 
is 


dJ = J A(p/po)dz. (8) 


The measured absorption coefficients can be used to 
compute either the height of the maximum rate of 
absorption or the height of maximum ion concentration. 
The latter computation requires certain information on 
the processes of electron disappearance, while the 
former does not. It will be seen that these heights are 
identical under certain commonly assumed conditions 
of recombination. 

In obtaining the height of maximum ion concentra- 
tion, one may write the standard equation for the rate 
of production of ion density n to include a general 
recombination process 


(9) 


where f= /(p), 6=¢(m), and a’ is the recombination 
coefficient. For the case of recombination in two-body 
collisions, as is commonly assumed for the F layers, 
f=1and ¢=n’. The conditions for equilibrium and for 
maximum ion density, respectively, are 


dn/dt=(JAp/po)— a’ fo, 


dn/dt=0, dn/dz=0=d$/dsz. (10) 


Equation (9) may then be equated to zero at equi- 
librium and used, together with Eq. (8), to eliminate J 
and dJ from the differential form of Eq. (9). Since ¢ is 
by Eq. (10) an extreme at the height of maximum ion 
density, one then obtains at this height the relation 


(11) 


If it is known or assumed how p and f vary with z and 
if A is obtained from laboratory absorption measure- 
ments, one can graphically find the height at which 
Eq. (11) is satisfied, which is the height of maximum 
ion density. 

On the other hand, to find the height where the rate 
of absorption is a maximum, ¢J/dz must be maximized. 
Applying the necessary condition d*J/dz’=0 to Eq. (8), 
one obtains at the height of this maximum 


(pd f/dp—f)dp/dz= Ap? f/ po. 


—dp ‘ds=Ap? Po, (12) 


which is identical with Eq. (11) if f is constant. This 
assumption of simple two-body recombination will be 
made in the presentation here of measured absorption 
coefficients, and the height of maximum ion density 
will therefore be identical with the height of maximum 
rate of absorption. 

For the case of isothermal T= 7, and constant g= go 
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this layer height 2 is simply 
z=Hy InA Ho, (13) 


and at this height the intensity is reduced from its 
original value by the fraction 


J(%)/J(2)=e". 


The assumption of a constant temperature gradient 
and constant g can directly be shown* to produce the 
following modifications of Eqs. (13) and (14): 


In(1+82/Ho)=8 In[AH)/(1+8) ], 
J(2)/J(2)=e7-8, 


(14) 


(15) 
(16) 


Nicolet® has given an equivalent expression for electron 
layer height assuming recombination by collisions of an 
arbitrary number of bodies and an effective recombi- 
nation coefficient which has an arbitrary power de- 
pendence on density. 

The concept of associating the layer of maximum 
absorption with a certain optical depth in the atmos- 
phere, as indicated in Eqs. (14) and (16), becomes 
artificial when one allows g to vary with the inverse 
square law, for as Mitra® implies, the total mass above 
any height is given by a nonconvergent integral. But 
the treatment in Eq. (12) is still applicable, since the 
density function is given in Eq. (5). The equation for 
2 becomes, in logarithmic form, 


B(By*>+ 1) 
InA = in| 7 


0 


Y Bz ro ro 
To Hy rotZ rotZ 


BZ z yz 
+BY in( 1+ - )-avin(1+—)- a 
Hy To rotzZ 


INTERPRETATION OF RESULTS 


(17) 


Equation (17) gives the dependence of the layer 
height Z upon A. Since the constants 6, y, Ho, and ro 
are known or estimated properties of the atmosphere 
and A is evaluated from absorption coefficients, the 
equation may be graphically solved for Z. Using at 
Ho=120 km the values 7>=6490 km, 7)=375°K, 
M = 23.94, and go=9.65X10-* km/sec? according to 
the N.A.C.A. tables, one computes a scale height 
H,=13.49 km. With these values Eq. (17) is solved 
graphically in Fig. 2, where the right side is plotted 
horizontally as a function of the ordinate Z for four 
suggested values of temperature gradient. These values 
of a in °K/km are 9.03 (T=2000°K at 300 km); 7.36 
(Spitzer, 1700°K at 300 km); 5.14 (Woolley, 1300°K 
at 300 km); and 0 (isothermal). If g were taken to be a 


2 M. Nicolet, J. Atmos. Terr. Phys. 1, 141 (1951). 
3S. K. Mitra, The Upper Atmosphere (Royal Asiatic Society of 
Bengal, Calcutta, India, 1947), Chapter 1. 
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Fic. 3. Layer heights for various wavelengths, assuming 
a=7.36°K/km. Lines of H Lyman series are numbered points. 
Continuous absorption by O sets the lower limit shown by upper 
dashed line. 


constant go, then the curve for z=9.03 would be lower 
by 10 km at 300 km. The measured absorption coeffi- 
cients of N2 and O:2 are listed by wavelength in Table I. 
Also, the corresponding coefficients of the continuous 
absorption by O as computed by Saha and Rai™ are 
given. This absorption continuum is somewhat uniform 
between about 500A and the ionization limit at 910A 
because of the overlapping of the continua of excited 
atoms. The values a=120 cm above 856A and 
a=310 cm at 584A have been used. 

Assuming that Nz and O are the sole components 
above 120 km, one computes InA and from the graph 
of Fig. 2 finds the height of maximum rate of absorption. 
These heights are plotted by wavelength in Fig. 3 for 
the assumed value of a=7.36°K/km. This value of a 
is seen to give a maximum at 293 km for the presum- 
ably strong 584A radiation from He I, which could 
concurrently ionize both Nz (A<796) and O (A<910). 
This height would agree with that of the F, ionosphere 
layer. It is seen that for this same temperature gradient 
no wavelength between 910A and about 500A can 
penetrate the continuous absorption by O at a layer 
height of about 190 km, regardless of Nz transparency. 

For all wavelengths measured the maximum rate of 
absorption occurs well above 120 km, and hence, 
absorption by Oe, which exists only below 100 km, 
need not be considered. But other wavelengths may 
escape the line absorption in the range 1010>A>910 
and ionize O». Since the air density is relatively high in 
the dissociation region, any wavelength appreciably 
absorbed by O2 would be very rapidly attenuated, and 
the height of maximum rate of absorption would lie 
close to the upper boundary of the region. This height 
would agree with that of the EZ layer. For example, if 
O2 alone were the absorber, radiation for which a= 120 
cm! would be reduced by 1/e in the first 2 km below 
100 km, and only 5 km would similarly be needed if 
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a=17 cm~. The strong line absorption by N:2 of those 
members of the H Lyman series used in the measure- 
ments seems to eliminate their role in E layer formation, 
but the necessary radiation could possibly come from 
the wings of these lines broadened in solar emission, 
from series members higher than the seventh, or from 
the solar blackbody continuum.* The observations of 
Tousey® and of Friedman* indicate that there may also 
be soft x-rays of irregular intensity. 

Bates*® has recently argued on the basis of computed 
and observed intensities of the first negative nitrogen 
bands in twilight enhancement that N2* forms but a 
small portion of the F layer ions and also that the F2 
layer is derived from the F; through a variation with 
altitude of the O+ recombination coefficient. His results 
raise doubt as to the importance of N:2 as an absorber 
even of wavelengths above its ionization limit and 
would indicate either or both of the following conclu- 
sions: the radiation around 584A is weak, and nitrogen 
in the F region is largely atomic. Herzberg*’ has sug- 
gested that a known predissociation of Nz may be 
appreciable at these heights. The continuous absorption 
by N, for whose spectral head Bates has computed 
a= 1620 cm™, should ideally be included in the analysis 
of atmospheric absorption. But as yet the degree of 
dissociation is not known; and hence the role of N, 
which may still be small, is here conveniently ignored. 
If the dissociation and the air density were known 
functions of height, then the dependence of A on z 
would be known. Equation (11) would be modified 
only by the additional term fa’p(dA/dz)/A on the right 
and could again be solved graphically for 2. 


SUMMARY 


Absorption coefficients of Nz and Oz: are given for 
the H Lyman series to the seventh member, the 
principal line of the resonance series of He I, and twenty 
wavelengths of He, the atomic lines being chosen be- 


~ 4R. v. d. R. Woolley and C. W. Allen, Monthly Notices Roy. 
Astron. Soc. 108, 292 (1948). 

% Friedman, Lichtman, and Byram, J. Opt. Soc. Am. 41, 292 
(1951). 

% 1D. R. Bates, Proc. Roy. Soc. (London) A196, 562 (1949). 

37 G. Herzberg, Nature 161, 283 (1948). 
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cause of their probably strong contribution in solar 
emission. The relation of these data to ionosphere 
production is discussed, using an analysis for the height 
of maximum rate of absorption which takes into account 
a linear increase in atmospheric temperature with height 
above 120 km and the inverse square decrease of 
gravity. If the temperature is assumed to increase to 
1700°K at 300 km, the combined absorption by N2 
and O of the principal line of He I would have a 
maximum at 293 km, the height of the F2 layer. The 
wavelengths studied between 1010A and 910A could 
not penetrate N» to the extent necessary to ionize O, at 
the E layer; the source of this ionization may be 
broadened wings of these lines in solar emission, further 
lines in the H Lyman series, continuous solar radiation, 
or soft x-rays. Other intense solar emission than the 
lines studied may well contribute to the formation of 
other layers, in particular the F; layer at the height of 
the maximum rate of O+ production. The location of 
the absorption coefficients on a height scale strongly 
suggests that the upper atmosphere is not isothermal. 
The foregoing analysis has discussed the heights of 
maximum production rate of ions; these are also the 
heights of maximum concentration of electrons in the 
simple case where the two-body recombination coeffi- 
cient is constant and the atmosphere has constant 
relative composition. Under less simple conditions of 
electron removal these heights will, in general, fail to 
coincide, and this situation may exist in the upper 
atmosphere. In fact Bates has suggested that the F; 
and F; layers may be formed by the same ions and 
radiation and rendered separate by a marked change in 
recombination coefficient with height. A correct compu- 
tation of electron layer height must await further 
knowledge of the dominant mechanism of electron 
removal and the variation of recombination and 
attachment coefficients with height. 

The laboratory measurements reported here were 
carried out at the Lyman Laboratory of Harvard 
University. The writer is very grateful to Professor O. 
Oldenberg for his friendship, for the suggestion of this 
research, and for the stimulating supervision of its 
experiments. 
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The Complex Alpha-Spectra of Am**' and Cm**? 
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The alpha-particle spectra of Am™! and Cm* was studied in detail utilizing a 75-cm radius of curvature 
60° symmetrical electromagnetic analyzer with photographic plate detection. The radioactive sources con- 
taining up to 3 ug/cm* of active atoms in the case of Am*! were prepared by vacuum sublimation. The aver- 
age geometry of the spectrograph is about 4 parts in 10°. The energy dispersion on the photographic plate 
is about 3.4 kev/mm for 5-Mev alpha-particles, and the width at half-maximum of these alpha-particle groups 
is about 7 kev. Six alpha-particle groups were found in. Am™!, and their energies and abundances are 5.546 
Mev, 0.23 percent; 5.535, 0.34 percent; 5.503, 0.21 percent; 5.476, 84.2 percent; 5.433, 13.6 percent; 5.379, 
1.42 percent. In Cm** two alpha-particle groups were found whose energies and abundances are 6.110 Mev, 
73 percent, and 6.064, 27 percent. The alpha-decay scheme is correlated with gamma-rays and conversion 
electrons observed in this laboratory for both Am*™! and Cm*®. The various alpha-groups are evaluated with 
respect to the alpha-decay systematics, and the degrees of hindrance of the various alpha-transitions are 
discussed with reference to normal trends in even-even nuclei. It is suggested that the totally different pat- 
terns of the spectra of the two nuclides are conditioned by the nuclear types. 





INTRODUCTION 


CCORDING to simple alpha-decay theory’ the 
predominant factor governing the decay constant 
is the decay energy. On this basis one might expect 
that alpha-transitions other than those to the ground 
state of the product nucleus would compete poorly with 
the most energetic alpha-particle so that complex spec- 
tra would be difficult to discern, particularly if the 
spacing between nuclear energy levels is wide. A study 
of the decay characteristics of the many alpha-emitters 
now known has shown that the even-even nuclides are 
in remarkable agreement with the demands of the 
theory while other types are not. This is not to say 
that the even-even nuclides show no complex structure, 
but where multiple alpha-groups are encountered the 
partial decay constants have been found to be in 
general agreement with expectations according to the 
energy for each group. The experimental manifestation 
of this relationship is that the ground-state transition 
is most abundant, whereas a transition by a lower 
energy alpha-group is found in lower abundance.’ 
There is mounting evidence, as reviewed in an earlier 
publication,’ that those nuclides which have one or 
more unpaired nucleons depart from the regularities of 
the even-even type. It was found to be the rule that the 
alpha-decay of the odd nucleon types was hindered, in 
the sense that the half-life of each such nuclide was 
longer than predicted by the simple theory and that 
actually found for an even-even alpha-emitter of the 
same atomic number and decay energy. A further 
generalization was suggested that has to do with com- 
plex structure of nuclides with odd nucleons; and that 
is that the ground-state transition is most highly 


1G. Gamow, Z. Physik 51, 204 (1928); G. Gamow and C. L. 
Critchfield, Theory of Atomic Nucleus and Nuclear Energy-Sources 
(Oxford University Press, London, England, 1949). 

2 E. U. Condon and R. W. Gurney, Phys. Rev. 33, 127 (1929); 
Nature 122, 439 (1928). 

3 Perlman, Ghiorso, and Seaborg, Phys. Rev. 77, 26 (1950). 
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hindered, whereas one or more of the lower energy 
groups are present in relatively higher abundance than 
would be expected according to their respective en- 
ergies. In fact, cases were found in which the ground- 
state transitions were rare, and it could be inferred that 
there might be instances in which the ground-state 
transitions have not yet been discerned. The relatively 
long partial half-life of the ground-state transition will 
in itself make complex structure more prominent. In 
the absence of the means of resolving alpha-groups of 
similar energies, the presence of abundant gamma- 
radiation was often the best evidence for complex 
alpha-decay. 

The reason advanced’ for the marked differences be- 
tween the different nuclear types lay in a provision for 
the assembly of the components of the alpha-particle. 
It was suggested that the time for assembly in even- 
even nuclides is either negligible or nearly constant 
and that the theory cannot distinguish between the 
two. If one or two odd nucleons are present, however, 
it was postulated that additional time is required for 
the assembly of the alpha-particle for the ground- 
state transition, since for this transition the odd nucleon 
either must be a participant, or the necessary nuclear 
rearrangement must accompany the process in order 
to leave the product nucleus in its ground state. 

In the absence of the means for placing this explana- 
tion upon a quantitative basis, we can examine in 
greater detail the complex spectra of both types of 
alpha-emitters with the hope that further correlations 
will appear which will point toward an understanding 
of the factors at play. For example, the odd nucleon 
alpha-emitters may show particular energy spacings 
in their complex structure and degree of hindrance in 
emission which can be correlated in terms of assigned 
states of the nucleons. 

It is for these objectives in furthering alpha-decay 
theory, in the possibility of assigning quantum states 
to the nuclides as well as for the intrinsic interest in 
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the decay properties of heavy nuclides, that a program 
has been undertaken to measure complex structure of 
alpha-emitters. In so doing, the classical work on alpha- 
particle spectroscopy will be extended to the many 
artificially produced alpha emitters. 

For the measurements, a magnetic spectrograph has 
been constructed, the details of which have been de- 
scribed elsewhere.® The most detailed measurements to 
date have been made on Am*! and Cm which are 
representatives of the odd-even and even-even nuclear 
types, respectively. The availability of these nuclides 
in sufficient quantity has dictated their early selection. 


EXPERIMENTAL 
The Alpha-Particle Spectrograph 


The instrument used in the present measurements 
employs a 60° sector electromagnet, and the normal 
trajectory has a radius of curvature of 75 centimeters. 
Figure 1 is a schematic diagram of the optics of the 
instrument and shows the magnet, source, slit system, 
and detector. A more detailed description of the instru- 
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Fic. 1. Schematic diagram of the optics of the spectrograph. 


ment, its power supply and operating characteristics 
have been published elsewhere.’ A brief summary of 
the characteristics are given here: the magnet power 
supply is capable of maintaining the current constant 
to 1 part in 10,000 over at least a 24 hour period. The 
detection system employed consists of nuclear emulsion 
plates in which the alpha-particle tracks are counted 
using 450 power magnification. The dispersion at a 
given point on the detection plate varies linearly with 
particle energy and amounts to about 3.4 kev per 
millimeter at 5 Mev. The width at half-maximum for 
the alpha-particle peaks depends strongly upon the 
sample preparation and to a lesser degree upon the slit 
and baffle systems employed. These factors will be 
discussed below. The geometry factor has been varied 
between 10~® and 10~* and depends upon the slit and 
baffle openings. 


Sample Preparation 


In order to take advantage of the inherent high resolu- 
tion of an alpha-particle spectrograph it is imperative 
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that the sources be extremely thin. Poor samples with 
respect to self-absorption are manifested by a tail on 
the low energy side of the distribution curve, whereas 
the form for a thin preparation approaches a sym- 
metrical peak. Among the natural radioactivities good 
samples have been prepared, when applicable, by col- 
lecting the active deposits from the emanation in the 
decay series. 

In general, poor samples are obtained when pre- 
pared from solutions by simple evaporation of the 
solvents. Even when the weight of the sample corre- 
sponds only to the order of a few micrograms per square 
centimeter on the plate, the formation of micro crystals 
with high surface density effectively produces a thick 
sample. Impurities in the solution often produce the 
same results. In certain cases electrodeposition may be 
employed to advantage, but in general this method 
requires careful control of conditions which may be 
different for each substance. It is difficult to obtain 
satisfactory plates, particularly for electropositive ele- 
ments such as the actinide elements in which reduction 
to the metal is not possible. 

The most generally acceptable method employed in 
this laboratory for a wide variety of substances con- 
sists of vacuum sublimation. In the presently considered 
instances, a solution of americium or curium chloride 
is evaporated to dryness on a tungsten filament. Upon 
raising the temperature to white heat for a few seconds 
by passing current through the filament, the sample is 
vaporized onto a 2-mil platinum plate masked by an- 
other plate having a rectangular slit 1X4 inch which 
defines the sample shape. The mask and collecting 
plate are placed about $ inch above the filament. The 
whole system is maintained at a few microns pressure to 
prevent formation of tungsten oxide which, if formed, 
appears as a dark film on the collecting plate. Under 
optimum conditions the vaporized sample can contain 
up to 10 ug/cm? of active atoms and still give good 
resolution, but normally for high resolution the limit 
is about 2 ug/cm’. 


Sample Exposure and Track Detection 


Referring to Fig. 1, the alpha-particle beam is defined 
by the slit and baffle system as indicated. With a uni- 
form magnetic field the width (S) of the image on the 
photographic plate of a homogeneous beam of alpha- 
particles is 

S=2AS+rea?+---), (1) 
where AS is the defining slit width, 7» the radius of the 
normal trajectory and a the half-angle of emergence 
of the beam from the magnetic field. This formula ap- 
plies to a 60° sector magnet with plane surfaces for the 
pole pieces, and the factor “2” arises because the photo- 
graphic plate is placed at an angle of 30° with the 
trajectory of the alpha-particles rather than normal to it. 

By proper shaping of the source side of the magnet, 
the second term of Eq. (1) can be made negligible with 
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respect to the slit width, and this feature is indicated 
on the diagram by the rounded surface of the magnet. 
Since the magnetic field is not uniform throughout but 
falls off near the edges of the magnet, baffles are used 
as a means of confining the beam to the center. If a slit 
opening of 0.018 inch and a 3-inch opening between the 
baffles is used, the alpha-beam half-width on the photo- 
graphic plate for a 6-Mev alpha-particle is 2 mm which 
corresponds to 8 kev. 

Sample strengths were in general selected to permit 
exposures of 1 to 2 days. However, exposures as short 
as 6 minutes and as long as 16 days have been em- 
ployed. The lengthy exposures were required to examine 
the alpha-groups present in low abundance in complex 
spectra. The limiting factor for long exposures is the 
background of the instrument. Because of the undulat- 
ing character of the background it was found desirable 
to have the peak heights at least three times the average 
background for positive identification. A single field of 
view in the microscope encompasses }{X} mm of the 
photographic plate, and a scan of one field width across 
the entire height of the plate (2 inches) gave as back- 
ground about two alpha-tracks for each day exposure. 
On the low energy side of an alpha-peak, the apparent 
background could be considerably higher than this, 
presumably because of the low energy tailing due to 
absorption in the sample. 

As already mentioned, the alpha-particles are deter- 
mined photographically. The detecting plates used 
were 9X2 inch Eastman NTA plates with 25 micron 
thick emulsions and these were examined under a 450 
power microscope with bright field illumination. The 
track length of a 6-Mev alpha-particle is approximately 
25 microns and, because of the position of the plate 
as shown in Fig. 1, the track makes an angle of 30° with 
the plane of the emulsion. Because of the small angle of 
acceptance parallel to the magnetic field permitted by 
the gap between the pole pieces, the tracks should be 
nearly parallel and only these are recorded. A photo- 
graph of one graph of one field of view is shown in Fig. 2 
in which are seen six acceptable alpha-tracks and two 
tracks which are rejected. 

The particular microscope stage employed in these 
measurements cannot hold a 9-inch plate so each plate 
was cut into three parts. Before sectioning, an axial 
line was ruled with a razor blade along the center of the 
plate parallel to the long dimension. Cross lines per- 
pendicular to the axial line were also ruled in each of 
the proposed sections. The distances between the inter- 
sections of the lines were measured, and after sectioning 
these served as indices to relate distances on the three 
sections. 

In counting the tracks, the microscope stage was 
moved perpendicular to the axial line giving a scan 
1 mm wide across the width of the plate. The stage was 
then moved one field of view parallel to the axial line 
and another scan made. The count from each scan was 
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Fic. 2. Alpha-tracks in photographic emulsion. 


plotted on a count versus distance graph as shown in 
Fig. 3. 
Dispersion 
The energy dispersion on the plate for a normal tra- 
jectory ro and energy £, is 
dispersion = Ep/2rp. (2) 
The relation of the magnetic field to Ey and fo is given 


by Eq. (3) in which B is in gauss, ro in centimeters and 
E, in electron volts. 


B=(144/1) Ey). (3) 


Since the position of the normal trajectory cannot be 
determined precisely, it is not possible to determine the 
value of B necessary to focus a particular alpha-particle 
at that point and £ is best eliminated between the 
Eqs. (2) and (3). The resulting Eq. (4) for the disper- 
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Fic. 3. Positions of Em™ and the principal Am™ alpha-group. 
Dispersion—3.96 kev/mm;—— spectrum as measured; —- — 
Em peak resolved by subtracting background and using half- 
width for the peak as determined on a separate measurement with 
the Em* sample alone; — — resolved alpha-group of Am™'. 
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Fic. 4. Positions of Po*® and the principal Am*! 
alpha-group. Dispersion—3.90 kev/mm. 


sion is then 
dispersion = r9B?/(2X 144°). (4) 


In addition, ro cannot be expected to be precisely 
equal to the nominal radius of curvature of the magnet 
(75 cm) because of lack of precision in construction and 
alignment of source and detector. An effective radius, 
however, can be determined by measuring distances 
between alpha-groups of known energy. In other words, 
the dispersion is obtained experimentally for the par- 
ticular energy range of interest. For this purpose 
measurements were made of the complex spectrum of 
Ra”™®, the distance between the main group of Ra*® 
and Em™, and between Em” and Po”!®, The energies 
taken for Em” and Po*!® alpha-particles were those 
given by Briggs® (5.486 and 5.998 Mev) and for the 
two Ra”® groups, the determination by Rosenblum’ 
(4.795 and 4.6105 Mev). Within the limits of experi- 
mental error (about 2 percent of the energy differences) 
the radius so determined was constant and indicated 
that the nominal 75-cm radius must be increased by 
5.4 percent; that is, energy differences calculated by 
the use of Eq. (4) using 75-cm radius were low by this 
amount. 


RESULTS 
Am**' Energy Calibration 


Before discussing the complex structure of Am*!, 
the energy determination will be mentioned so that the 
groups may be referred to according to energy. The 
nuclide Am*! was that by which the element was first 
identified,* and it is prepared in isotopically pure form 
from Pu™! decay.® The half-life is given as 470 years! 
and 475 years" which corresponds to a specific alpha- 


®G. H. Briggs, Proc. Roy. Soc. (London) A157, 183 (1936). 

7 Rosenblum, Guillot, and Bastin-Scoffier, Compt. rend. 229, 
191 (1949) 

®Seaborg, James, and Morgan, The Transuranium Elements: 
Research Papers (McGraw-Hill Book Company, Inc., New York, 
1949), p. 1525, National Nuclear Energy Series, Plutonium Project 
Record, Vol. 14B, Div. IV. 

® Ghiorso, James, Morgan, and Seaborg, Phys. Rev. 78, 472 
(1950). 

‘© B. G. Harvey, Abstract of Papers, XII International Congress 
of Pure and Applied Chemistry (September, 1951), p. 358; Phys. 
Rev. 85, 482 (1952). 

“' Cunningham, Thompson, and Lohr, unpublished data (1950). 
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activity of 6.95X10° disintegrations per minute per 
microgram. Previous to the present studies the measure- 
ment of alpha-energy has been made with an ionization 
chamber coupled to a pulse-height discriminator from 
which the value 5.48 Mev was reported.” Although one 
could observe from the pulse-height analysis that the 
spectrum was not simple, it was not possible to resolve 
it into its components. The measurement therefore 
gives the energy of the principal group distorted to an 
unknown extent by one or more other groups. 

The energy for Am*! was determined with the spec- 
trograph by comparing that of the principal group with 
two standards, Po and Em. The other groups of 
Am*! were assigned energies by comparison with the 
main group. 

The comparison between Am™! and Em is shown in 
Fig. 3. The plate was made by placing sources of Am™! 
and radium simultaneously in the spectrograph for an 
exposure of 27 hours. That the higher energy group is 
that of Em™” could be proved by comparing the ob- 
served number of tracks with that expected from the 
observed Po!’ tracks caught on another part of the 
plate. If it was assumed that half of Po!® formed from 
Em left the source by the recoil mechanism, the 
observed number of tracks in the high energy com- 
ponent was in agreement with the expected amount 
from Em™. The resolution of the curve in Fig. 3 was 
aided by a separate exposure with the radium source 
alone in which the width of the Em” peak at half- 
maximum was determined. The distance between the 
peaks was 2.70.3 mm which corresponds to an energy 
difference of 11+2 kev. Taking the energy of Em™ as 
5.486 Mev,® the energy of the principal group of Am™! 
becomes 5.475+0.002 Mev. 

Similar exposures were made with Po”® the results 
of which are shown in Fig. 4. The distance between 
peaks was 45.8 mm which corresponds to an energy 
difference of 179-+-2 kev. From this measurement the 
main group of Am*™! has an energy of 5.477+0.002 
Mev. The energy which we shall use is 5.476+0.002 
Mev. As will be described, the most energetic alpha- 
group is higher in energy than this group by 70 kev, 
therefore its energy is 5.546 Mev. The decay energy® 
of Am* is accordingly 5.640 Mev. 


Complex Structure of Am*" 


There are now known to be six measurable alpha- 
groups of Am*!, three of which are of greater energy 
than the most prominent group. In discussing complex 
spectra, a system for designating the different groups 
is of value. That used here is directed toward visualizing 
the energy relations of the groups and was suggested 
by A. Ghiorso. In this system the group known or 


2 A. Ghiorso, unpublished data (1948). 

3 The term “decay energy” or “alpha-energy” refers to the 
disintegration energy including the recoil energy. The kinetic 
energy of the alpha-particle is explicitly designated “alpha-particle 
energy” or “particle energy.” 
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thought to represent the ground-state transition is 
termed a(0) or, in this case, Am™'(0). The appropriate 
energy in kev above the ground state is placed in 
parentheses for each of the other alpha-groups. Thus, 
the most prominent alpha-group of Am™! leads to a 
state 71 kev above the ground state and is designated 
Am™!(71) or the a(71) group. 

The complete alpha-spectrum is shown in Fig. 5. 
For these particular data, the source consisted of 2.9 
micrograms of Am™! (2.0 10" disintegrations/minute) 
and the exposure was for 94 hours. Because of the dis- 
parity in abundance of the different groups, complete 
peaks cannot be shown to the same scale. In exposing 
the plate long enough to register a statistically sig- 
nificant number of tracks of the rare groups, too many 
tracks for counting were registered at the positions of 
the principal groups. Partial scans across the plate 
were made for these peaks and the results are also 
shown in Fig. 5. The peak widths at half-maximum are 
essentially the same for all peaks. 

The relative abundances of the groups were ob- 
tained by counting the tracks of the two most prominent 
groups on a plate exposed for a shorter period of time 
and comparing with the rarer peaks from the long ex- 
posure. The abundances were virtually the same whether 
integrated numbers of tracks under the peaks or the 
peak heights were compared. A summary of the abun- 
dances and the corresponding partial half-lives which 
will be referred to later are given in Table I. The values 
in each case represent at least two independent measure- 
ments. The sum in abundance of the two highest energy 
groups is known with better precision than each group 
separately because of the uncertainty in resolution. For 
this reason they are listed both ways in Table I. 

The energy range of the observed peaks was 5.38 to 
5.55 Mev. Counting the plate outside of this range re- 
vealed that there can be no peak between 5.21 and 
5.38 Mev of greater abundance than 0.17 percent, and 
from 5.55 to 5.64 Mev none in more than 0.07 percent 
abundance. These limits were based on the respective 
background counts in the regions. 
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Fic. 5. Alpha-spectrum*of Am*". 
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TasxeE I. Abundances of Am*™ alpha-groups. 





Partial 
Percentage half-life> 
abundance (yr) 


0.57 (+0.06) 
0.23 (+0.06) 
0.34 (+0.06) 
0.21 (+0.02) 
84.2 (+1.5) 
13.6 (+1.4) 
1.42 (+0.15) 


Alpha group* 


a(0)+a(11) 
a(0) 
a(11) 
a(43) 
a(71) 
a(114) 
a(170) 





2.1 108 
1.4X 10° 
2.3X 108 
564 
3500 
3.3X 104 


* The highest energy group, designated a(0), is taken to represent the 
ground-state transition. The parenthesis-enclosed figures used for the other 
groups indicate the energy levels in kilovolts above the ground state with 
which the alpha-groups are associated. 

> Based on 475-year measured half-life. 


Determinations of energies of the several groups were 
made relative to the principal alpha-group, a(71), 
which was standardized against Em” and Po’ as 
already described. The actual comparisons were made 
by extrapolating the high energy side of each peak to 
the intercept after subtraction of the estimated back- 
ground count and tailing from other groups. The 
method for obtaining the dispersion in order to trans- 
late positions on the plate to energy differences has 
already been described. 

The results of several measurements of alpha-particle 
energies are summarized in Table II. The measured 
alpha-energy differences with their estimated limits of 
error are as indicated. Also shown are the selected 
best values and the corresponding energies of the alpha- 
groups based on 5.476 Mev for the most prominent 
group. In the last column are shown the energy levels 
above the ground state of Np*? with which each alpha- 
group is associated. These levels are obtained by cor- 
recting the differences of alpha-group energies for the 
corresponding differences in alpha-decay recoil energy. 
It is differences between these numbers which should 
correspond to gamma-ray energies. 


Decay Scheme of Am?**! 


The complexity of the decay scheme of Am*! may be 
visualized readily from the number of observed levels. 
The precise measurement of some of the gamma-rays 
and L-series x-rays with a bent crystal spectrometer is 
covered in another paper.’ The Z x-rays arise from 
internal conversion processes of the gamma-rays, and 
they are identified by matching observed energies with 
those predicted for neptunium according to extrapola- 
tions of the Moseley relationship. It is presumed that 
other observed photons are nuclear gamma-rays, and 
an attempt is made to match these with energy levels 
deduced from the alpha-particle spectrum. 

Figure 6 shows a partial decay scheme with the 
energy levels shown corresponding to the alpha-particle 
spectrum. Only a part of the measured gamma-rays 
have been entered because the positions of all relative 
to the energy levels defined by the alpha-spectrum are 


4 C. I. Browne and I. Perlman (to be published). 
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Experiment number 


Alpha 
59b* 


group 


Alpha- Energy levels 
particle above the 

energies ground state 
(Mev) (kev) 





a0) 

=e 
10.8 
é +0.8 

a(11) : L 

T 

| 
58.6 
+1.4 

| 


a(43) 
a(71) 


= 
a(114) 4 99 
: a 
a(170) ; J 


+ »_,| Ht 
am 


5.546 0 


10.8 


oa 
aT) 


Ht we 


5.476 70.8 


+0.002 


et aad 
“NN 


a 


a-_- | 


5.433 114.1 


le— 
oc 
un 
So 
unm 


oa 


He 
i n> 


5.379 169.6 


| 
| 
| 
| 








* Series a and 6 refer to independent counts of the alpha-tracks on the same plate. 


not uniquely determined. Matching of intensities of 
gamma-transitions would be a valuable guide but at 
this time the conversion electron spectrum and abun- 
dances have not been measured. The discussion of all 
of the gamma-rays and their possible placement in a 
decay scheme will be found elsewhere," but a few fea- 
tures of the gamma-ray spectrum are worth mentioning 
here. 

The most abundant gamma-ray has an energy of 
59.78 kev and corresponds closely with the transition 
from the state reached by the most abundant alpha- 
group, a(71), to the 10.8-kev level. This gamma-ray 
had been reported initially by Seaborg, James, and 
Morgan® with an energy of 62 kev based on absorption 
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1696 KEV 





Fic. 6. Partial decay scheme for Am™!. Energy levels shown 
were obtained from alpha-spectra. Gamma-ray energies shown 
were obtained with a bent crystal spectrometer (see reference 14). 
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measurements. The conversion electron spectrum of 
Am”! has been measured by O’Kelley'® who found Ly, 
Ln, Lint, M, and N lines corresponding to a gamma-ray 
of 59.4 kev. Conversion lines of softer gamma-rays 
could not be resolved from each other and from the 
Auger electrons. 

The gamma-ray of 59.78 kev is matched precisely 
by the sum of two other gamma-rays of 26.43 and 33.36 
kev, and these in turn agree with differences between 
levels excited by a(71) and a(43), and by a(43) and 
a(11), respectively. It is interesting to note that no 
gamma-ray from a known energy level to the ground 
state has been observed. The de-excitation of the 10.8- 
kev level would not have been measured even though 
a significant fraction were to go by a radiative transi- 
tion. Two other gamma-rays have been entered in 
Fig. 6 with broken lines to indicate the transitions. 
These same lines in conjunction with others could be 
given other equally good assignments and are entered 
as shown only to illustrate that in any case an energy 
level must be postulated for which there is no measured 
alpha-group. In view of the fact that several of the 
alpha-groups can barely be detected it would not be 
surprising if there were one or more which are in too 
low abundance. 

Further fragmentary information on the decay 
scheme of Am™! has been obtained in this laboratory 
and will be discussed in the paper dealing with the 
gamma-ray spectrum. 


Cm?**? Energy Calibration 
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The highest energy group of Cm is also the most 
abundant and has been used in the energy determina- 


8G. D. O’Kelley, Ph.D. thesis, University of California, 1951. 
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tion. This nuclide with 162.5 days half-life'® was first 
prepared by alpha-particle bombardment of Pu™® in 
the cyclotron’ but is more readily obtained in quantity 
by neutron irradiation of Am™!.® The best energy de- 
termination using the ionization chamber and pulse 
analyzer method is 6.08 Mev.” 

In the present measurements with the alpha-particle 
spectrograph, Cm™ was compared with Po*!® (5.998 
Mev) and with the main group of Am*" (5.476 Mev). 
The method used was similar to that employed for 
americium (see explanation and Figs. 3 and 4). Based 
on the Po*'® calibration, the energy is 6.110+0.003 
Mev, and the Am™! comparison gave 6.112+-0.010 Mev. 
With the limits of error as given, the close agreement 
is fortuitous and the value selected is that of the more 
accurate measurement, 6.110+0.003 Mev. Since this 
group is probably that of ground-state transition, the 
decay energy of Cm is accordingly 6.211 Mev. 


Complex Structure of Cm?*** 


The spectrum cf Cm™ in the energy range 6.0-6.1 
Mev is shown in Fig. 7. Aside from the two groups 


TaBLe III. Energy differences and abundances of the 
alpha-groups of Cm, 





Abundances 
Separation be- Low energy High energy 
tween energy group group 
levels (%) (%) 


7 . Differences of 
Experiment alpha-particle 
number energies 





48 
4-16 


46.6+0.7 27+2* 7342* 
46.0+1.0 26.6 73.4 
46.8+0.9 26 74 
46.6+1.3 27 73 
46.5 27 73 


45.9+0.7 
45.2+1.0 
4-20 46.0+0.9 
4-80 45.8+1.3 


Averages 45.7 








* Abundances determined by integrating alpha-track counts under peaks; 
others determined by comparing peak heights. 


shown here none has been found between 5.5 and 6.5 
Mev, but the limits of detection vary with position. 
These limits are best shown graphically as in Fig. 8 
which illustrates the low limits of detection (<0.01 per- 
cent) on the high energy side of the main peak. 

Several exposures have been made to determine the 
energy differences between the two alpha-groups and 
their relative abundances. The data are summarized 
in Table III. The average difference in energy is 45.7 
kev which, taken with the energy of 6.110 Mev for the 
main group, makes the low energy group 6.064 Mev. 
The abundances of the two groups are 73 and 27 per- 
cent, and from the measured half-life of 162.5 days, the 
partial half-lives for the two groups are 222 and 602 
days, respectively. 

The gamma-ray corresponding to the 46.5-kev transi- 


16 Hanna, Harvey, and Moss, Phys. Rev. 78, 617 (1950). 

17 Seaborg, James, and Ghiorso, The Transuranium Elements: 
Research Papers (McGraw-Hill Book Company, Inc., New York, 
1949), p. 1554, National Nuclear Energy Series, Plutonium Project 
Record, Vol. 14B, Div. IV. 
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Fic. 7. Alpha-spectrum of Cm. Dispersion—4.01 kev/mm. 


tion has been detected in low yield,'* and low energy 
electrons have been found in abundance. O’Kelley"® 
has measured a series of conversion lines corresponding 
to a gamma-ray of about 43 kev. 


ALPHA-DECAY THEORY 


The theory of the alpha-decay process relates the 
four factors: decay constant, nuclear charge, decay 
energy, and nuclear radius. A fifth parameter, the in- 
ternal potential of the alpha-particle, is usually elimi- 
nated in the solution of the equations. Of these, only 
the radius cannot be determined with accuracy by 
measurement but can be calculated in so far as the 
theory is valid if the other three parameters are known. 
Any shortcoming of the theory in describing a par- 
ticular alpha-decay process is, of course, reflected in the 
calculated radius. It has become a basic precept in 
nuclear theory that nuclear volumes are not expected 
to undergo wide variations from the simple addition of 
the number of nucleons contained. If the shapes of the 
nuclei, or more precisely the charge distributions, do 
not differ much in the limited region under considera- 
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Fic. 8. Upper limit of abundance of alpha-groups of Cm 
as a function of energy (arrows indicate positions of known 
alpha-groups). 


18 In this laboratory, A. Ghiorso has observed this gamma-ray 
with a proportional counter coupled to a pulse-height analyzer 
and D. F. Martin has measured it with a scintillation counter 
spectrometer. 
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Fic. 9. Half-life energy relations of Cm™* and Am™! alpha-groups. 


tion, then the radii too should vary in a regular manner. 
From these considerations it is seen that regularity of 
calculated nuclear radii may serve as a check on the 
alpha-decay theory. It has been found that the even- 
even alpha-emitters do indeed give remarkably uniform 
nuclear radii calculated from one-body theory.*:*:!® The 
form which the expression for nuclear radius takes is 
simply r=roA!X10-" cm. The radius parameter ro 
varies somewhat with the particular theory employed. 
The theory followed here was developed by Preston,”° 
elaborated by Kaplan,'® and also includes a correction 
term for the alpha-energy pointed out by Ambrosino 
and Piatier.*' This correction amounts to an addition 
of 40 kev in the case of curium and is the difference in 
binding energy of orbital electrons in curium and 
plutonium.” 

There are a number of reasons for wanting a conveni- 
ent method for checking alpha-decay data with the 
theory and since the calculations are tedious, a graphical 
representation has been evolved.*:* In this a family 
of curves are plotted which are derived from the theory 
applied to the even-even alpha-emitters. First, values 
of ro are obtained from values of decay energy, half- 
life, and charge for those even-even nuclides for which 
reliable data are available. The best value of ro is taken, 
and this defines the normal nuclear radius for each 
mass number. Using this value one calculates the half- 
life corresponding to the measured alpha-energy for 
each nuclide. For each element a smooth curve is ob- 
tained on a half-life vs energy plot as shown for plu- 
tonium and curium in Fig. 9. The curve for americium 
is interpolated. The measured half-life for an alpha- 
emitter is then entered at the appropriate energy. 

‘®T. Kaplan, Phys. Rev. 81, 962 (1951). 

20M. A. Preston, Phys. Rev. 71, 865 (1947). 

* G. Ambrosino and H. Piatier, Compt. rend. 232, 400 (1951). 

*” A further small correction for the screening effect of orbital 
electrons on the potential barrier has not been included and 
probably should be considered in further refinements. 


*% A Berthelot, J. phys. et radium VIII 3, 52 (1942). 
* S. Biswas, Indian J. Phys. 23, 51 (1949). 
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From the manner in which the curves were constructed 
it is seen that they should be the best curves drawn 
through the even-even nuclides. 

The utility of such curves lies in the ease with which 
any new alpha-emitter can be tested for agreement with 
the theory simply by observing the departure from its 
curve. If a point lies above its curve, the half-life is 
longer than expected and the decay process is said to 
be hindered. Now that it is found that virtually all 
alpha-emitters have complex structure, these curves 
supplant a large number of calculations required to 
determine the degree of hindrance for the individual 
alpha-groups. Such comparisons for Am*! and Cm™? 
are shown in Fig. 9 and will be discussed further 
presently. 

Another great utility of these curves is in predicting 
half-lives of new species being sought. It is possible to 
predict an alpha-energy with considerable accuracy,' 
and from this value it is simple to read from the curve 
the minimum alpha-decay half-life. In the case of 
even-even nuclides experience has shown that these 
half-lives are quite accurate, and for other nuclear 
types the actual half-lives are usually several fold 
greater than those read from the curves. 

Returning to the curves of Fig. 9, a brief statement 
should be given for the choice of rp=1.51 which was 
used in their construction. This has turned out to be 
the best value for the even-even nuclides of plutonium 
and curium for which data are available. The inclusion 
of a wider range of elements and the refinement of 
measurements may well necessitate revision of this 
value. Furthermore, although a great simplification re- 
sults from the assumption of a single value of ro to fit 
all alpha-emitters in this region, this obviously cannot 
be rigorously correct, and as data are refined. it may be- 
come advantageous to let ro vary slowly. If ro varied 
erratically from nuclide to nuclide, the construction of 
a simple family of curves such as dealt with here would 
not be possible, and indeed such behavior is encountered 
in the region of 126 neutrons.* 

It is seen that the ground-state transition of Cm™, 
a(0), lies on the curium curve which fact indicates its 
accord with other curium and plutonium nuclides. 
The lower energy group of Cm™?, a(47), lies above the 
curve in degree corresponding to a half-life ~ 1.5 times 
longer than expected from the theory. What selection 
rules are responsible for this slightly hindered decay 
are not yet formulated. 

The disposition of the Am*! alpha-groups is de- 
cidedly different. Here, the three highest energy groups, 
designated a(0), a(11), and a(43), are highly hindered and 
have half-lives roughly 1000 times longer than the 
simple theory would demand. On the other hand, (71) 
follows closely the pattern of an even-even nuclide and 
as a result is the most abundant alpha-group of Am™! 
even though it is only the fourth highest in energy. 
The two alpha-groups of still lower energy are again 
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hindered although in lesser degree than the three highest 
energy groups. 

There is at present no quantitative explanation to 
account for the degrees of hindrance of the various 
alpha-groups. It has been pointed out,’ and Preston! 
has demonstrated, that no explanation to include such 
high degree of hindrance as for several of the Am! 
groups is likely to come from spin changes in the alpha- 
transitions. An hypothesis which we shall consider 


% M. A. Preston, Phys. Rev. 83, 475 (1951). 
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further is that the delay is involved in assembling the 
components of the alpha-particle and that the quantum 
states of the affected nucleons are involved. 

This work was performed under the auspices of the 
United States Atomic Energy Commision. We wish to 
acknowledge the assistance of Mr. James Vanderveen ' 
in counting the alpha-tracks and to thank Drs. B. B. 
Cunningham, S. G. Thompson, and W. W. T. Crane 
for the preparations of Am™' and Cm*™* used in these 
studies. 
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Positron-Electron Scattering in Helium* 


G. Ropert Hoxet 
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Positron-electron scattering in a cloud chamber filled with helium at a pressure of 105 cm of Hg has been 
studied. The positron source was Na®, and the primary. positron energies ranged from about 20 to 600 kev. 
On 2420 rneters of track length 1129 scattering events have been found with a fractional energy exchange 
between positron and electron greater than 10 percent. The frequency of scattering is in good agreement 
with the theory of Bhabha, but not enough events are available to discrimate between the theory with the 
effect of exchange taken into account and the theory without exchange (i.e., “ordinary’’scattering). 


I. INTRODUCTION 


HIS research deals with the single scattering of 

positrons by electrons. The first work on this 
problem! indicated a discrepancy between theory and 
experiment. As this sort of discrepancy was observed in 
the early work on electron-electron scattering and was 
resolved by later more precise work, it is hoped that 
such may prove to be the case for positron-electron 
scattering. 

The early results for electron-electron scattering gave 
cross sections greater than expected according to the 
relativistic theory of Mdller? which is now accepted. The 
more recent work of Groetzinger et al.,* and of Page* 
is in good agreement with the theory. 

Electron-electron scattering is different from positron- 
electron scattering in several essential ways. In the case 
of an electron-electron scattering process it is impossible 
to determine, after the collision, which was the primary 
electron. One cannot, therefore, separate the cases of 
strong energy exchange from those of weak energy 
exchange. It is the convention to take the electron with 


* Based on a dissertation submitted in partial fulfillment of the 
requirements for the Ph.D. degree in the Department of Physics, 
University of North Carolina. 

t Now with E. I. du Pont de Nemours & Company, at the 
Argonne National Laboratory, Chicago, Illinois. 

1 Ho Zah-Wei, Phys. Rev. 70, 224 (1946); Compt. rend. 226, 
1083 (1948). 

2C. Médller, Ann. Physik 14, 531 (1932); Z. Physik 70, 786 
(1931). 

3 Groetzinger, Leder, Ribe, and Berger, Phys. Rev. 79, 454 


). 
.. A. Page, Phys. Rev. 81, 1062 (1951). 


the lower energy as the secondary. In positron-electron 
scattering, on the other hand, it is easy to determine 
from the curvature which track in the cloud chamber is 
due to the positron. A second difference is that the con- 
tribution of exchange is different since the positron and 
electron can be created and annihilated in pairs. 

In the first direct work on positron-electron scattering 
Ho Zah-Wei used a cloud chamber to study the posi- 
trons from Mn® and F'’. The chamber was filled with 
air, a magnetic field was used, and stereoscopic 
photographs were made. On 395 meters of path length, 
328 events were observed with an energy exchange 
e= E~/E,* >10 percent, where E,* and E- are the 
kinetic energies of the initial positron and the secondary 
electron, respectively. 

The result was that the frequency of single scatterings 
of positrons by electrons, in those cases in which the 
energy exchange was large, was greater than the ex- 
pected frequency on the basis of the theory of Bhabha.°® 
For very large energy exchanges (270 percent) the 
experimental frequencies were two or three times the 
theoretical values. 

The most recent work, that of Von O. Ritter ef ai.,® 
was carried out completely independently of the 
present work but is similar in many ways. In their 
work the cloud chamber was filled with methane; the 
magnetic field was 300 gauss; the positron source, Cu®, 
was outside the chamber; and on 5000 stereoscopic 


5H. J. Bhabha, Proc. Roy. Soc. (London) A154, 195 (1936). 
® Von O. Ritter e¢ al., Z. Naturforsch. 6a, 243 (1951). 
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photographs with 2900 meters of useful track length 
with primary energies between 100 and 400 kev about 
821 events were found with €210 percent. The con- 
clusion was reached that the agreement between theory 
and experiment was within the experimental uncer- 
tainty. 

Il. THEORY 

The result obtained from the calculation relating to 
the collision of an electron with a positron based on the 
Dirac theory of the positron, where the positron is 
considered as an unoccupied state of negative energy 
would be different from that which would be obtained 
if the calculation were done considering the positron as 
an independent, positively charged particle in a state of 
positive energy whose behavior is described by the 
Dirac equation. The difference would be due to the 
effect of exchange between the electron we observe 
initially and the virtual electrons in states of negative 
energy. 

The “ordinary” scattering process is that one in 
which one electron in a state of positive energy goes 
over into a new state of positive energy, while a virtual 
electron in a state of negative energy jumps into the 
unoccupied state of negative energy which is the 
initial positron, leaving its state unoccupied to be 
observed as the new state of the positron. The effect 
of exchange arises because the process may take place 
in an alternative way ; namely, the electron in a positive 
energy state may jump into the unoccupied state of 
negative energy which is the initial positron (this is 
annihilation), while a virtual electron in a negative 
energy state jumps into a state of positive energy which 
is then the final electron, leaving a state of negative 
energy unoccupied which is the final positron (this is 
creation of a pair). 

Bhabha considered the collision of an electron with a 
positron including the effect of exchange and, basing 
his work on that of Mdller, found for the effective cross 
section for the scattering of the positron with fractional 
energy exchange in the range e to e+de in the system 
in which the electron is initially at rest (laboratory 
system, L) 
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Here ¢ is the charge on the electron, m is the mass of the 
electron, c is the velocity of light, y is E/mc*, E is the 
total energy of the positron, ¢ is the ratio of the kinetic 
energy of the final electron to the kinetic energy of the 
initial positron in system L. The first term in square 
brackets is the ordinary scattering term, the second 
term is the one due to the annihilation of the initial 
pair and the simultaneous creation of a new pair, and 
the third term then represents the interference between 
the direct scattering and the latter process. By using 
only the first term of F(y, €) in the expression for dQ 
we obtain what may be called the differential cross 
section for“‘ordinary”’ scattering, dQ,, i.e., the scattering 
in the absence of exchange effects. 


Ill. APPARATUS 


A cloud chamber of conventional design was used. 
It had an inside diameter of 8.25 in. and a depth of 
4.38 in. The chamber was filled with helium at an 
average pressure of 104.9 cm of Hg in the expanded 
position. The optimum mixture of 70 percent n-propyl 
alcohol and 30 percent water was used to provide the 
vapor. An expansion ratio of 1.090.005 resulted. 

The chamber operated automatically on a cycle of 
one minute and was controlled by a simple circuit which 
involved only two electronic tubes. Most of the opera- 
tions were controlled by relays and microswitches, 
operated by cams on the timing motor. A sweeping field 
of 600 v was provided. This sweeping field was removed 
at the instant of expansion and replaced when the 
expansion valve closed. The chamber was operated in a 
magnetic field produced by a pair of large Helmholtz 
coils giving a field of 305-4 gauss. 

The light source for photography consisted of two 
General Electric FT-127 xenon-filled arcs. They were 
flashed by discharging 50 mfd, charged to 2000 v, 
through each of them. The now conventional cylindrical 
lens system was used to produce a parallel beam of light 
of width about 4.5 cm. Stereoscopic photographs were 
taken on Eastman Linagraph Ortho 35-mm film. This 
film is particularly sensitive to the blue light of the 
discharge tubes and is a good compromise of speed and 
graininess. Several photographs of typical events may 
be seen in Fig. 1. 

The positron source consisted of approximately 2 
milli-microcuries of Na,’ which has a half-life of 2.6 
years and a maximum positron energy of 0.58 Mev. The 
source was received as NaCl dissolved in water. The 
source as used was prepared by evaporating a diluted 
portion of the original solution on a thin collodion film 
held by a thin wire ring. Other collodion films were then 
placed above and below the first film so that none of the 
active material would escape into the chamber. The 
source was mounted at the center of the chamber and 
an average of 6.4 positron tracks per expansion was 
obtained. 


7 The Na-22 used was obtained from the AEC, Isotopes Division, 
Oak Ridge, Tennessee. 
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IV. ANALYSIS OF PICTURES 


After the films were developed, they were replaced 
in the camera and reprojected through the same 
optical system with which the pictures were taken. 
Normally all measurements on the tracks were made on 
the image of the direct view of the chamber, reprojected 
onto a ground-glass screen. To measure the radii of 
curvature of the tracksa set of circles of known radius was 
superimposed until one was found that corresponded as 
closely as possible with the portion of track under 
consideration. 

Tracks out of the plane perpendicular to the mag- 
netic field were reprojected to this plane. The measured 
radii were thus caused to be about 2.2 percent large for 
an angle a= 10° between the track and the plane per- 
pendicular to the magnetic field. It was possible to 
determine the angle a by a “fusion”’ * method. For long 
tracks it was sufficient, however, to look at the picture 
stereoscopically to see whether the angle a was large. 
Both fusion and stereoscopic viewing helped to settle 
questions relating to the shape and form of the tracks 
and to determixe whether an apparent secondary 
started on a track. 

Track lengths were measured in two ways. The higher 
energy tracks with a rather uniform curvature were 
measured by bending a flexible centimeter rule into 
the shape of the track. The shorter, more tortuous 
tracks were measured by bending a thin wire into the 
shape of the track and measuring its length after it was 
straightened out. 

On every twentieth picture the curvature and length 
of all the tracks were recorded. From these measure- 
ments the energy spectrum of the track length available 
was determined. This knowledge was essential for the 
determination of the theoretical number of scattering 
events to be expected. 

For every positron-electron scattering event all the 
available information was recorded. This included the 
curvature of the primary positron and the curvature 
and/or range of the secondary electron and positron. 

In all these measurements certain criteria of track 
selection were imposed. These criteria were as objective 
as possible so that the number of decisions to be made 
was reduced to a minimum. The criteria were similar to 
those of Shearin and Pardue.’® 


A. The Range-Energy Curve for Electrons in 
Helium 


The energies of the low energy positrons and the 
secondary electrons whose tracks end in the chamber 
were determined by the measurement of their ranges. 
As no published curve for range vs energy for electrons 
in helium for the energy region considered could be 
found, an attempt was made to determine such a curve. 

8 For a discussion of this method and other techniques see C. C. 
Jones and A. Ruark, Proc. Am. Phil. Soc. 82, 253 (1940). 
asa Shearin and T. E. Pardue, Proc. ‘Am. Phil. Soc. 85, 243 
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61 kev, 


Fic. 1. Photographs of typical events. Upper left: Zot = 
42 kev, 


e=0.6. Upper right : Eo + = 82 kev, e=".6. Lower left: Ey+= 
e=0.7. Lower right: Eo*=61 kev, e=0.3. 


A survey of the literature pertaining to the range- 
energy relation for electrons in air was made and a 
mean curve was drawn through what seemed the most 
reliable data. A similar survey of the literature was 
made to determine the range-energy relation for elec- 
trons in helium, but in this case less experimental data 
are available. The three sources of experimental data 
were the papers of Osgood,'® Lehmann," and O’Neill 
and Scott.” For energies between 1 and 100 kev no 
experimental results could be found. The values were 
calculated for this region by two methods. The stopping 
power of helium relative to air (using the above results 
for air), as it applies to electrons,’ was used. In 
addition the expression of Tsien" for the range, involv- 
ing the exponential integral, was used. Again, for 
helium, the best fit curve was drawn through the experi- 
mental and calculated points. In carrying through these 
calculations the average ionization potentials used were 
those given by Mano.'® 

To find the range-energy curve for the mixture in 
the chamber one must take into account the vapor and 
the residual air in the chamber. The average ionization 
potential and the average number of electrons per atom 
are then calculated. With these figures one may trans- 
pose from the range in air or helium to the range in the 
mixture in the chamber. It was found that in the 
scattering events the law of conservation of energy was 
well satisfied if the range-energy curve, found in the 
manner described above, was used. 


10 T. H. Osgood, Phys. Rev. 34, 1234 (1929). 


uJ. F. Lehmann, Proc. Roy. Soc. (London) A115, 624 (1927). 
2G. F. O’Neill and W. T. Scott, Phys. Rev. “‘ 473 (1950). 

4 San-Tsiang Tsien, Ann. phys. 19, 327 (1944 

“4 E. J. Williams, Proc. Roy. Soc. L ondon) ALS, 108 (1932). 

% G. Mano, Ann. phys. 1, 407 (1934). 
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F Fic. 2. Energy?spectrum of the positrons used. L is track length 
in meters;*yJis{theJpositron energy in units of the electron rest 
energy. Multiply,by 20.22,tojfind the total track length. 


V. RESULTS 


Several sources of error in the measurements should 
be mentioned. The error in the measurement of Hp, 
including the error in H, varies from 3.5 to 5.8 percent. 
In addition, the error in p due to multiple scattering 
varies, according to Bethe’s formulas,'*® from 4.4 to 6.8 
percent. The resultant error in the energies determined 
by curvature measurements varies from 8.5 to 18 
percent for energies between 600 and 50 kev. 

The estimated error in the ranges, including error in 
the range-energy curve, error due to straggling, and 
error in the actual measurement of the ranges, varies 
from 12 to 14 percent. The corresponding error in the 
energies determined by range measurements is 6 to 7 
percent. 

The important thing about all these errors is not how 
they affect the energy value assigned to a given track, 
but rather how they affect the assignment of a value for 
the fractional energy exchange to the event in question. 


A. Theoretical Number of Scattering Events 


The number of events to be expected theoretically 
may be calculated by the theory of Bhabha discussed 
earlier. For the scattering of positrons by electrons the 
differential scattering cross section is given by dQ, which 
is defined as the number of collisions per second in the 
range € to e+de per scattering center per unit current 
of incident particles with a given y. But the current of 
incident particles with a given y is V v;, where N; is the 


~ 1H. A. Bethe, Phys. Rev. 70, 821 (1946). 
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number of incident particles with a velocity v;. Then, 
if m, is the number of scattering centers (electrons) per 
unit volume, the probability of collision in range de for 
given y¥ is 

N(y, €)/Ni=n,v,AldQ. 
But 2,A/=AL, where L is track length. Then we may 
write 


N(y, 0 =n.V (yAL(y)d0 =n,(% lengths of tracks) ,dQ. 


Finally 
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Fic. 3. The number, N, of positron-electron scattering events 
as a function of the fraction, ¢, of the positron’s energy that is 
transferred to the electron. These results are for the present 
experiment. 


The above calculation has been carried through with 
y of 1.1, 1.2, «++, 2.2, and ¢ of 0.05, 0.15, --+, 0.95. The 
total track length for each y was determined by the 
energy spectrum measurements. These measurements 
were made on 219 out of the 4428 useful pictures. The 
results were plotted as a hodograph in Fig. 2. A smooth 
curve, representing the energy spectrum, was drawn 
through the blocks in the usual way. It should be noted 
that the maximum of this curve, falling at y=1.2 
which corresponds to a kinetic energy of 102 kev, is at 
lower energy than the maximum of the given energy 
spectrum for Na* which is at 200 kev. This shift 
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toward lower energies is due to the fact that the long- 
range tracks pass out of the chamber or out of the 
illuminated region. By multiplying the values corre- 
sponding to each 7, read from the smooth curve, by the 
ratio of the total number of pictures to the number of 
spectrum pictures, namely 20.22, one finds the total 
track length for each y. 


B. Experimental Number of Scattering Events 


After all the measurements were completed, the range 
and curvature measurements were converted to energy 
values and each scattering event classified as to primary 
energy, y, and fractional energy exchange, «. When 
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Fic. 4. The summation of the results of all experiments to date. 
N is the number of positron-electron scattering events, and e¢ is 
the fraction of the positron’s energy that is transferred to the 
electron. 


more than one measurement of the energies were 
available, the usual practice was to average them. The 
results of these measurements are given in Table I 
along with the number of events to be expected theo- 


Taste I. Comparison of the experimental number, N,(e), of 
positron-electron scattering events, with fractional energy 
exchange ¢, with the number expected by the theory of Bhabha 
with exchange taken into account, V,(¢), and without exchange, 
N.(¢). 1. Present experiment. 2. Sum of results of Ho Zah-Wei, 
Ritter ef al., and present experiment. 
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retically and the sum of all events to date. These values 
are plotted in Figs. 3 and 4. 


VI. CONCLUSION 


In Fig. 3 it is seen that the agreement between theory 
and the results of this experiment is not close enough 
to determine whether the exchange effect should be 
included. In Fig. 4, however, it appears that the agree- 
ment between theory and experiment is best when the 
exchange effect is excluded. The lack of agreement 
between e=0.2 and 0.4 is unexplained. 

One factor that might be the cause of some dis- 
crepancies is the following. The number of events to be 
expected is very sensitive to the track length of low 
energy. This is the steep portion of the energy spectrum 
curve, Fig. 2. Thus, a small error in the low energy track 
length measured could shift the theoretical values con- 
siderably. 

In conclusion, it may be stated that the number of 
positron-electron scattering events observed for positron 
energies up to 600 kev is in good agreement with the 
theory of Bhabha. The discrepancies that do exist 
between theory and the 1129 events of this experiment 
are probably statistical. Furthermore, the number of 
events observed is not sufficient to discriminate between 
the theory including exchange and the theory without 
exchange. Experiments involving a larger number of 
events and with positrons of higher energy, y=4, or 
more, are necessary to determine whether the exchange 
theory is completely correct. 

It is a pleasure to acknowledge the guidance and 
encouragement of Dr. Paul E. Shearin and Dr. Nathan 
Rosen. This problem was first brought to my attention 
by Dr. Herman M. Schwartz. 
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The molecular field treatment of the magnetic properties of ferrites given by Néel is extended to take into 
account the antiferromagnetic exchange interactions within the two magnetic sublattices. On further sub- 
dividing the two lattices, we show that the ground state may, (1) have an antiparallel arrangement of the 
spins on the two sites; or (2) consist of a triangular arrangement of the spins on the sublattices; or (3) have 
antiferromagnetism in each of the two sites separately. We also show that transitions between various con- 
figurations may occur in the same substance at different temperatures, without the assumption of tempera- 
ture-dependent interactions. Neutron diffraction experiments and specific heat measurements are suggested 


for the detection of the predicted arrangements. 





I. INTRODUCTION 


W* are concerned in this paper with the theory of 
the magnetic properties of ferrites. We demon- 
strate in particular the possibility that both ferro- 
magnetic and antiferromagnetic transitions, as well as 
transitions to triangular arrangements of the spins, 
may occur at different temperatures in the same sub- 
stance. 

Néel' has given a simple model which is known to 
account satisfactorily for many of the magnetic prop- 
erties of the ferrites. We follow, and extend as required, 
his model and method of calculation, based on a Weiss 
molecular field treatment of the exchange interactions 
between the several spin lattices. On the Néel theory 
the magnetic ions are assumed to be distributed among 
the tetrahedral sites A and the octahedral sites B of the 
spinel structure? Negative (antiferromagnetic) ex- 
change interactions exist between A and A, A and B, 
and B and B. 

When the A—B antiferromagnetic interaction is the 
dominant one, A and B will be magnetized in opposite 
directions below a transition temperature, giving rise, 
when the magnetizations of the A and B sites differ 
in magnitude, to a special case of ferromagnetism 
termed “ferrimagnetism.”” When the A—A (or B—B) 
interaction is dominant, Néel found that the above 
transition will not take place, and he concluded that 
the substance remains paramagnetic down to the lowest 
temperatures. This conclusion is not correct, as in the 
presence of strong interactions some kind of ordering 
may be expected to occur at low temperatures. An 
example of this case is provided by the mixed ferrite 
Fe,03, «NiO, (1—x)ZnO. Pure Ni ferrite has the in- 
verse spinel structure, and the A—B interaction is 
dominant. Pure Zn ferrite has the normal spinel struc- 
ture; Zn**+ being nonmagnetic, the A sites carry no 
magnetic moment. The B—B interaction is expected 
then to give rise to antiferromagnetic ordering in the 
B lattice. As x is varied from 0 to 1, intermediate 
arrangements will arise. 

1L. Néel, Ann. phys. 3, 137 (1948). 


2 For details of the crystal structure of ferrites, see E. J. W. 
Verwey and E. L. Heilmann, J. Chem. Phys. 15, 174 (1947). 


The purpose of the present paper is to study the 
intermediate arrangements and the associated Curie 
temperatures, extending Néel’s scheme. We find several 
quite new effects, namely, that: 

(a) The ground state at O0°K may have one of the 
following three configurations: (1) The spins on one 
site are antiparallel to those on the other (ferrimag- 
netism). (2) The spins on one site fall into two similar 
sublattices, each sublattice being ferromagnetically 
saturated. These magnetizations are at an angle to 
each other, and their resultant is antiparallel to the 
saturation magnetization of the spins on the other site 
(triangular case). (3) The spins on each of the two sites 
have antiferromagnetism. 

(b) The transition temperature at which ordering 
first appears on cooling down the substance is not 
always such as to lead to the lowest configuration at 
0°K (this is in contrast to the situation in simple anti- 
ferromagnetics where the highest Curie point is always 
such as to lead to the lowest state at 0°K), so that even 
with temperature-independent interaction coefficients 
the substance may have several transition points from 
one type of ordering to another. 

As we are looking for possible antiferromagnetic 
arrangements of the A and B lattices separately, we 
have to subdivide the lattices further. The subdivision 
actually occurring is determined by the interactions re- 
sponsible for the ordering. We assume that in both A 
and B lattices the order is determined by the nearest- 
neighbor interactions. The A lattice is then subdivided 
into two (A’, A”) face-centered cubic lattices and the 
B lattice into four (By, Bz, Bz, By) face-centered cubic 
lattices, all having the same cube edge as the spinel 
cell. A site from A’ has four sites from A” as nearest 
neighbors in the A lattice. A site from B, has six sites, 
two from each of the other three B;’s, as nearest neigh- 
bors in the B lattice. The interactions between any two 
B,’s are equal. In order to simplify the formalism we 
shall assume that only one type of magnetic ion is 
present. Actually, in a molecular field approximation, 
the more complicated case of several types of magnetic 
ions may be formally equivalent to our treatment. 
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Il. GROUND STATE AT 0°K 


At absolute zero all sublattices are saturated. We 
show in the appendix that if we neglect anisotropy, the 
four sublattices B; may be lumped together to form 
two equivalent sublattices, B’ and B”. The molecular 
fields acting on lattices A’, A’’, B’, B’’ may be written: 


H,-=n(a,M,+a2M,-— My — M»-), 
Rep ar ee ae 
Hy =2(—Ma— Ma +7iMe+72M,-), 
Hy =(—Ma— Mar+72Me+7:M>-), 


where a, a, Yi, Y2 are negative (antiferromagnetic) 
and a,+a2= 2a; y:+72= 28. The interaction constants 
n, na and n@ are defined for a mole of magnetic ions 
distributed on lattices A and B in the ratio Na/N» 
=)/u=y, where y may vary from 0 to 1. Any mag- 


netization configuration may be characterized by two 
angles @ and y as shown in Fig. 1. The energy is: 


=—}>H,-M; 
= —n[laiM o?+-a2Ma-Ma+7i1Me?+72Me- Mo 
— (Ma+Mo)- (Mi-+Ms-)] 
72 cos2y) 
+4y sing siny]. 


= —nMy"[ (a1— az cos2¢)y*+ (1i— 


The values of ¢ and y that minimize this expression are: 
1. If axy2>1, ¢=y=0; the doubly antiferromagnetic 
configuration is the lowest for all y. 
2. If ayy2<1, the lowest state will depend on y; the 
values of y2 and 1/a: determine three regions: 


(a) For 0<y<|¥2|, the solution is $=}, siny 
=y/|y2l. 

(b) For |y2| <<y<1/| a2, the solution is¢=y= $n. 

(c) For 1/|a2|<y, the solution is Y=}, sing 
= j (| ay). 


In the triangular configuration (a)* the criterion 
y<|y2| means that the molecular field of B” acting 
on B’ is larger than the field of A’ (or A”’) acting on B’. 
The equilibrium angle y is then such that lattice B’ sees 
a total field (apart from its own) equal to the molecular 
field due to B”. 

The triangular cases are in fact generalizations of 
Néel’s solutions‘ III and IV. In case (a), the mag- 
netization of lattice B is here 2My sin)=2Ma’/|y2| ; 
Néel gives 2Ma’/|6|. The difference is due to the im- 
plicit assumption yz=8 made by Néel as a necessary 
consequence of his neglect of the antiferromagnetic 
arrangements: the condition for the paramagnetic 
state of lattice B to have as low an energy as an anti- 


3 A similar consideration applies to configuration (c). 
4L. Néel, reference 1, p. 149. 


IN FERRITES 


Fic. 1. Equilibrium configuration of the four sublattices. 


ferromagnetic state is, from the expression for the 
energy, that no subdivision be possible such that 
v2#71; then y:=72=8 follows. Actually y2 has a value 
between 8 and 48/3, resulting in a smaller value for 
the magnetization of lattice B. Néel’s interpretation 
for his solutions III and IV seems to be lack of satura- 
tion of lattices B and A respectively, rather than a 
triangular arrangement. This belief is based on his con- 
siderations on the variation of the total moment near 
0°K: his graphical determination® of the effective field 
on lattice A leads to H,—0 as T-0°K, a clearly errone- 
ous result, which, however, is the only one consistent 
with paramagnetic lack of saturation. The variation 
with temperature of the total moment that he deduces® 
for cases III and IV has a non-zero slope at the origin, 
violating the third law of thermodynamics. This is a 
consequence of a non-zero entropy at 0°K, also due to 
lack of saturation. 

We may notice here that it is not necessary to have 
two crystallographically different sites in order to have 
a triangular arrangement. The symmetry of a simple 
lattice may give rise to a triangular arrangement, as 
occurs in the plane triangular array which may be 
decomposed into three interpenetrating triangular lat- 
tices. With only nearest-neighbor antiferromagnetic 
interactions, the ground state has the three saturation 
magnetizations at 120° to each other, and is nonde- 
generate. Thus, the Ising model fails for this lattice.’ 
The molecular field treatment gives a ratio 0/T.=2 for 
nearest neighbor interactions. Here @ is the constant 
appearing in the Curie-Weiss law x=C/(T+8); T. is 
the transition temperature. 


Ill. CURIE POINTS 


Let C denote the molal susceptibility. In the dis- 
ordered state the magnetic moments are given by: 


My=)dCHy/2T; My =ypCH,/2T. 
The vanishing of the characteristic determinant of the 


following four homogeneous equations yields the pos- 


5 L. Néel, reference 1, p. 153. 
*L. Néel, reference 1, p. 154. 
7G. H. Wannier, Phys. Rev. 79, 357 (1950). 
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\ possible succession of transitions to various 
configurations in the same substance 


sible Curie points: 
aM gta2M a — My — My =(2T/dACn) Ma 
aM yt+ayM a — My — My =(2T/rACn) M 
—My—Mat+yMyt+y2M w= (2T/uCn) My 
—-My—MatyMyt+yiMy = (2T/uCn) My. 
four solutions for T, are: 
T= 3Cnu(yi— 2), 
T .2=4CnX(ai—a2), 
T o3= $Cn{ad+Bu+[(adr—By)*+4ru }}}. 


The — sign in 7.3 gives a negative value and must be 


rejected. Again, we see that if y:=72 and a;=az, only 


T.3 is left; this is Néel’s result.* 7, and 7.2 are the 
antiferromagnetic Curie points of lattices B and A, 
respectively. The type of ordering below these upper 
Curie points is ferrimagnetic for 7.3 and antiferro- 
magnetic in the corresponding lattice for T1 or 7:2. 

We need to determine the highest 7, among the four 
solutions; depending on A/u and the molecular field 
coefficients, several cases will occur. 

The transition temperatures 7; and 7,2 are always 
positive. The criterion for a positive 7,3, given by Néel, 
is a@8<1. Let us introduce two numbers K and L, both 
between 0 and 1, such that ag—a,;=2aK and y2—-71 
= #8L. From the expressions for the T,’s, the condition 
for Ts to be the largest root may be found as follows: 

(a) If T3>T 2, then (A/u)<{[1—(K+1)aB8]/[K(K 

+ 1)a*]} and [1—(K+1)aB]>0; 

(b) If Tes>Tea, then (A/u)>{L(L+3)6?/3[3—(L 

+3)a8]} and [3—(L+3)ap]>0. 


Mb3 


Fic. 3. Arbitrary configuration of the magnetizations 
on four B, sublattices. 


® L. Néel, reference 1, p. 145. 


KITTEL 
A value for \/u can satisfy these equations if: 


ee ee (1) 
[3—(L+3)a8]  K(K+1)a* 


This inequality reduces to a8<3/(K+1)(L+3); fur- 
ther, ag=(K+1)a and y2=(Z+3)8/3 so that Eq. (1) 
becomes ayy2<1. Conversely, if avy2>1, either 3—(L 
+3)a8<0, or if 3—(ZL+3)a8>0, the inequality sign in 
Eq. (1) has to be reversed. In either case T3 is not the 
largest root. Thus, if the doubly antiferromagnetic 
arrangement is the ground state at 0°K, the upper 
Curie point is at either 7, or 7.2. But if a triangular 
or a ferrimagnetic arrangement is the ground state, 
then the upper Curie point is not necessarily at 7-3. 
The possible cases are deduced from Eq. (1), whose left 
and right sides we designate by / and r, respectively. 

(a) avye<1 with 1—-(K+1)a8>0 and 3—(L+3)a8s 
>0: then 


Te3s>Ta and T.3>T7T.2 for l<(A/u)<r, 
Ta _ T.3< T 22 for r< (\/n), 
Tati skin for (A/p)<i. 


(b) awe<1 with 1-(K+1)a8<0 and 3—(L+3)a8 
<0: then for all \/u, T3< 74 and 7.3< 7.2. There are 
no other possible cases when azy2<1. If axy2=1, then 
l=r and at (A/u)=r, we have T..= T.2=T;3. 

We shall now follow the substance down to 0°K and 
investigate the possibilities for lower Curie points, 
assuming the interactions to be independent of tem- 
perature. We notice that there is no close connection 
between the inequalities in (a) and (b) and the in- 
equalities defining the ground state at 0°K. We expect, 
therefore, several possible cases, of which we will con- 
sider the simplest case and the most complicated case. 
Actually, there are five cases having from one to four 
transition points. 

When 7,3 is the largest root and the ferrimagnetic 
arrangement is the ground state, then only one transi- 
tion, at 7.3, occurs. 

When 7,2 is the largest root and the ground state 
is the triangular arrangement with ¢=}m and siny 
=y/|y2|, we have four transitions, indicated in Fig. 2. 
This case is perhaps realized in mixed Zn-Ni ferrite 
with x=0.2. The transition temperature 74 is calculated 
as follows: the triangular case gives sind=(M,’/ 
|a2| Ma’), where M,’ and My are now the values of the 
moments at a temperature 7< 7.4. Eliminating M4’ sing 
from the expression for Hy, we get 


Hy =2nMy(B+1/| ae). 
The value of 7.4 is given by using this expression in 
the limiting form of the Brillouin function for the 
magnetization : 
My =uCH,/2T, 


whence 


T4=uCn(B+1/| |). 
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On the other hand, 7.5 and 7.5 may not be given in 
closed form. T.5 occurs when (M4’/My)=(1/|a2|) and 
T.s when (M,’/My)=|y2|. These conditions allow 
their numerical or graphical determinations.° 

We have treated so far the case avy2<1. For the case 
ayy2>1, we saw that the upper Curie point is at either 
T.. or T.2. Suppose it is at T..; then the B lattice be- 
comes ordered first. At 72, the A lattice which still 
sees no field from B, also becomes ordered antiferro- 
magnetically and no other transition occurs down to 
0°K. This case is not as interesting as the preceding one. 


IV. EXPERIMENTAL POSSIBILITIES 


The existence of the triangular ground state may be 
ascertained by neutron diffraction experiments. The 
interaction constants n, na, and n8 have been deter- 
mined!® for mixed Zn-Ni ferrites, Fe2O3, xNiO, (1—<x) 
XZnO. The ratio of saturation magnetizations on lat- 
tices A and B is: y=x/[(2—x)+0.4x]; the value of 
v2 is in between 8 and 48/3. For x=0.3, we obtain 
y~0.16 and y2=0.14 to 0.18. The triangular arrange- 
ment is expected to appear in this neighborhood. The 
angle of the two components on the B lattice will be 
= 90° at'siny=(y/|v2|)=0.7, or x=0.2 to 0.25. 

In general, because of the smallness of 6 in most 
ferrites, the triangular case will occur for rather small 
values of the saturation magnetization ratio y, of the 
order of |8|. As the molecular field treatment of the 
A—Band A—A interactions becomes less reliable with 
decreasing concentrations of the magnetic ions on A, 
the criterion y<|y2| deduced above may be only a 
rough estimate. 

Neutron diffraction could also ascertain the existence 
of antiferromagnetism in pure Zn ferrite and in mixed 
Zn ferrites. Magnetic measurements" on mixed Zn-Co 
and Zn-Mn ferrite yield data which, extrapolated to 
small concentrations of Co or Mn, suggest that 7.30 
for x~0.2. For smaller x our theory predicts a doubly 
antiferromagnetic ground state. In this case too, the 
concentration of magnetic ions in lattice A is small. 

The existence of the multiple Curie points should 
most easily be detected by heat capacity measurements. 
This method avoids the spurious effects in magnetic 
measurements caused by ferromagnetic impurities. We 
have estimated the discontinuities in heat capacity 
associated with the various types of transitions and 
find them to be well within the range detectable by 
current techniques. In antiferromagnetic transitions 
the contribution to the discontinuity (on the molecular 
field theory) due to the spin, is 2.38 & per ion. In the 
triangular transition occurring at 7.4 (see Fig. 2), the 
ions of lattice B contribute this same amount to the 
discontinuity, while the ions on lattice A do not con- 
tribute because the functional dependence of M,’ on 


* Néel gives a graphical method in Appendix I to his paper. 
10 L. Néel and P. Brochet, Compt. rend. 229, 1133 (1949). 
4 C. Guillaud and H. Creveaux, Compt. rend. 230, 1458 (1950). 


Fic. 4. Symmetrical configuration with the same energy. 


H, does not change at the transition point. On the 
other hand, at transformations of the types associated 
with 7.3, 7.5 and 7 .., the functional dependences on 
Hy and Hy of both M, and My change at the corre- 
sponding transformation points. The resulting dis- 
continuities depend on the interaction parameters as 
well as on \/y; the expressions are rather complicated. 
As mentioned in Section III in connection with Fig. 2, 
mixed Zn-Ni ferrite with x<0.3 is a promising substance 
for the investigation of the multiple transitions. 

This research has been assisted in part by the Office 
of Naval Research. One of us (Y. Y.) is a Whiting 
Fellow of the University of California. Mr. Harvey 
Kaplan has kindly checked some of the calculations. 


APPENDIX 


We show here that the energy of the lowest energy 
arrangement is the same with the B lattice subdivided 
into two sublattices as it is when B is subdivided into 
four sublattices. The effect of lattice A is equivalent to 
a field H. By symmetry, >> M;; will be parallel to the 
direction of H. Consider the general case of Fig. 3: 
we will show that all configurations with the same re- 
sultant moment have the same self-energy, and also the 
same energy in the field H. 

The self-energy is: 


W = —cos’o+sin’g—cos*y+ sin*y 
+4 sing siny cos(a+8), 


where the molecular field constant 8 has been taken 
equal to —1. We consider now the reference state 
shown in Fig. 4, where singo=sing cosa and sino 
=siny cos8. We have: 


Wo= —cos*go+sin?¢o— cos*¥o+sin*yot+4 singy sino 
and 


W —W =2 sin’¢ sin’a+ 2 sin*y sin’8 
—4 sing siny sina sin8 


= 2(sing sina—siny sin8)?=0, 
as > M,, is in the direction of H. Furthermore, 
W o= —2+-2(singo+sinyo)” 


is a function only of singo+sinyo; thus, Mss; and My, 
and also My, and M52, may be taken collinear in pairs. 

This freedom in the orientations of the M;,’s is a 
result of the equality of the interaction constants. If 
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we assume that the interactions 1-2 and 3-4 are —k, 
the other four interactions remaining —1, then at con- 
stant singo+sinypo, the lowest states are: 

(a) for k<1, My, and Mo2, Mp3 and My, respectively, 
collinear ; 

(b) for R>1, My, and Mos (or Moy), Moz and Mog 
(or My), respectively, collinear. 

Thus, if the interactions in the B lattice are such that 
with no applied field B is subdivided into two oppositely 
magnetized sublattices B’ and B”, then under the 
influence of A there will be no tendency for B’ and B” 
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to break into 4 (or, in general, into 2) sublattices, no 
matter what the interactions between these sublattices 
may be. This shows that our hypothesis about the 
nearest-neighbor interactions determining the ordering 
is not an essential one and does not affect our results. 

The neglect of anisotropy is justified only as far as 
energy is concerned. Because of the degeneracy of the 
arrangements with the same total moment on the B 
lattice, anisotropy may lead to a configuration where 
the four sublattices are magnetized all in different 
directions, 
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Angular Correlation between Protons and Gammas in the Li°(d,py)Li’ Reaction* 


W. H. Burxet anv J. R. Risser 
Rice Institute, Houston, Texas 


(Received March 12, 1952) 


The angular correlation between protons and gammas in the reaction Li*(d,py) Li’ has been experimentally 
determined for the purpose of obtaining information on the 480-kev excited state of Li’. A bombarding 
energy of 500 kev was used, so that the Be** intermediate nucleus would be formed in the 22.5-Mev excited 
state reported by Whaling and Bonner. No correlation was observed within the statistical accuracy of the 


experiment. 


INTRODUCTION 


T has long been considered that the 480-kev excited 

state of Li’ is a ?P; state.! At least one shell model 
indicates the reasonableness of this assumption.? How- 
ever, experimental evidence, such as the high prob- 
ability of transition to this state in the B!°(n,a) Li’ 
reaction, has led to other hypotheses.* We felt it worth- 
while to measure the angular correlation between 
protons and 480-kev gammas in the Li§(d,py) Li’ re- 
action in order to shed further light on the question. 
Any correlation would indicate a state other than ?P. 

Presumably an angular correlation would be most 
pronounced if a single level in the compound nucleus 
is involved. Bombarding energy was chosen in relation 
to target thickness so that the Be* compound nucleus 
was formed with the energy of the 22.5-Mev excited 
state reported by Whaling and Bonner.‘ 


METHOD 


A Li®SO, (95 percent Li*) target was bombarded with 
500-kev deuterons. Both proton and gamma-counters 
were of the scintillation type, using a thin anthracene 


* Supported by ONR and AEC. This work was part of a thesis 
submitted to the Graduate School of Rice Institute in partial 
fulfillment of the requirements for the Ph.D., June, 1951. A report 
was presented at the Houston meeting of the American Physical 
Society, November, 1951. 

t Now at Magnolia Petroleum Company, Field Research 
Laboratories, Dallas, Texas. 

1D. R. Inglis, Phys. Rev. 50, 783 (1936); E. Feenberg and E. 
Wigner, Phys. Rev. 51, 95 (1937). 

2M. G. Mayer, Phys. Rev. 78, 16 (1950). 

3D. R. Inglis, Phys. Rev. 74, 1876 (1948); B. T. Feld, Phys. 
Rev. 75, 1618 (1949). 

«W. Whaling and T. W. Bonner, Phys. Rev. 79, 258 (1950). 


layer for the protons and a large Nal crystal for the 
gamma-rays. The proton counter was at 90° to the 
deuteron beam, and the gamma-ray counter was rotated 
in the plane perpendicular to the beam. 

Nal was used because it gives a strong photoelectric 
peak. By using biased trigger circuits to eliminate 
pulses below this peak, it was possible to eliminate most 
of the gamma-ray background from the accelerator 
while eliminating only a minor fraction of the 480-kev 
gamma-rays from the target. It was felt that in this 
manner a lower percentage of accidental coincidences 
(experimentally 5 to 12 percent of the true count) was 
achieved than would have been possible with an organic 
phosphor, which is faster but does not allow strong 
energy selection. 

The biased triggered circuits were blocking oscillators. 
The blocking oscillator pulses fed into the coincidence 
circuits were the same height and shape for all sizes 
of triggering pulse. This made possible a direct measure- 
ment of the accidental rate by using independent 
sources of protons and gammas equivalent in intensity 
to the target. A direct measurement by this method 
would have been difficult or impossible if raw pulses 
from the amplifiers had been fed directly into the 
coincidence circuit, since the independent gamma- 
source would have necessarily had to give the same 
pulse-height distribution as the target. 


EXPERIMENTAL EQUIPMENT 
The target was made by evaporation of the Li® 
enriched lithium sulfate onto a thin polished silver 
disk. Its thickness was 370 micrograms/cm? or about 
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Fic. 1. Block diagram of the electronics. 


250 kev for the 500-kev deuterons with which it was 
bombarded. 

The Rice Institute Van de Graaff generator was 
used to accelerate the deuterons. The molecular and 
atomic beams were separated by the field of a small 
magnet and the molecular beam was eliminated by a 
quartz slit. Before striking the target the atomic beam 
had to pass through a ;%;-in. diameter collimator which 
was 2 inches from the target. The energy of the deu- 
terons was determined by measurement of the Var de 
Graaff voltage with an electrostatic voltmeter. 

The target was turned so that the protons could leave 
it without passing through any silver, and the gamma- 
rays passed through a negligible thickness in going to 
the crystal. There were two foils between the target and 
the anthracene. One was a 6-cm air-equivalent foil 
which held the vacuum in the target chamber. Another 
6-cm foil acted as a light seal for the counter. These 
foils eliminated protons from carbon contamination on 
the target, as was verified by substituting a carbon 
target. 

The Nal crystal was a cylinder 1} in. in diameter by 
14 in. high mounted in an aluminum can of }-in. wall. 
The anthracene layer used to detect the protons was 
about 0.1 mm thick. 

Figure 1 is a block diagram of the electronics. The 
pulses from the photomultipliers were amplified by 
distributed amplifiers whose rise time was less than 0.04 
usec followed by a 0.1 usec rise time high level stage. 


The proton output pulses had a rise time of 0.1 usec. As 


a consequence of differentiation in the distributed 
amplifier the gamma-output pulses had a rise time of 
about 0.15 usec. Delay line was used to compensate 
for the time difference. 

The gamma-blocking oscillator bias was set to reject 
pulses below the low side of the photoelectric peak of the 
480-kev gamma-rays. The proton blocking oscillator 
was biased to reject gamma-ray pulses and accept 
proton pulses. The differentiated blocking oscillator 
output pulses were 20 volts tall and about 0.05 ysec 
wide at half-height. Both height and shape were inde- 
pendent of the size of the input pulse. The coincidence 
circuit into which these pulses were fed was the two- 
diode type. The resolving time was somewhat dependent 
on the coincidence detector bias. For the bias used, it 
was computed from the accidental rate as 0.15 usec. 

The Nal pulses were also amplified by an Atomic 
Instrument Company Model 204-B linear amplifier and 
fed into a pulse-height selector which was set to pass 
only pulses in the 480-kev photoelectric peak. The 
output of the pulse-height selector was used to gate the 
coincidence pulses. The lower discriminator in the 
selector was set to reject exactly the same pulses as the 
gamma-blocking oscillator. The purpose of the pulse- 
height selector and gate was to reject coincidences due 
to gamma-rays of higher energy than 480 kev. Output 
pulses from the blocking oscillators, the coincidence 
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Fic. 2. Corrected total number of coincidences at each oi five 
angular positions divided by the total number of protons counted. 


circuit, the pulse-height selector, and the gate were 
recorded. 


PROCEDURE 


The gamma-counter was turned so that the axis of 
the cylindrical NaI crystal was parallel to the deuteron 
beam. The center of the crystal was 3 inches from the 
target center. Thus the angular resolution of this 
courter was about +14° with a solid angle of 0.19. 
Small variations in gamma-counting rates at different 
angular positions resulted from the impossibility of 
maintaining the target-counter distance exactly the 
same. The coincidence rates were corrected for this 
effect. 

The protons had to pass through a 3-in. diameter 
circular window which was 2 inches from the center 
of the target. All protons passing through this window 
hit the anthracene and were counted. The angular reso- 
lution of the protons counter was therefore about + 10°. 

Observations were made with the gamma-counter at 
angles of 60°, 90°, 120°, 150°, and 180° to the proton 
counter. The final data included in the figure and table 
were taken in four runs over the five angles. At each 
angle in each run 160 coincidence counts were taken. 
The accidental coincidence rate varied between 5 and 
12 percent of the true rate. It was measured after each 
run. For these measurements the proton counter was 
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left in place counting protons from the target and the 
gamma-counter was moved to a position about a meter 
away from the target so that it counted practically 
no quanta from the target. A Cs'*? source was placed 
at a distance from the gamma-counter such that the 
number of counts from the gamma-blocking oscillator 
was about the same as it was during the runs over the 
various angles. Counts from both blocking oscillators 
and random coincidences in the two-diode coincidence 
circuits were recorded. 

It was found that a negligible number of the coin- 
cidences were due to gamma-rays of energy higher than 
480 kev. Over 98 percent of all coincidences passed 
through the gate. Therefore, the gate was actually 
unnecessary. The data actually used were the singles 
and coincidence counts taken during the runs and during 
the direct measurements of the accidental rate. 


CONCLUSION 
The results are shown in Fig. 2 and Table I. 


TasLe I. Corrected total number of coincidences at each of five 
angular positions divided by the total number of protons counted. 





Coincidences per 
proton X10# 


1.26+0.05 
1.21 


Angle 








The statistical relative deviation of the points is 4 
percent. The maximum deviation from the average is 
7 percent at 150°. The 150° point is also 9 percent above 
the 90° point. The reasonable conclusion is that actually 
the distribution is isotropic and that no angular correla- 
tion exists. This is of course what would be expected 
if the Li’* state were *P;, as has been frequently 
assumed. However, it naturally does not rule out states 
or combination of states yielding small asymmetries. 

Thanks are due Professor T. W. Bonner for suggesting 
that the angular correlation from the Li®(d,py)Li’ re- 
action would be of interest and for subsequent helpful 
discussions. 
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The theoretical cross section for scattering of neutrons by protons has been calculated on the basis of a 
pure central Yukawa potential with the same range in 'S and *S states, corresponding to meson mass 200 
and 300, respectively. The results indicate that the best over-all fit with most recent scattering experiments 
would be obtained with a meson mass of roughly 350 m,. Allowing different ranges in singlet and triplet 
states and making use of the deuteron binding energy, we found a “triplet mass” of 290 and a “‘singlet mass” 


of about 380. 


A further result of this work is that, at least in the case of Yukawa potential, the “effective range” 
approximation is prone to give the total cross section much more accurately than the singlet and triplet 
cross sections separately. Accordingly, this approximation ought to be handled with some care in other 


problems than m-p scattering. 





HE present work aims at an accurate theoretical 
calculation of the neutron-proton scattering in 
the energy region up to 5 Mev where influence from P 
and higher states can still be neglected.’ 
We assume a pure central Yukawa potential with the 
same range in the *S as well as in the 'S state, thus 


Vis(r) = —Ae*/r, 


Vis(r) = —Be~/r, 


K>= UMC, h. (1) 


To begin with we take singlet and triplet ranges 
equal, simply because it is a natural assumption if we 
want to retain the connection between meson theory 
and nuclear force theory. 

The calculations were performed with two different 
values of the meson mass um: 200 and 300 m (m=elec- 
tron mass). In each case the constants A and B were 
determined from the singlet and triplet scattering 
amplitudes, a, and a;, respectively. For these quantities 
we have the well-known equations 


$a,+434,=f, 3ra;’+1a,"= 05, (2) 


where go is the epithermal neutron-proton scattering 
cross section and f the coherent scattering amplitude. 
Starting from 


f=—(3.78+0.03)-10-"* cm? 


3 
oo= (20.32+0.10) -10-*4 cm?,® (3) 


and remembering that a; must be positive (triplet inter- 


*On leave from the University of Oslo, Oslo, Norway. Per- 
manent address: Universitetets fysiske institutt, Blindern, Oslo, 
Norway. 

1See, however, L. Hulthén and A. Pais, Physical Society of 
London, Cambridge Conference Report (1947), p. 177, Table II. 
For meson mass 200 the P states may contribute to the total cross 
section by 3-5 percent at 5 Mev, depending on the P interaction 
assumed. On the other hand, the contribution does not exceed 5 
parts in a thousand for meson mass 300. 

2 Ringo, Burgy, and Hughes, Phys. Rev. 82, 344 (1951). 

’ This figure differs slightly from the value given by E. Mel- 
konian [Phys. Rev. 76, 1744 (1949) ] (20.36+0.10) which, accord- 
ing to private information kindly given by Professor Rainwater, 
is still the best value. 


action corresponding to a bound state), we obtain 
a,= (5.37+0.03)-10-"* cm, 


4) 
a,= (— 23.67+0.06) -10-"* cm. ( 


According to Blatt and Jackson‘ the effective range 
can be defined as a coefficient in the expansion of k cot 
in powers of k, the reduced wave number of the neutron- 
proton system, 7 being the asymptctic phase of the 
singlet or triplet S wave function, thus 

k cotn= —1/a+4rk’+O(k'), (5) 
where a is the scattering amplitude. The quantity & is 
related to the energy E; of the incident neutrons in the 
laboratory system through the following formula® 


M,E\' Mes Ex \} 
CE) ay. 
2h & \2M,c 


(M,=proton mass). 

The method of calculating the effective range r, 
(singlet) and r; (triplet) when a, and a; are known will 
be outlined below. The results in the present case are 
given in Table I. Accepting now the effective range 
approximation, we get the following expression for the 
total cross section: 

o=10,+-30,, (7) 
with 
4ra,;? 


a= - 3 (8) 
1+ (a7?—ay,)k?+}a0,*r,7k* 





TABLE I. Scattering amplitude a from (4). Calculated effective 
range r (Yukawa potential). 





Meson mass 


State assumed 





Singlet 200 
Singlet 300 
Triplet 200 
Triplet 300 





‘J. M. Blatt and J. D. Jackson, Phys. Rev. 76, 18 (1949). 
5 Present best values give &*=1.2051-10** E;(Mev) cm. 
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Fic. 1. Neutron-proton scattering cross section based on 
Yukawa potential with same range in 'S and 4S corresponding to 
meson masses 200 and 300, plotted against incident neutron 
energy E and compared with various measurements. 


The results obtained in this way are compared with 
experimental results*-” in Fig. 1. 
THE MATHEMATICAL METHOD 
We start by recalling the main features of the varia- 
tional method as formulated in a previous paper.'* Take 
the equation 
{@/dx?+ ¢+0(x)} (x) =0, (9) 
where v(x) is supposed to be a short-range potential, for 


instance, be~*/x. The boundary conditions are 


(10) 


n being the unknown asymptotic phase. Writing ¢(x) in 
the form 


o(0)=0, (x)—>cotn singx+cosgx as x ©, 


$(x) =cotn singx+cosgx—y(x), (11) 

®H. Aoki, Proc. Phys. Math. Soc. Japan 21, 232 (1939). 

7 Zinn, Seely, and Cohen, Phys. Rev. 56, 260 (1939). 

§ Bailey, Bennet, Bergstrahl, Nuckols, Richards, and Williams, 
Phys. Rev. 70, 583 (1946) 

®*D. H. Frisch, Phys. Rev. 70, 589 (1946). 

10 W. Sleator, Jr., Phys. Rev. 72, 207 (1947) 

" Lampi, Freier, and Williams, Phys. Rev. 80, 853 (1950). 

#2 Oda, Sanada, and Yamabe, Phys. Rev. 80, 469 (1950). 

18 L. Hulthén, Arkiv. Mat. Astron. Fysik. A35, No. 25, 1 (1948). 
See also the original paper, K. Fysiogr. Sallsk. Lund, Férh. 14, 1 
(1944). 
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we have for (x) the following boundary conditions: 
y(0)=1, (12) 
Inserting (11) into (9) we obtain 
y’+¢y+(x)y=0(x)(cosgx+coty singx). (13) 
This is the Euler equation of the following variational 
problem. Require 


y(~o)=0. 


s-f [—y’2+9?y?+0(x) (cosgx—y)* ]dx (14) 
0 
to be stationary under the accessory condition 
v=f v(x) singx(cosgx—y)dx= const. (15) 
0 


If we introduce a multiplier A, we get a variational 
equation 
6J+2\6N=0, (16) 
which leads to Eq. (13), with \ for coty. Furthermore, 
it is easy to show" that the integral in (15) can be 
expressed in terms of 7 if y is an exact solution of (13) ; 
we have 
N=q(1— np cotn), (17) 
where 


ae 

nm=~ | v(x) sin*gxdx, 

q~“o 
is the eigenphase in Born’s approximation. Regarding 
y(x) as a trial function which depends linearly on a 
number of indeterminate parameters, we obtain from 
(16) and (17) a unique approximate solution, if A is 
identified with coty. In this way we get a value for 
A\=cotn which is not stationary; this is however easily 

remedied, as will be shown presently.'* 

Define 


(18) 


oo a 
c~ f o(— ++) odx, (19) 


dx 
and insert here Eq. (11) for ¢(x), and we obtain after 
partial integrations with due regard to the boundary 
conditions (12), 

L=—gr0t+qneV+J+2AN, (A=cotn). (20) 
On an infinitesimal variation of @ we get from (19) 
after partial integrations 


io) a’ 
so=2f so(- tat+o(e) Joda-+gon (21) 
: dx? 


For the exact solution of (9) the integral in (21) 
obviously vanishes. We now fix an approximate solution 
by requiring this integral to vanish for all possible 69, 
thus (compare Zeilon!’) 


oa) a 
f 50(. ++o(e) Jode=0. 
0 dx? 


14 See reference 13, pp. 7-9. 
16. Zeilon, Lunds Univ. Arsskr. Avd. 2 (C. W. K. Gleerup, 
Lund, 1947), New Series, Sec. 2, Vol. 43, Nr. 10. 


(22) 
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Then we obtain the equation 
6L= gar, (23) 


where 5£ and 6A denote variations out from the approxi- 
mate solution. But J and N in (20) do not depend on X. 
Hence (23) can be split up in two equations; the first 
one is (16), the second one, 

dL/dA=q,"* (24) 
is easily found to be identical with (17) (with cotn=\)). 
Thus the condition (22) is equivalent with the formalism 
quoted in the beginning of this section. 

The A-value obtained in this way is not stationary. 
However, the first-order deviation from the stationary 
value can be obtained from Eq. (23), letting now 6£ 
and 6A denote deviations from the exact solution of (9) 
and (10). Neglecting second-order terms, we have 
6L=L, since L=O0 for the exact solution, and thus 
obtain, by using (17) and (20), 

bA= £/g=(J+AN)/q=4/4, (25) 
J, \, and N being fixed by the approximate solution 
determined from (16) and (17). The improved \-value 
is then 
Ao= A- A/q, (26) 
which is stationary because the first-order deviation 
has been removed, the remaining error in Ao being of the 
second order (or higher) in dy.!” 

Taking for y(x) in (11) a trial function containing a 
number of indeterminate parameters ¢1:*-Cn, we get 
from (16) and (17) 

OJ /8¢y,+2X0N/dc,=0, v= ,2,3,+++,m, (27a) 

N=q(1—ns) (27b) 

which determine the approximate solution. If +(x) 

depends linearly on the parameters c,, Eqs. (27) are 
linear in the c,’s and A, and the solution is unique. 

In the numerical calculation of A from (25) it is con- 
venient to make direct use of (27). With a trial function 
depending linearly on the parameters c,, we can write 


J=JO+E By +4 > Ayr ylr, 
v=l wel 


(28) 
N=NOLDY ¥6r, Oyr= Cops 


v=1 


16 See S. S. Huang, Phys. Rev. 76, 1878 (1949) and L. Hulthén 
and P. O. Olsson, Phys. Rev. 79, 532 (1950). The identity of (24) 
with (17) was first pointed out to us by Dr. P. O. Olsson and Dr. 
B. C. H. Nagel (unpublished manuscript). See also T. Kato, Phys. 
Rev. 80, 475 (1950). 

17 See reference 13, original paper, pp. 4-6. An explicit stationary 
expression for \ can be obtained by putting (20)=0 and solving 
with respect to A. We then have 

d= -_(w-$-[W-4*— ono), 

qnB 2 

the sign of the square root being fixed for instance by the condition 
that \ must approach 1/ng (Born approximation) when the 
potential (x) decreases sufficiently (Vg). Requiring \ to be 
stationary, we obtain an equation (system) equivalent to (16), 
which together with (20a) determines an approximate solution. 
This is virtually the same method as that described in the original 
paper (1944). 


(20a) 


IN THE REGION 0-5 


MEV 


and Eqs. (27) become 


n 
DY aye, +2r\y,= —B,, u=1, 2, 929% 
v=1 


(29) 
D> v<-t+qnpdk=q—-N™. 


v= 


Thus the quadratic terms can be eliminated from 
J+AXN, the result being 


A=JFAN=JOFAVOFAYT Bye (30) 
vel 


Turning now to the Yukawa potential v(x) = be~*/x, 
we have the equation 


(d2/dx2+¢°-+- be-*/x) g(x) =0, (31) 


where 
(32) 


G=ME/Pe=kh/e, x=pymc/h.® 


M/2 is the reduced mass of the neutron-proton system 
and E£ the total energy in the center-of-mass system 
[see Eq. (6) ]. um and m are the masses of meson and 
electron, respectively.. 

Comparison with (1) gives 


‘b= MA/«h’, 


- M=}(M,+M,). 
1 = MB/kh?, 


(33) 


As a trial function for y(x) in (11) we choose the fol- 
lowing expression, which satisfies the boundary con- 
ditions (12) 


y(x)=e-*4+(1—e-*) & ce, (34) 
1 


Inserting this into (14), (15), and (18), putting 
v(x) = be-*/x, we obtain with the notations (28) 
J=—}(1—g)-+0[In{ (4+g°)/3) ) 

—} In(1+49*)], 
(v+2)*((v+2)*+q") 


n 2 9 peotey 
(v+3)*((v+1)?+-q’) 


2(1+9?) 
 +1)(v+2) 
2q?—2yy—p—v 


~ (utv)(utr+1)(u+r+2) 





1 
2A yy 


N© =b(3 arctg2q—arctg}q), 


q q 
Y= =f arcts =~aretg—), 
v+1 v+2 





ne = (b/4q) In(i+4q’). 


18 Present best values give 1/x=(386.12/u)-10~ cm. 








300 L. HULTHEN 


Tas.e II. Approximate solutions of (31) from Eqs. (27a, b) and 
26), with trial functions according to (11) and (34). b=1.5. 


—¢3 IN A/q do 


1.02192 0.03742 
0.99936 0.01569 
0.99084 0.00738 


» =arc cothe 
0.79321 
0.79363 
0.79374 


0.98450 
0.98367 
0.98346 


0.5246 0.0720 e 
0.5643 0.2076 0.1104 
0.97920 
0.97967 
0.97978 


0.67187 
0.67119 
0.67102 


0.69803 
0.68249 
0.67655 


0.02616 
0.01130 
0.00553 


0.5090 
0.5731 
0.6248 


0.0931 “oe 
0.2679 0.1417 
1.00179 
1.00233 


0.02564 
0.01133 


0.63957 
0.63881 


0.66521 
0.65014 


0.5596 


0.6451 0.1229 


0.97989 
0.98050 


0.67087 
0.66999 


0.02786 
0.01243 


0.69873 
0.68242 


0.6211 
0.7313 0.1561 
0.94497 
0.94559 


0.03143 
0.01416 


0.72274 
0.72180 


0.75417 
0.73596 


0.6880 


0.8231 0.1869 


0.90743 
0.90800 
0.90808 


0.03600 
0.01629 
0.00872 


0.78152 
0.78060 
0.78047 


0.81752 
0.79689 
0.78919 


0.7561 
0.9147 
1.0213 


0.2126 eee 
0.5312 0.2424 
0.87094 
0.87140 
0.87145 


0.04169 
0.01896 
0.00972 


0.84204 
0.84125 
0.84117 


0.88373 
0.86021 
0.85089 


0.8220 

1.0012 0.2300 cee 
1.1184 0.5529 0.2347 
0.83676 
0.83707 
0.83708 


0.04878 
0.02254 
0.01255 


0.90221 
0.90165 
0.90163 


0.95099 
0.92419 
0.91418 


0.8829 
1.0783 0.2360 tee 

0.4926 0.1706 
0.80518 
0.80531 


0.05794 
0.02916 


0.96120 
0.96096 


1.01914 
0.99012 


0.77613 
0.77600 
0.776025 


1.01871 
1.01897 
1.018919 


0.07057 
—0.02636 
0.014946 


1.08928 
0.99261 
1.033865 


0.9758 
1.5606 


1.3199 0.0447 


Equations (29) are then solved for instance by 
Gauss’ method, and the improved value of coty, Xo, is 
obtained from (26) and (30). 

Numerical results have already been given in reference 
13 for b=1.5 and 1.6. These results are quoted in our 
Tables II and IV. In Tables III, V-XI, the calculations 
have been extended to some other b-values of immediate 
interest. A comparison between the results obtained 
with one and two parameters, respectively, gives an 
idea of the accuracy of the corrected phase value 7.'° 
Moreover, the eigenfunctions were checked by means 
of certain integral identities ;'**° with two parameters 
the deviations were about five parts in a thousand or 
less. This seems satisfactory since the uncertainty in 
the corrected phase 7 is of the second order, errors of 


rasce III. Approximate solutions of (31) from Eqs. (27a, b) and 
(26), with trial functions according to (11) and (34). b=1.55. 


HY A/@ do ” =arc cotAe 


0.94345 
0.94399 


0.72506 
0.72424 


0.03754 
0.01605 


0.76260 
0.74029 


0.4988 + 
0.5478 0.0715 
1.07968 
1.08020 


0.53482 
0.53416 


0.56083 
0.54553 


0.02601 
0.01137 


0.5329 . 
0.5963 0.0922 
1.07531 
1.07589 


0.54045 
0.53971 


0.56575 
0.55096 


0.02530 
0.01125 


0.3 0.5839 


0.6680 0.1210 


1.03860 
1.03922 


0.58887 
0.58803 


0.61619 
0.60028 


0.02732 
0.01225 


0.4 0.6459 

0.7538 0.1530 
0.99458 
0.99521 


0.03064 0.64978 


0.01380 


0.68042 
0.066268 


0.5 0.7134 tated 

0.8454 0.1829 
0.95091 
0.95150 


0.74865 
0.72854 


0.03492 
0.01569 


0.7822 ese 
0.9371 0.2079 


8 In Tables II and IV we also find some three parameter results. 


2” L. Hulthén, K. Fysiogr. Sallsk. Lund, Férh. 14, Nr. 8 (1944). 
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TaBLe IV. Approximate solutions of (31) from Eqs. (27a, b) and 
(26), with trial functions according to (11) and (34). b=1.6. 





” =arc cotho 
0.47811 
0.47730 


q —-t1 t r 4/@ 


0.51566 0.03755 
0.49368 0.01638 


0.1 0.5232 eee 

0.5716 0.0708 
0.40438 
0.40374 


0.02580 
0.01143 


0.43018 
0.41517 


0.2 0.5575 “ve 

0.6199 0.0908 
0.44612 
0.44541 


0.47103 
0.45660 


0.02491 
0.01119 


0.3 0.6089 tee 

0.6913 0.1188 
0.51088 
0.51007 


0.02672 
0.01202 


0.53760 
0.52209 


O04 0.6714 oss 

0.7769 0.1498 
0.58042 
0.57956 


0.02981 
0.01341 


0.61023 
0.59297 


0.5 0.7395 oe 

0.8683 0.1787 
0.64932 
0.64848 
0.64836 


0.03377 
0.01504 
0.00746 


0.68309 
0.66352 
0.65582 


0.8090 
0.9602 
1.0671 


0.2032 eee ).99549 
0.5229 0.2434 0.99558 
0.94950 
0.94998 
0.95004 


0.71586 
0.71514 
0.71506 


0.03865 
0.01697 
0.00781 


0.75451 
0.73211 
0.72287 


0.8768 
1.0483 
1.1645 


0.2205 coe 
0.5406 0.2326 
0.90860 
0.90891 


0.77964 
0.77913 


0.04461 
0.01893 


0.82425 
0.79806 


0.9404 oe 
1.1318 0.2316 
0.87171 
0.87187 


0.84073 
0.84046 


0.05213 
0.02023 


0.89286 
0.86069 


0.9974 dah 

1.2147 0.2412 
0.838345 
0.838335 
0.838352 


0.89934 
0.89936 
0.899330 


0.06215 
0.04423 
0.017156 


0.96149 
0.94359 
0.916486 


1.0445 
1.1526 
1.3101 


0.1060 oe 
0.2356 —O.0314s5 


TABLE V. Approximate solutions of (31) from Eqs. (27a, b) and 
(26), with trial function (34) [see (11)]. b= 1.65. 





A/q@ do ” =arc cotAo 


0.5637 0.0224 0.27282 0.0308 1 0.24200 1.33336 


0.6441 0.0891 0.29075 0.01151 0.27923 1.29850 


0.7153 0.1162 0.36653 0.01109 0.35544 1.22816 


0.8003 0.1459 0.44755 0.01182 0.43573 1.15987 


0.8915 0.1739 0.52651 0.01301 0.51350 1.09641 


Taste VI. Approximate solutions of (31), with b=2.1. For trial 
function see (11) and (34). 


A/q ro ” =arc cotAe 


—1.54672 2.56766 
—1,54739 56786 


+0.04729 
+0.03286 


—1.49943 
—1.51453 


0.8306 eee 
0.8666 0.0529 

.15345 
2.15361 


—0.65897 
—0.65920 


+0.02020 
+0.01182 


—0.63878 
—0.64738 


0.8567 ene 
0.8941 0.0553 
88083 
88105 


—0.32036 
—0.32061 


+0.01797 
+0.00995 


—0.30240 
—0.31066 


0.9098 eee 
0.9592 0.0723 
69074 
69101 


—0.12052 
—0.12080 


+0.01755 
+0.00933 


—0.10267 
—O.11147 


0.9746 


1.0372 0.0903 


54945 
54974 


+0.02135 
+0.02106 


+0.03968 
+0.02992 


+0.01833 
+0.00886 


1.0460 one 
1.1218 9.1070 
-43906 
43935 


+0.13250 
+0,13221 


+0.15137 
+0.14014 


+0.01887 
+0.00793 


1.1204 


1.2102 0.1225 





first order being removed by the procedure comprised 
in Eq. (26). 
21 In one particular case (u;=290) we compared the triplet 


effective range calculated by the variational method (r;= 1.618) 
with the value obtained from the integral formula (see reference 4) 


2 / x 2 
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TasBLe VII. Approximate solutions of (31), 6=2.3. For trial 


functions see (11), (34). 
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Taste X. Approximate solutions of (31), b= 2.7. For trial func- 
tions see (11), (34). 





do ” =arc cothe 


— 2.21962 -71830 


0.02503 2.7 
—2.21968 2.71831 


—2/19932 0.02036 
~1,00031 
—1,00413 


0.9882 0.0166 


2.36403 
2.36402 


2.09312 
2.09318 


—1.01580 
—1.01578 


0.01549 
0.01165 


0.2 1.0117 

1.0285 0.0253 
—0.57565 
—0.57573 


—0.56248 
—0.56657 


0.01317 
0,00916 


0.3 1.0636 : 

1.0887 0.0370 
—0.32892 
—0.32900 


1.88857 
1.88864 


1.73081 
1.73089 


1.60558 
1.60568 


—0.31655 
—0.32112 


0.01237 
0.00788 


0.4 1.1271 avy 
1.1604 0.0484 

—0.16139 

—0.16148 


0.01174 
0.00657 


—0.14965 
—0.15491 


0.5 1.1976 vhche 

1.2393 0.0593 
—0.03480 
—0.03490 


—0.02408 0.01072 
—0.03042 0.004 


0.6 1.2722 


1.3238 0.0708 


C1 a/ q ro aware cotAs 


ti 55174 
—3.55256 


2.86715 
2.86721 


3894 vee —3.55092 
3374 —0.0796 —3.53039 


+0.00082 
+0.02217 


—1.70827 
—1.70875 


2.61199 
2.61211 


— 1.70863 
—1.69765 


—0,00036 
+0.01110 


A165 eee 
3641 —0.0800 


— 1.06495 
—1.06522 


2.38764 
2.38776 


4538 eee — 1.06657 
4043 —0.0815 —1,05832 


5109 ove —0.72613 
4542 —0.0844 —0.71881 


5721 eee —0.50805 
5127 — 0.0862 —0.50097 


—0.00162 
+0.00690 


2.19657 
2.19673 


—0.00347 
+0.00409 


—0.00633 
—0.00093 


—0.72266 
—0.72290 


—0.50172 
—0.50190 


2.03582 
2.03596 


—0.34215 
—0.34227 


1.90046 
1.90057 


—0.01081 
—0.00379 


1.6411 wee —0.35296 
1.5823 —0.0823 —0.34606 








TasLe VIII. Approximate solutions of (31), 6=2.4. For trial 
functions see (11), (34). 





+¢2 » 


” =arc cotdo 


1.0651 —0.0011 —2.52963 0.02098 —2.55061 2.76795 


1.1032 +0.0055 —1.17711 0.01163 —1.18874 2.44221 
1.1596 +0.0141 —0.69005 0.00871 —0.69876 2.18069 


+0.0224 —0.42178 0.00703 0.42881 1 973 589 


1.227 


1.3024 +0.0300 —0.24314 0.00531 —0.24845 1.81431 








TaBLe IX. Approximate solutions of (31), b=2.5. For trial func- 
tions see (11), (34). 





 =arc cothe 


q Xo 


—2 88034 
—2.88045 


2.80743 
2.80744 


0.01513 
0.02138 


—2, 86521 
—2,85907 


0.1 1. 163 he i 

1. 184 —0.0226 
2.50776 
2.50777 


— 1.36053 
— 1.36056 


0.00885 
0.01148 


—1,35168 
—1.34908 


0.2 1.1954 sit: 
1.1834 —0.0181 

—0.82051 

—0.82049 


2.25792 
2.25791 


0.00682 
0.00818 


0.3 1.2440 ore —0.81369 
1.2353 —0.0129 —0.81231 


—0.52709 
—0.52710 


2.05588 
2.05589 


0.00540 
0.00616 


—0.52169 
—0.52094 


—0.33002 
—0.32971 


04 1.3038 eee 

1.2982 —0.0083 
—0.33366 
—0.33366 


1.89284 
1.89284 


0.00364 
0.00395 


0.5 1.371 ove 

1. 3683 —0.0036 
1.75973 
1.75973 


—0.19121 
—0,19121 


0.00094 
0.00061 


—0,19027 
—0.19060 


0.6 1.4444 


1.4471 +0.0039 








EXPANSION IN k?. COMPARISON BETWEEN “EXACT” 
AND “EFFECTIVE RANGE” METHOD 


Equation (35) shows that J is an even function of ¢ 
(or k), whereas V and nz are odd functions. From (27a) 
and (27b), which are linear in the parameters c, and X, 
we then obtain c, and kd as even functions of k. The 
where ¢; is the eigenfunction for zero energy. With two param- 
eters in the trial function ¢; the result was r;= 1.642, which 
differs from the variational value by 1.5 percent. As a test of the 
accuracy of the eigenfunction, this must be considered satis- 
factory since the integrand contains the square of the eigen- 
function. It should be remembered that the value of r; obtained 
from (37) is a stationary quantity and must therefore be expected 
to be more accurate than a value obtained from an integra] formula 
without stationary properties. Concerning the accuracy of the 
variational method see also P.-O. Léwdin and A. Sjélander, 
Arkiv Fysik. 3, nr. 11, pp. 155-166 (1951). 


“effective range” 


correction A in (25) is also an even function, and so 
becomes kX». These statements are, in fact, more 
generally valid and agree with the theory of the 
approximation.* For small energies 


TABLE XI. Approximate solutions of (31), b= 2.9. For trial func- 
tions see (11), 8. 


4/ ‘@ ro » =arc Cothe 


—0. 01979 
+0.02285 


—4.28703 
—4.24796 


—4 267 24 
—4.27080 


6697 eee 2.91140 
5657 —0.1617 2.91159 
—2.07528 
—2.07716 


2.69256 
2.69291 


.6877 
5796 


— 2.08825 
— 2.06673 


was —0.01297 
—0.1674 +0,01043 
—1.31937 
—1.32072 


2.49303 
2.49352 


-7173 
6026 


—1,33209 
—1.31541 


+o8 —0.01272 
—0.1759 +0.00532 
—0.92312 
—0.92420 


—0.93784 
—0.92259 


—0.01472 
+0.00161 


2.31624 
2.31682 


-7571 ove 
6336 —0.1863 
—0.01865 
—0.00262 


—0.67138 
—0.67227 


2.16206 
2.16267 


8072 eee —0.69034 
6751 —0.1920 —0.67489 


—0.49245 
—0.49311 


2.02839 
2.02892 


1. 1 ade 1744 —0.02499 
1.7316 —0.1931 =3. 30189 —0.00878 








we then put, as in Eq. (5), 
gdo= —1/xa+4xrq,? 
neglecting higher powers than q’. 


TaBLe XII. Coefficients a9(b) and a2(b), defined by (36) and 
(37), calculated by variational method, using trial function (34) 
[see (11) ]. 








aa 


3 peram. 1 param. 2 param. 


1. 23231 1.23074 
1. 13373 


1 param. 2 param. 
0.086200 0.086135 
0.060695 
0.036475 
0.013346 
—0,008807 
—0.030086 
—0.050585 
—0.089572 
—0.126361 
—0.161460 
—0.195316 
—0.211908 
—0.228339 
—0.244660 

—0.260915 
—0.293420 
—0.326243 
—0.359794 
—0.394529 
—0.430975 
—0.469748 


0.086117 


w 


0.036537 


0.036455 


a 


—0.008749 1.04459 


0.96330 


w 


—0.050534 


0.75542 
0.69564 


—0.161439 


—0.161491 
—0.195306 ee 


0.69533 
—0.228337 —0.228377 0.63985 0.63974 
see tee vee 0.61335 


a 


0.58783 
0.53957 
0.49522 
0.45521 
0.42026 
0.39153 
0.37083 


—0.260915 
—0.293412 
—0.326209 
—0.359706 
—0.394343 
—0.430625 
—0.469138 


—0.293465 
—0.359846 


sat ta Sa tod ak Bd Ed “SOS OE OE 
SOSVALS Poh Soen~Pons 


—0.431033 
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Tas_e XIII. Singlet, triplet, and total cross sections (¢,, o;, and a) in effective range approximation, based on Yukawa potential with 
range corresponding to meson mass 300 (4,=u:= 300). A is the difference between the “exact”’-value (i.e., the value obtained from an 
accurate phase calculation, without expansion in &*) and the “effective range” value. 


Ey (Me As o 


a 


0.007 - 107*4 
0.011 
0.014 
0.017 
0.021 
0.023 
0.025 
0.027 


27.838 - 10774 
12.502 
8.007 
4.153 
2.763 
2.048 
1.613 
1.322 


3.158 
2.907 
2.418 
2.063 
1.795 
1.585 





By expanding (26), (29), and (30) in powers of gq, 
retaining terms up to g in J and gq’ in N, we obtain 
through the procedure described in the preceding 
section the coefficients in (36) as functions of the 
binding parameter b [see (33) ]: 


(37) 


In this way do and a are turned into stationary 
quantities. It should, however, be noted that this is 
true fcr a, only if the parameters c, are computed to 
the order of g’. In Table XII ao and a2 are given for a 
succession of 6 values in the most interesting region. 

Using the figures given for a; and a, in (4), inter- 
polations in Table XII give us the quantities 1%, %b, r,, 
and r;, for different meson masses. 

We are now ready to compare the results of the two 
methods: the “effective range” approximation and the 
ordinary phase method. In both cases the same trial 
function (34) with two parameters has been used and 
the resulting technical errors in the cross sections are 
believed to be much smaller than the differences 
between ‘“‘exact”’ results and “effective range”’ values, 
except at low energies, of course. Examples are found 
in Tables XIII (meson mass 300), XIV (meson mass 
200), and XV, which give the singlet and triplet cross 


—1/xa=ao(b), 4xr=a2(d). 


3.455 -107*4 


At 


0.002 -10- 

0.002 

0.002 

0.001 

0.000 
—0.000 
—0.001 
—0.001 


9.551-10-** 


0.000 - 10-24 
—0.000 
—0.001 
—0.004 
—0.007 
—0.008 
—0.009 
—0.010 


sections separately as well as the total cross sections, 
all based on the “effective range’’ approximation. The 
quantities denoted by A are the differences between the 
o’s calculated directly (i.e., without expansion in 
powers of k) and the o’s in the table. 

Some comments may be called for. We see that the 
differences in the total cross sections are small, less than 
one part in a thousand for meson mass 300 and 1 percent 
for 200. On the other hand, the differences between the 
singlet cross sections obtained with the two methods 
run up to 2 percent for meson mass 300 and 7 percent 
for mass 200. The differences in the triplet cross sections 
are smaller and have the opposite sign. This fact, in 
connection with the different weight factors of singlet 
and triplet states, makes the differences in the total 
cross sections so small. The conclusion is that the 
“effective range’ approximation is very accurate in 
calculating the total scattering cross section, the 
accuracy increasing with decreasing range (i.e., in- 
creasing meson mass), as is well known. This accuracy, 
however, is to a certain extent fortuitous, and therefore 
it is well advised to use the “effective range” method, 
even the “shape-dependent” version, with caution in 
other problems than neutron-proton scattering. 


“ 








TABLE XIV. Same quantities as in Table XIII, with meson mass 200 (us=u:= 200). 


As a 


os 


0.018 - 10724 
0.036 
0.044 
0.058 
0.066 
0.071 
0.074 
0.076 


26.694 - 
11.693 
7.372 
3.705 
2.398 
1.733 
1.333 
1.069 


3.461 -107*4 


a o 


—0.000- 10-*4 
—0.001 

—0.003 

—0.006 

—0.009 

—0.011 1.801 
—0.012 1.542 
—0.012 1.346 


9.270-107*4 
5.304 
4.040 
2.762 
2.170 


0.010 * 
0.010 





rawie XV. Same quantities as in Table XIII, “triplet meson mass” 4;= 290 and “singlet meson mass” w,= 380. 








a 


0.007 - 10-4 
0.009 
0.010 
0.011 
0.012 
0.014 


2.909 - 107*4 
2.421 
2.067 
1.798 
1.587 
1.418 


mm DO NO be OO 


a: 


4.246-10-*4 
2.898 
2.276 
1.891 


—0.001-10~** 
—0.004 
—0.007 
—0.009 
—0.010 
—0.010 
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DISCUSSION 


Figure 1 shows that a meson mass 300 gives a better 
agreement with the experimental results than meson 
mass 200, but it is not possible to obtain a very good 
over-all fit with a meson mass between 200 and 300. A 
rough estimate, based on a comparison with the most 
recent and probably most accurate measurements, those 
of Lampi, Freier, and Williams," indicates that a meson 
mass of about 350 would give the best agreement with 
present experimental knowledge. This value is rather 
far from the w-meson mass, 276 m,, and it would of 
course be interesting to see what meson mass would 
come out if noncentral forces are taken into account 
with the proper distance dependence. Such calculations 
are in progress at this institute. 

So far the calculations were based on low energy 
scattering data exclusively [see (3) ]. Taking now the 
deuteron binding energy Ep into account, we have a 
possibility to determine the triplet range, and thus the 
corresponding meson mass. With | £o| =2.226+0.003 
Mev” and a,=(5.37+0.03)-10-"8 cm [see (4) ], we 
obtain, making use of Table I** in the paper of Hulthén 
and Laurikainen,** combined with Table XII above, 

w= 290415. (38) 

Having thus fixed a “triplet mass,” we look at Fig. 1 
and find again that we should not get a very close fit 
with recent scattering data by assuming the same 
“singlet mass.’’ In fact, to obtain a good agreement 
with the results of Lampi, Freier, and Williams, we 


must choose 
u, = 380+50,25 (39) 


the cross sections being rather insensitive to variations 
of the singlet mass. The results obtained with u,= 290 
and y,=380 are indicated in Table XV and compared 
with experimental results in Fig. 2. The corresponding 
effective ranges are, in units of 10-'* cm, 
r,=1.62+0.03, 


r,=2.33+0.35. (40) 


In this connection it might be of interest to mention 

2R. C. Mobley and R. A. Laubenstein, Phys. Rev. 80, 309 
(1950). 

2With a=ME)/h*d?, 
(—a)=89.46;/u. 

%L. Hulthén and K. V. Laurikainen, Revs. Modern Phys. 23, 1 
(1951). 

26 The values (38) and (39) do not quite agree with the results 
of E. E. Salpeter, Phys. Rev. 82, 60 (1951), Eqs. (12) and (14). 
Part of the difference is probably due to the fact that the underly- 
ing experimental data are not identical (compare Salpeter’s Eqs. (5) 
and (6) with Eq. (3) above). A more detailed discussion of the 
shape-dependent effective range theory is deferred to a forth- 
coming paper on the photodisintegration of the deuteron by 
L. Hulthén and B. C. H. Nagel. 
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Fic. 2. Neutron-proton scattering based on Yukawa potential with 
“triplet mass” 290 and “singlet mass” 380 (see Fig. 1). 


the results obtained by P. O. Brundell and B. Enander.”* 
Using an exponential potential with the same range 
(real, not “effective’’) in singlet and triplet states and 
determining the parameters (range, triplet and singlet 
binding constants) from the low energy scattering data 
and the deuteron binding energy, they get a perfect 
agreement with the results of Lampi, Freier, and 
Williams. Thus in the case of an exponential potential, 
all the experimental data in question can be accounted 
for by three constants only, instead of four with other 
known potential forms, including Yukawa, as we have 
seen above. 

We are indebted to Mr. V. Grinvalds and Dr. Joachim 
v. Schmidt for skilled numerical assistance. It is also 
a pleasure to thank Dr. P. O. Olsson for his kind 
interest and criticism. 

Financial support from the Swedish Atomic Energy 
Committee is gratefully acknowledged. 


26 P. O. Brundell and B. Enander, to be published. 
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Inelastic Scattering of Protons from Light Nuclei 


Dean B. Cowik, N. P. Heypensurc, AND G. C. Purtiips* 
Department of Terrestrial Magnetism, Carnegie Institution of Washington, Washington, D. C. 
(Received March 31, 1952) 


An investigation has been made of inelastic scattering of 7.4-Mev protons at 90° from the following 
thin foil targets: Be, C®, C’* (47 percent enriched), CaF 2, Ni, Al, and Na, and from the following gas targets: 
normal BF;, enriched BF; (96 percent), Ne, O2, CH;, and Ne. The following energy levels in Mev were 
observed: Be® 2.57; B' 2.34; B" 2.06; C® 4.59; C¥ 3.14, 4.03; N™ 2.35, 3.95; O'* none; F'® 1.53, 3.83; 


Ne 1.44, 4.36; Na™ 3.67; Al 1.02, 2.30, 2.89, 3.32, 4.48; Ni 1.44. 


I, INTRODUCTION 


HE investigation of inelastically scattered protons 

from light nuclei has proved useful for studying 
nuclear energy levels.'* Although many light nuclei 
have been studied by inelastic scattering, no single in- 
vestigation has surveyed most of these nuclei. Since the 
published cyclotron scattering data have not always 
agreed with the nuclear energy levels identified in dis- 
integration experiments, it was believed desirable to 
resurvey as many of the nuclei as possible with a single 
technique. Furthermore, possible cyclotron energies 
might be expected to excite high angular momenta 
states in nuclei that might not appear in studies with 
more precise, but lower, bombarding energies available 
with electrostatic generators. 

Consequently a study has been made of the elastic 
and inelastic scattering of 7.4-Mev protons at 90° to 
the incident beam for the stable elements through 
aluminum, with the exception of lithium and mag- 
nesium. In addition to the calculation of energy levels 
from the inelastically scattered proton groups, the 
relative cross sections of the groups have been deter- 
mined and in the case of the gas targets, the absolute 
cross sections for the elastically scattered protons were 
obtained. 
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Fic. 1. Proton and deuteron groups for the reaction Be*(p,p)Be* 
and Be*(/,d) Be’. Ranges given in equivalent cm of air. 

* Research Fellow, Carnegie Institution of Washington. 

1 Powell, May, Chadwick, and Pickavance, Nature 145, 893 
(1940); Heitler, May, and Powell, Proc. Roy. Soc. (London) 
190, 180 (1947); K. E. Davis and E. M. Hafner, Phys. Rev. 73, 
1473 (1948); H. W. Fulbright and R. R. Bush, Phys. Rev. 74, 
1323 (1948); H. E. Gove and J. A. Harvey, Phys. Rev. 82, 658 
(1951) 

? Reilley, Allen, Arthur, Bender, Ely, and Hausman, Phys. 
Rev. 82, 658 (1951). 


II, APPARATUS AND EXPERIMENTAL TECHNIQUES 


The external beam of protons from the 60-inch cyclo- 
tron at this laboratory was used to bombard the targets. 
Passage of the beam through the fringing field of the 
magnet assured considerable homogeneity of the beam 
energy. The target was 15 feet from the point of 
emergence of the beam from the electrostatic beam 
extractor. One-inch and }-inch diameter collimating 
aperture holes were placed in the path of the beam at 
distances of 8.3 feet and 10 inches, respectively, from 
the target position. The beam passed through the 
target chamber and into a Faraday cage where the 
collected charge was measured accurately by means of 
a simple current integrator consisting of a “‘glass-mike”’ 
condenser and an electroscope. The beam current was 
about 0.005 microampere. 

The target chamber was formed from a brass block 
and was sealed with rubber gaskets to the vacuum tube 
passing the beam and to the Faraday cage. For the gas 
target experiments, the chamber was sealed on beam 
entrance and exit sides with brass plates having, re- 
spectively, }- and 3-inch holes covered with 0.85-cm air- 
equivalence nickel foils. Two opposite ports at 90° to 
the beam direction allowed the mounting and quick 
removal of the thin targets supported on foils and 
allowed the emergence of fast particles through a nickel 
foil of 1.7-cm air equivalence. The particles were de- 
tected by a pair of coincidence proportional counters 
whose entrance port was sealed with a 1.7-cm air- 
equivalence nickel foil. The voltage on the counters 
was adjusted so that coincidences were only obtained 
for end-of-the-range protons. The coincidence detection 
was necessary because of the relatively high back- 
ground near the cyclotron compared to the low counting 
rates for scattered protons from thin targets. Aluminum 
absorber foils, to measure the range of the particles, 
could be inserted between the 90° exit port and the 
counters. The foils were changed remotely by means 
of a wheel and selsyn system so that 24 range positions 
could be measured without entering the cyclotron room 
or interrupting the beam. The foils were weighed on a 
microbalance to one part in 500. 

The electronic system for the counters consisted of 
two Los Alamos type Model 500 amplifiers of rise time 
(0.1 microsecond and a standard Rossi coincidence circuit 
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with time resolution of 0.2 microsecond. The coinci- 
dences were scaled by a scale of 64 circuit and recorded. 

Targets of sodium were made by evaporating in 
vacuum onto 0.17-cm air-equivalent nickel foils. India 
ink and a solution of finely divided C" (47 percent) 
enriched carbon were painted on similar nickel foils for 
the normal C and C® enriched targets, respectively. 
The aluminum and beryllium targets were thin foils 
of these elements. All gas targets were at a pressure of 
9 inches of mercury. 

The ranges, as calculated by means of the weighed 
aluminum absorbers, were checked by observing proton 
groups from the reaction B!°(d,p)B". For this experi- 
ment the apparatus was installed on the electrostatic 


generator and a thin target of evaporated boron (en- , 


riched to 96 percent B'® and supplied by the Isotopes 


Division AEC, Oak Ridge) was bombarded by 1-Mev > 


deuterons. The Q-values calculated for the four longest 
range groups from the range data agreed with those 
reported by Buechner and Van Patter.’ 
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Fic. 2. Proton groups for the reaction Al?"(p,p)AP"*. 
Ranges given in equivalent_cm‘of air. 


Ill. RESULTS AND CONCLUSIONS 


Range curves of the charged particle groups are 
shown in Figs. 1, 2, and 3 for beryllium, aluminum, and 
neon, respectively. These curves are representative of 
those taken for foil and gas targets. Probable errors 
have not been indicated on the experimental points; 
however, the points of the group peaks represent several 
hundred counts. 

The extrapolated ranges of the proton groups were 
measured in terms of the accurately weighed aluminum 
absorber foils by using an air equivalence of 1.52 mg/cm? 
per cm of air. The part of the range in the target gas 
(for gas targets only), the part in air, the part in the 
two nickel foils, and the average range in the counters, 
was added. Corrections for the variation of aluminum 
stopping power with range, corrections for range 
straggling, and angular straggling were applied and the 
energy of the proton groups obtained.‘ 

The beam energy at the target was measured in each 
case by the elastically scattered groups. For the foil 


3 W. W. Buechner and D. M. Van Patter, Phys. Rev. 79, 240 


(1950). 
4M. S. Livingston and H. H. Bethe, Rev. Modern Phys. 9, 


245 (1937). 
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Fic. 3. Proton groups for the reaction Ne**(p,p) Ne®*. 
Ranges given in equivalent cm of air. 


targets this energy was 7.37+0.10 Mev, while for the 
gas target it was 7.17+0.10 Mev. 

The Q-values are presented in Table I as excited 
levels of the assigned nuclei. In the case of groups of 
uncertain origin the most reasonable reaction was tried 
and the Q-value calculated. The Q-values reported in 
the review articles by Hornyak ef al.,®> Alburger and 
Hafner,* and Reilley ef al.? are included for comparison. 

For the gas targets several integral type range curves 
were obtained on the elastic scattered proton groups. 
These data allowed the calculation of absolute cross 
sections for these reactions. The relative intensities of 
the shorter range groups were compared to the longest 
range group by graphical integration under the peaks of 
the range curves. These data are also given in Table I. 

Most of the proton groups corresponded to previously 


TABLE I. Summary of energy level values. 





Cross 
“7 section 
Y:/Y.* in barns 


Reported 
values 
(Mev) 


Energy 
level 
(Mev) 


Nucleus Target 





2.42 1.36 
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Be*® Be? foil 

Bie BUF, gas 

Bie BMF; gas 

Bu normal BF; gas 
Bu normal BF; gas 
cu india ink on Ni foil 


0.44 
2.14» 


ww 
= 


0.4 
2.14» . 
4.47” 


$8 


0.8 
3.10% . 
3.70% 


- 


cu CHa 
C'(47%) soot on Ni foil 


nw 


Na gas 
No gas 
N: gas 
O: gas 0 

Os gas no levels 
observed 


wrNorweoFfrnonon 


An 


2,3> 
3.9» 
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0.30 





3 gas 
BF; and"BF; gas , 1.4» 


BUF; and BF; gas 
neon gas 

neon gas 

neon gas 

Na on Ni foil 

Al foil 

Al foil 

Al foil 


Al foil 
Al foil 
Ni foil 


not reported 


0.07 








* Relative yield of inelastic to elastic scattered groups. 


» See reference 5. 
¢ See reference 6. 
4 See reference 2. 


5 Hornyak, Lauritsen, Morrison, and Fowler, Revs. Modern 


Phys. 22, 291 (1950). 


*D. E. Alburger and E.*M." Hafner, Revs. Modern’ Phys. 22, 


373 (1950). 








306 COWIE, 
reported Q-values. For Be® only the one level at 2.57 
Mev was observed. Levels higher than this might have 
been masked by a strong alpha-group appearing at 
ranges shorter than the proton group. The deuteron 
group from the Be*(p,d)Be* reaction was observed be- 
tween the inelastic and elastic proton groups with 
comparable intensity. 

The C™ groups corresponding to reported levels at 
3.10 and 3.70 Mev were observed but were very weak. 
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AND PHILLIPS 

There were no groups in O"* for the energy region 
covered (to 4.6 Mev). 

A new level at 3.90 Mev was found for fluorine in 
addition to the previously reported level at 1.4 Mev. 
This group appeared for both the BF; and CaF: 
targets. 

Only natural neon gas was used, so the two observed 
levels were assigned to the most abundant isotope 
Ne”? (90 percent). 
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A Study of the Electron Traps in Zinc Sulfide Phosphor 


ALAN W. SitH* AND JOHN TURKEVICH 
Frick Chemical Laboratory, Princeton University, Princeton, New Jersey 
(Received March 17, 1952) 


The thermoluminescence characteristics of a hexagonal zinc sulfide phosphor, copper activated, were 
measured as a function of the wavelength of the exciting light. The glow curve had maxima at 120, 220, 
and 280°K. It was found that the heights of these maxima at saturation varied with the wavelength of 
the exciting light, reaching the greatest values at 4270A for the 120°K maximum, 4400A for the 220°K 
maximum, and 4500A for the 280°K maximum. When the sample was irradiated with 4400A light for a 
definite time interval and then irradiated with monochromatic radiation of either shorter or longer wave- 
length for another time interval, it was found that the subsequently measured glow curve showed a decrease 
in the heights of the maxima from that with 4400A light alone. Since the glow curve can be interpreted as 
a process of emptying electrons from traps, the above results are interpreted to mean that light which is 
capable of filling the traps is also capable of stimulating electrons out of the traps. There is a long wave- 
length limit beyond which irradiation does not affect electrons present in traps. It is 0.7 micron for the trap 


represented by the 280°K maximum. 


INTRODUCTION 

HERMOLUMINESCENCE experiments have 

been used to characterize phosphors.'~ In these 
experiments a phosphor is excited with radiation for a 
definite period of time, the exciting light is removed, 
the material is heated at a constant rate, and the light 
output is measured as a function of the temperature of 
the phosphor. The glow curve so obtained is often 
characterized by the presence of peaks which can be 
interpreted in the following way: The position of the 
peaks on the temperature scale is a measure of the 
energy depth of trapped electrons in the solid, while 
the area under the peak often indicates the number of 
electrons transferred into these traps by the exciting 
light. It is the purpose of this investigation to study the 
the process of the filling and the emptying of the elec- 
tron traps in a hexagonal zinc sulfide, copper activated, 
as a function of the wavelength of the exciting light. 


EXPERIMENTAL PROCEDURE 


The phosphor used in these studies was a copper- 
activated hexagonal zinc sulfide obtained from Leverenz 


* AEC Predoctoral Fellow, 1949-50, 

1H. W. Leverenz, An Introduction to Luminescence of Solids 
(John Wiley & Sons, Inc., New York, 1950). 

2G. F. J. Garlick, Luminescent Materials (Oxford University 
Press, London, 1949). 

3 J. T. Randall and M. H. F. Wilkins, Proc. Roy. Soc. (London) 
A184, 365 (1945). 

‘F. Urbach, Wien. Ber. Ila, 139, 363 (1930). 


of the RCA Laboratories. The phosphor was settled 
with ethanol in a layer about 1 mm thick on a flat- 
bottomed glass tube. This tube was suspended in a 
cavity in a copper cylinder which in turn was suspended 
in a Dewar flask. The phosphor could be maintained 
at the temperature of liquid air or heated at a rate of 
about 0.017°K. The temperature of the phosphor was 
measured by means of a chromel alumel thermocouple 
buried in the phosphor layer. 

The phosphor was excited by monochromatic light 
either from a carbon arc, 100-candlepower Point-o-lite 
lamp or a globar. Either a Gaertner glass monochro- 
mator or a rock salt monochromator (Wadsworth 
mounting) was used to give monochromatic light. The 
current from the photomultiplier tube was amplified by 
means of a dc amplifier and recorded on a Brown poten- 
tiometer. No filter was used in measuring the light 
output of the phosphor since the emission band in the 
samples used was exclusively in the green region. 
Attempts to detect the blue band, which sometimes 
occurs in these phosphors, by spectral isolation with a 
35D Wratten filter were unsuccessful. 


RESULTS AND DISCUSSION 


A typical glow curve for the phosphor sample used in 
these experiments is shown in Fig. 1. The important 
features are the three peaks at about 115°K, 225°K, 
and 280°K and the shoulder at about 180°K. Under 
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Fic. 1. Typical glow curve for ZnS:Cu. 


different excitation conditions the positions of the 
peaks varied by as much as 20°K, but the reproduci- 
bility under the same condition was about 3°K. 

The usual hexagonal form of zinc sulfide is charac- 
terized by two glow peaks, one in the region 120-160°K 
and the other in the region 210-240°K.?* An additional 
peak in the region 280-320°K is found when copper is 
added as an activator. The glow curves obtained in 
this investigation is therefore very similar to that 
obtained by previous workers. 

Urbach‘ and Randall and Wilkins* have worked out 
the relationships between the temperature of the glow 
peak and the energy of the corresponding electron trap. 
These relationships depend on whether a first- or second- 
order decay law is followed. In the sample studied the 
decay order was intermediated between first and second 
order. Since the variation in peak position under dif- 
ferent excitation conditions is as great as the variation 
in the different formulas, the approximate Randall 
Wilkins formula was used: E= 7/500, where E is the 
energy depth of the trap in electron volts and T is the 
temperature of the glow peak in degrees Kelvin. The 
energy depths of the traps are found to be 0.2-0.3 ev, 
0.42-0.46 ev, and 0.54-0.60 ev. 

The area under the glow curve is a measure of the 
number of electrons that left the traps by a radiative 
process. The number of electrons that were actually 
in traps may be greater than this because nonradiative 
transitions are possible. Since the breadth of the peaks is 
constant, the value of the height can be used as a meas- 
ure of the area under the peaks. This can be used as an 
approximation to the number of electrons excited into 
the traps under different conditions, if one assumes the 
ratio of radiative to nonradiative transitions on empty- 
ing the traps is independent of the number of electrons 
in traps. 

The effect of the wavelength of the exciting light on 
the position of the glow peaks on the temperature scale 
and their heights is given in Fig. 2. The phosphor was 
excited through a Gaertner monochromator with the 
carbon arc. The mean band width of the exciting light 
was 200A. The excitation time was such that a longer 
time of excitation made no difference in the glow 
curves for exciting light of wavelengths less than 5100A. 
For these wavelengths the time ranged from one-half 
to two hours. For excitation with wavelengths greater 
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than 5100A, a four-hour exposure was used. Decreasing 
the intensity of the exciting light (4500A) by a factor 
of four only affected the glow curve slightly in the 
vicinity of the 120°K peak. This effect is due to thermal 
stimulation during excitation at 90°K competing with 
photostimulation. The saturation of the deeper traps 
is not affected by intensity of illumination in the range 
of light intensities used in our experiments. Thermal 
stimulation affects only the shallow traps, for the glow 
curve of a phosphor, left for two hours at liquid air 
temperature after irradiation, was appreciably lower 
only in the 120°K range. The position of the 220°K 
peak is definitely affected by the wavelength of light 
used for excitation (Fig. 2, upper section). This is 
interpreted to indicate that there is a number of traps 
associated with the 220°K peak, and these are populated 
in different ways depending on conditions of excitation. 
The dependence of the position of the 280°K peak is 
less marked while the position of the 120°K peak could 
not be measured with sufficient accuracy to determine 
its wavelength variation. On the other hand, the heights 
of the three glow peaks at saturation are markedly 
affected by the wavelengths of the exciting light (Fig. 2, 
lower section). For wavelengths greater than 5000A 
the heights of these glow peaks at saturation are very 
small. As one decreases the wavelength, the heights 
pass through a maximum and attain at 4000A a value 
two-thirds of the maximum. The peak height for the 
three different peaks has a slightly different wavelength 
dependence in that the 280°K peak has maximum height 
at saturation for 4500A, the 220°K peak at 4400A, and 
120°K peak at 4300A. These results can be interpreted 
in two ways. There may be a slightly different absorp- 
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Fic. 2. Intensity and temperature of glow peaks at saturation 
versus wavelength of exciting light. 
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tion band associated with each peak in the glow curve, 
and this absorption band determines how many elec- 
trons get into the particular trap and consequently how 
many come out in a radiative process. The other possi- 
bility is that the exciting light both sends electrons into 
and spills them out of traps and that the wavelength 
efficiency of either or both of these processes varies 
from trap to trap. 

To check this point the phosphor was irradiated 
with 4400A light until saturation, and this irradiation 
was followed by either a 3900A or a 4900A irradiation. 
As is seen from Fig. 3 re-irradiation at 3900A depresses 
the 280°K and 220°K peaks and leaves the height of 
the 120°K peak unchanged. On the other hand, if the 
phosphor after being saturated with 4400A light is 
re-irradiated with 4900A the whole glow curve drops. 
These experiments indicate that light can empty elec- 
trons from traps and that this process is wavelength 
dependent. Consequently, the variation of the “satura- 
tion” glow curve with wavelength is due to differences 
in the rate of filling and of emptying traps at different 
wavelengths. 


0 
TEMPERATURE 


1G. 3. Effect on the glow curve of irradiation with light 
of other wavelengths after 4400A light. 


lhe wavelength dependence of the photoprocess of 
emptying electrons from traps was studied. The 
phosphor was irradiated with 4400A light for a half- 
hour at liquid air temperature thereby partially filling 
the traps with electrons. It was allowed to stand at 
liquid air temperature for half an hour, and a glow curve 
was obtained at standard conditions. This glow curve 
was taken as a standard curve and the results of sub- 
sequent experiments were standardized with respect 
to it. In these experiments designed to test the efficiency 
of light of various wavelengths in emptying trapped 
electrons, the phosphor after irradiation at liquid air 
for a half an hour with 4400A light was treated for an 
additional half-hour with light of various wavelengths 
from 5000 to 8000A. A glow curve was obtained and from 
it the heights of the three peaks were measured. The 
ratio of the peak heights after illumination with light 
of various wavelength to heights without subsequent 
irradiation are presented in Fig. 4. It should be pointed 
out that the process of removal of electrons from traps 
is a rate process, and the choice of half-hour time for 
determination of light efficiency is arbitrary. Further- 
more, as one goes to longer wavelength the intensity 
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Fic. 4. Effect of subsequent radiation on glow curves of sample 
irradiated at 4400A. Ratios of glow peaks after second irradiation 
to those of a standard glow curve are plotted versus the wave- 
length of the second irradiation. Curve 1—280°K peak; curve 
2—220°K peak; curve 3—120°K peak. 


of the source (Point-o-light lamp with temperature 
2920°K) increases so that there are more photons im- 
pinging on the solid at the longer wavelengths per unit 
time. Because of this the results are of qualitative 
nature. The 280°K peak decreases when irradiated with 
light of wavelength less than 7000A, and light of wave- 
length greater than 7000A though of greater intensity 
does not affect the 280°K peak. We can thus conclude 
that 7000A is a threshold of light energy necessary to 
remove electrons in the 0.6 electron volt trap. Both 
220°K and 120°K peaks are diminished in height by 
subsequent radiation of wavelength greater than 
5000A. The threshold for emptying electrons from 
traps by both radiative and nonradiative processes is 
beyond 8000A and was not determined. The threshold 
for emptying the traps by a radiative process (stimula- 
tion) was found to be 4 microns. The thresholds for two 
processes are not necessarily the same. 

Mott and Gurney® have discussed the relation be- 
tween the optical absorption spectra due to an impurity 
center and the thermal activation energy of an electron 
in a center. Defining an optical activation energy as 
E)=hyv, where v is the minimum frequency of absorption, 
they estimate for alkali halides that the optical activa- 
tion energy is of the order of two times the thermal 
activation energy. This is in agreement with the results 
found here in that the long wavelength of light capable 
of stimulating electrons from the 0.6 electron volt trap 
is 0.7 micron (1.7 electron volts) or almost three times 
the thermal activation energy. 


5N. F. Mott and R. W. Gurney, Electronic Processes in lonic 
Crystals (Oxford University Press, London, 1940). 
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The Classical Equations of Motion of Point Particles. I 


Peter Havas 
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The problem of the relation of field theory and action at a distance is investigated for the neutral vector 
and scalar meson theories. The equations of motion of point particles with half-advanced, half-retarded inter- 
action are found using the field theoretical methods developed for retarded interaction; they include an 
integral over the entire motion of the particle in analogy to an integral over the past motion in the retarded 
case. These are inadmissible from the point of view of action at a distance and a new set of equations is 
postulated. This new set is derivable from a variational principle analogous to Fokker’s in electrodynamics 
for the symmetric case, and energy-momentum tensors guaranteeing the conservation laws can be defined. 
The application of the Wheeler-Feynman method to the equations of the symmetric case leads to the 
equations of the retarded case only for the field theoretical equations, but to slightly different ones for those 
of action at a distance. Some implications of these results are discussed. 


I. INTRODUCTION 


NE of the the main problems of present-day 

theoretical physics is the satisfactory description 
of the behavior and interrelation of the elementary 
particles. While there is no doubt that such a description 
has ultimately to be quantum theoretical, “‘one ought 
to separate the difficulties as far as possible . . . and 
attack each one separately and for the purpose of this 
attack we may very well work with the concepts of 
classical mechanics in some cases.” ! 

The problem of the interaction of point charges with 
the electromagnetic field has recently been reinves- 
tigated extensively. The equations of motion have been 
studied from two different viewpoints. One is that of 
field theory, which considers the otal field at all points 
in space to be the fundamental physical quantity and 
the point charges as singularities of the field.2* The 
other is that of action at a distance, which considers 
only the forces exerted on a charge by ofher charges to 
be physically meaningful.4~* 

In the case of electrodynamics the equations of 
motion for slowly moving particles were of course 
known experimentally to begin with. The problem was 
to account for the force of radiative reaction first found 
by Lorentz® and also well verified experimentally, and 
to avoid the appearance of infinite expressions in 
Lorentz’s equations of motion for point charges. In the 
field-theoretical derivations these equations including 
the radiative reaction terms are obtained only if one 
takes the field produced by a point charge to be the 
retarded field; but equations of motion without these 


1P. A. M. Dirac, The Relation of Classical to Quantum Mechanics, 
Second Summer Seminar of the Canadian Mathematical Congress, 


9. 

2P. A. M. Dirac, Proc. Roy. Soc. (London) A167, 148 (1938). 

3L. Infeld and P. R. Wallace, Phys. Rev. 57, 797 (1940). 

‘J. Frenkel, Z. Physik 32, 518 (1925). 

5A. D. Fokker, Z. Physik 58, 386 (1929). 

6 J. L. Synge, Trans. Roy. Soc. Can. 34, 1 (1940). 

7 J. A. Wheeler and R. P. Feynman, Revs. Modern Phys. 17, 
157 (1945); and 21, 425 (1949). 

8H. A. Lorentz, Collected Papers (M. Nijhoff, The Hague, 
1936), Vol. II, pp. 281 and 343. Also The Theory of Electrons (B. G. 
Teubner, Leipzig, Germany, 1909), pp. 49 and 253. 


terms are obtained if one uses half the sum of retarded 
and advanced fields. The first attempts at a description 
of the motion of charged particles in terms of action 
at a distance were not able to obtain the radiation 
damping, but did succeed in showing that such a theory 
was entirely self-consistent. Wheeler and Feynman,’ 
using half-advanced, half-retarded fields, were, however, 
able to obtain the damping terms by considering the 
field produced by all particles and imposing a condition 
on it. It was then pointed out® that the need for the 
exclusive use of retarded fields for the explanation of 
the radiative reaction arose only in the field-theoretical 
derivations for the one-particle problem, but that the 
considerations of Wheeler and Feynman on the total 
field due to all particles are applicable to field theory as 
well as to the theory of action at a distance. There too 
they lead to the radiative reaction terms even in the 
case of half-advanced, half-retarded fields. Therefore, 
in spite of the fundamentally different underlying 
physical ideas, both field theory and action at a distance, 
using fields symmetric in time, lead to the same equa- 
tions of motion. 

Much less work has been done on the problem of the 
motion of point particles interacting through fields 
other than electromagnetic. The case of nucleons inter- 
acting through a neutral vector meson field was treated 
by Bhabha.'® The generalized wave fields introduced 
by Fierz" (suitable for the description of quanta of 
higher spin) were taken up later,"-* as were charged 
meson fields.’ All of these papers are based on field 
theory and, following the method of Dirac,? take the 
conservation law for the energy-momentum tensor of 
the field in empty space as their starting point. Con- 
trary to the case of electrodynamics, no experimental 
evidence is available on the equations of motion of 


*P. Havas, Phys. Rev. 74, 456 (1948). 

10 H. J. Bhabha, Proc. Roy. Soc. (London) A172, 384 (1939). 

 M. Fierz, Helv. Phys. Acta 12, 3 (1939). 

2H. J. Bhabha and Harish-Chandra, Proc. Roy. Soc. (London) 
A185, 250 (1946). 

8 Harish-Chandra, Proc. Roy. Soc. (London) A185, 269 (1946). 

4M. Fierz, Helv. Phys. Acta 14, 257 (1941); K. J. LeCouteur, 
Proc. Cambridge Phil. Soc. 45, 429 (1949). 
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particles moving in meson and other generalized wave 
fields. Therefore, the problem taken up by these papers 
was to find equations of motion leading to conservation 
laws for the system of particles and field. 

In all these papers the field of each particle was taken 
as purely retarded; the equations of motion were then 
found to contain radiation terms similar to the elec- 
trodynamic ones. In addition, however, there appeared 
terms depending on the entire previous motion of the 
particles. 

In this paper we shall discuss the relation of the equa- 
tions of motion obtained from the points of view of 
field theory and of the theory of action at a distance 
for particles interacting through neutral vector and 
scalar meson fields. A second paper will deal with these 
questions for particles interacting through charged 
fields. 

As a preliminary step we shall obtain the field-theo- 
retical equations of motion if the field is taken as half- 
retarded, half-advanced. These equations do not 
contain any radiation terms; however, the self-action of 
the particle appears explicitly as an integral over its 
entire motion. The question of the meaning of such 
terms in field theory is discussed. 

Then the problem of the motion of such particles is 
taken up from the point of view of action at a distance. 
Obviously in such a theory there is no place for self- 
action terms of the above type and it is proposed to 
omit them from the postulated equations of motion. It 
is then shown that the remaining equations form a com- 
pletely self-consistent set, are derivable from a varia- 
tional principle!® similar to the one discovered in elec- 
trodynamics by Fokker,’ and permit the construction 
of an energy-momentum tensor of the “adjunct”’ field 
theory again similar to electrodynamics.‘:*:7 However, 
just as the postulated equations are not identical with 
the ones arising from field theory, so the application of 
the considerations of Wheeler and Feynman’ does not 
furnish exactly the same equations as field theory using 
retarded fields only, nor does it agree with other pos- 
tulated equations of action-at-a-distance theory as- 
suming retarded interaction only. 

It is noteworthy that while in electrodynamics action 
at a distance and a “divergence-free” field theory lead 
to exactly the same result if fields symmetric in time 
are used, we obtain slightly different sets of equations 
in meson theory. They are both finite and cannot be 
changed into each other by arbitrary omission or addi- 
tion of terms without destroying their self-consistency. 
There is no experimental evidence on which a choice can 
be based, but the fact that different basic viewpoints 
might lead to different finite equations might have a 
bearing on some current quantum theoretical procedures 
of obtaining finite equations. 

6 For the vector meson case this variational principle has inde- 
pendently been suggested from different considerations by H. 
Kanazawa, Prog. Theoret. Phys. 5, 1050 (1950) and H. Stein- 
(19505 S.-B. Heidelberger Akad. Wiss., math.-naturwiss. Kl]. 281 
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Il. THE EQUATIONS OF MOTION 


We shall first outline the field-theoretical derivation 
of the equations of motion of a particle interacting with 
a neutral vector meson field or a neutral scalar meson 
field as first given by Bhabha! and Harish-Chandra,* 
respectively. With minor changes we shall follow the 
notation of these papers. 

We consider a four-space with coordinates x,, Greek 
letters taking the values 0, 1, 2, 3, where xo is the time 
coordinate. Repetition of an index implies summation 
over this range. If u, is any vector, we shall write « for 
+(u,u")'. The velocity of light is taken as unity. The 
metric tensor g,, is given by 


(1) 


The vector meson field is assumed to be described by 
potentials U, and field strengths G,, which satisfy the 
equations® 


Gy=9U,/dx*—aU,/x’, 


Sw=0 if px», Lo0= — £1u= — g2= — g33= 1. 


OG y»/Ox,+x27U,=40j,. (2a) 


Here x= u/h, « being the rest mass of the meson, which 
however does not appear explicitly in classical theory. 
jy is the mesic charge-current density, which we take 
for a point particle to be 


po f ae) me~0)8en~m) 


id X 5(x2— 22)6(x3—23)dr7, (3a) 


where z, are the coordinates of the particle, », is its four- 
velocity, 7 its proper time, g its “mesic charge,” and 6 
Dirac’s 6-function. 

Similarly we have for the scalar meson field a scalar 
potential U and field strengths F, whose equations are 


F,=—0U/dx", —AF,/dx,+x2U=4p, (2b) 


with the charge density 


e=zf 5(xo— 20) 5(%1—21)6(%2—22)6(x3—23)dr. (3b) 


—x2 


From (2) we get respectively, 
PU,/0x,0x"*+ 9°U,=41j,, 
PU /dx,0x"+ x2U =4 rp. 


(4a) 
(4b) 
These equations are solved with the help of a Green’s 


function G in the form 


© 


Use) = f ftp KGS ps Sp \O%e » 


—2 


(Sa) 


uG,)= f p(xp')G(xp, x,")dx,’, (5b) 


where x,’ stands for all four variables and dx,’ for the 


~ 1Jn the following all Eqs. (a) refer to vector mesons, Eqs. (b) 
to scalar mesons. 





CLASSICAL 


product of the differentials. The Green’s function cor- 
responding to a retarded potential is given by 
(25(u?)—(x/u)Ji(xu) uo> uy 
1G(x,, %)’)=40 |uto|<u,, (6) 
0 Ug < — Ur 
‘and the one corresponding to an advanced potential by 
0 Uo > Ur 
G(x», X»)=40 | to] <p, - (7) 
Tee se Up< — Ur 
where u,=x,—x,', J; is the Bessel function of order 
1, and 


mere u,u*)), (8) 


We note that we can also take a Green’s function 
corresponding to a half-retarded, half-advanced poten- 
tial!” 

5(u?)—43(x/u)Ji(xu) uo> uy 
<G=43(G+.G)=40 Uo| Uy (9) 
.6(u?)—4(x/u)Jifxu) uw< 


Introducing (6), (7), or (9) into (4a) and (4b), respec- 
tively, and using the notation 


rf u,. 


(10) 
we obtain the following expressions for the potentials 


. v,(,7) ™v, 
retU’,(x,) = g-—— -sf Ji(xs)dr, 


K(,T) Ss 


Sy=Xy—2,(T), K=S,v", 


(11a) 


Uy(aT) 


” Uy 
— -«f Ji(xs)dr, (12a) 
eo $ 


advU,(x,) = at ow 
© wy 
ty 
ef Ji(xs)dr 
AY 


K(q7) 
’ (7) 
eymU,(x,) = 42 naan 


Ji(xs)dr, (13a) 
s 


. T sty (r’) — s"#(7’) 
M i*— 3g7(64+-04b?) — 27x70, Jo(xs)dr’ =g extG*,r’, 


x s* 


a 


% 
M i#¥—4¢?(4#+ i?) — bettetetn? f ~J2(xs)dr’+ g?x 


sl * 


EQUATIONS 


* ] d : 
of J i(xs)dr | = g extl*+2—(exrU0*), 
Ir s i dr 


OF MOTION. I 


1 ade | 
ret U (x,) = 2 ef Ji(xs)dr, 
K(,T) of 


1 *7 
advU (x,) = —g . -sf —J(xs)dr, 
(a7) ar S 


a 


1 1 -{ 
wal (,)=he( _-— -) is f —J\(xs)dr 
K(-7) — K(aT) «oS 


at 1 
+hef ~J;(xs)dr. (13b) 
Tv s 


r 


-t and 7 are the proper times of the “retarded” and 
“advanced” points respectively, i.e., the points on the 
world line such that s,s*=0 and sp>0O and <0, respec- 
tively.'* 

The energy-momentum tensors of the fields are 
given by 


AnT y= GeO +3 gw hGo G+ YU U,— 3x7 guU,U*, (14a) 
4nT =F ,F,—}gu(FF"—2U"). (14b) 


Here we have to insert the total fields and potentials, 
including the field of the particle itself. Following the 
method of Dirac,? Bhabha and Harish-Chandra now 
enclose the world line of the particle by a narrow tube, 
the radius of which will in the end be made to tend to 
zero. The equations of motion are now derived from 
the condition that the flow of energy and momentum 
out of a portion of the tube in the presence of an external 
field as calculated by using Eqs. (14) shall only depend 
on the conditions at the two ends of the tube, that is, 
that it shall be a perfect differential. We put 


Gu as ext et ret ur; 
U=extU +e, Py=ext st reels, 


respectively, the subscript “ext” denoting the external 
field. The equations of motion obtained are then 


(15a) 
(15b) 


(16a) 


(16b), 


x 


where M is an arbitrary constant identified with the mass of the particle, and dots indicate differentiation 
with respect to 7; all field quantities are taken at the positions of the particle. 


If we take instead 


. . . 
Gw= € xtGwt sy = 


U=extU + syn, 


"This is 4 times the A-function of J. Schwinger, Phys. Rev. 75, 651 (1949). (,G—.G 
Cambridge Phil. Soc. 30, 150 (1934); see also W 


function introduced by P. A. M. Dirac, Proc 


203 (1941 


F,= etl y+ — an 


(17a) 
(17b) 


4x is the well-known invariant D 
Pauli, Modern Phys. 13, 


Revs 


‘8 For a more detailed discussion of the properties of these solutions see reference 12. 
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a calculation exactly like the ones by Bhabha and Harish-Chandra, this leads us to 


xf 
—e 
Mi-4 bet f | 


—J2(xs \dr’ 

i 
The expressions (15) and (17) differ only by one-half of the “radiation field” as defined in reference 12. As it 
was shown there to be finite on the world line of the particle, it acts just like an additional external field, so 
that Eqs. (18) follow from (16) without the necessity of going through any computations not treated in 
arriving at Eqs. (16). We only have to subtract the expressions (valid on the world line of the particle) 


® $,0,(7’)—5,0,(7') 
f Potsas ——-Jo(xs)dr’ 


* shy (r’)—s'v*(r’) y 
[ges —J2(xs)dr'= g extG",v”, 


3 
d 

+32°x [«f 
dr 


(18a) 


Mit—heg 
ait 
—Ji(xs)dr’ 


oS 


d 
=¢ extl*+¢ 7, atl w). (18b) 


L aT 


. . * syte(r’)—s,0,(7’) 
} (ret Gur — ndvGyr)° = §g(6,0,— t8,) + 42x" i, saumeeneunueeen <.!.' aden 
x 


> 9 
” 5 r 


s 


b(retl 


a | es | 
wU)= -tex| f Iibxsdr'— f “Hi(xsde'|, 
a . # 


Te 
- - ° ° Su , 
Nala = Bete) +e’ Bext| f“JaGs)ar'— 
» 5” 


(19b) 
Ja(xs)ar'} 


Zz . 
J : 
s° 


tT 





respectively from the appropriate external fields and 
potentials in Eqs. (16) to arrive at Eqs. (18). 

Some misunderstanding might be caused by the fact 
that Bhabha states that he is only considering retarded 
potentials “since the theory is quite symmetrical in 
retarded and advanced potentials.” A similar statement 
in the original paper by Dirac? has been discussed pre- 
viously,® and it was shown that the “symmetry” men- 
tioned by Dirac (and Bhabha) is only apparent. It is 
due to their (formally symmetric) definition, 


inG+ ret = outG+ aavG 
= } ( inG@ + outG) + } ( ret+ amare (20) 


iG 
; ian 


, 
"a Sata’ (T )—Sa'Va 
oe ae 
Va" Va a X Vay 
2 
ra Sa” 


1 M4 e » 2 1 22,20 2.2 
b 2a" (Va" + Ua"ta") — $80 X Va" t+ Ba X f 


(r’) 


Ta g # 
Se 


2 Sa” 


Jo XSa \dr’ = £4 


—J 9 xSa)dr' + ga"x & 
2 dra 


Clearly this is only meaningful if it is specified which 
of these fields is independent of the particle.’ Once this 
has been done, the theory is physically no longer sym- 
metric between retarded and advanced fields. In Eq. 
(15) we have identified ;,G@ with the external field; in 
(17) the external field would correspond to }(inG+outG) 
of Dirac and Bhabha. These different identifications 
must clearly lead to different equations of motion.?° 

From now on we shall assume that the external field 
is entirely due to other particles. Calling our particle 
under consideration a, we obtain finally 


: ret» "Ua", 
xa 


Ta 1 
f Ji(xSq)dr’ 
Se 


a 


k 


d 


| 


a 
= £a > revi ii 5 Sa 


kya aTa 


(>. rec U 0,") 


kya 


(21b) 


‘8 This was first pointed out by T. Lewis, Phil. Mag. 36, 533 (1945). For the subsequent discussion see P. A. M. Dirac, Phil. 


Mag. 39, 31 (1948), and T. Lewis, Phil. Mag. 39, 116 (1948). 


 R. C. Majumdar and A. S. Apte [Phys. Rev. 74, 538 (1948)] have used the method of reference 3 to obtain the equations of 


motion for neutral meson fields. Their result is in agreement with our Eqs. (16a) and (18a) except for the fact that through an 
oversight they inserted in the final equations of motion for the symmetric case the same integral which appears in the equations 
for the retarded case. Our Eqs. (16b) and (18b) however differ from their results for the scalar field, which are also in disagree- 
ment with the results of Harish-Chandra (see reference 13). This discrepancy is probably due to an uncritical application of the 
method of Infeld and Wallace; this question is being investigated at present by F. R. Crownfield, Jr. and the author. It was indeed 
found that the application of the complete method of Infeld and Wallace leads to Eqs. (16b) and (18b). 
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for the retarded case, and 


EQUATIONS OF 


MOTION. 


ieee ® sohta?(1’) — Sata" (7’) 
Maia’ —4.g0? XV — ——J2(x5q)dr’ = gq a (ret G*, *? + navG*, ' 


2 
—o Sa” 


es M 
Mai +4eetn? f J; 2(xSa)dr’+ + igeix “tn f- —J (x5) ar 


a Sq wo Sa 


= £a * 4 (reel *™) + nay l¥ k) )+ga— 


kga 


for the symmetric case. 

Equations (21a) and (22a) are of the same form as 
those of a point charge in an electromagnetic field, 
except for the integrals over the previous motion in the 
retarded case and over the entire motion in the sym- 
metric case. Similar integrals appear in Eqs. (21b) and 
(22b). Physically they are due to the fact that the 
meson field does not necessarily propagate with the 
velocity of light. Therefore, the particle might ‘“‘catch 
up” with its own field, which will act on it just like an 
external field. In the electromagnetic case this cannot 
happen, as the field propagates with the velocity of 
light and the particle necessarily moves with a smaller 
velocity.”! 

Mathematically we can raise no objection against 
these equations. However even from the point of view 
of field theory there appear to be difficulties connected 
with the physical interpretation. Originally fields were 
defined in terms of their action on test particles, i.e., 
fields are measured by observing the force exerted on 
(or motion of) some test bodies. This force depends on 
the charge of the test body, its position and conceivably 
its velocity or even acceleration, but after these quan- 
tities are specified, the force should specify the field 
strength uniquely. Now, however, the force depends on 
the previous (for the retarded case) or entire (for the 
symmetric case) history of the particle; two test par- 
ticles will only give the same motion due to the field at 
a given point if they were brought to the point in the 
same manner. This difficulty cannot be avoided as long 
as we want to keep the viewpoint of field theory; as long 
as the total field is considered to be a basic physical 
quantity, its action on the particle emitting it cannot be 
excluded from the theory. 

Clearly however such an action of a particle on itself 
has no meaning from the point of view of action at a 
distance. We propose therefore simply to omit it and 
to investigate if a consistent theory can be built up 
without it. Thus we shall postulate as the basic equa- 
tions of motion 
Mota" = Ba >. (ret*s™ + navG", 00”, (23a) 


ka 
*1 Tt can happen however if world lines going backward in time 
are admitted, as has been repeatedly suggested for a classical 
theory of the positron; then it represents the interaction of the 
electron and the positron. See P. Havas, Acta Phys. Austriaca 3, 
342 (1949). 


wt LX Fee + wav og] (22b) 


Tq *¥a 





M,i."= 8a > 3 (retl™ Bt say hint ) 


kya 


d 
+go—[ } Fret + aavU 0g" ] (23b) 


kya 
for the symmetric case. A possible set of equations in 
the retarded case would be 
M,i."— $20"(Ba" + va"iq”) =f, +3 ret", 9”, 


kya 


Maia" ine $807(84" + U_"tq") = 8a >a re#(*) 


kya 


(24a) 


d 
+ga—( > ret 04"). (24b) 


dtq *#e 


(As the term —}g,?x’r4" of Eq. (21b) originates in 
the integrals of (11b) and (12b), it is omitted from 
(24b) together with the integrals.) Another possible set 
of equations would be 

M ia" = Sa a ret", ' ~ Va’, 


kpta 


(25a) 


d 
M aia = ga >, rect) + ga—( Free U “* 09"). 


kya aTq k#a 


(25b) 


Just as in electrodynamics, the symmetric case will 
prove to be of more interest as it is the only one for 
which the equations of motion follow from a variational 
principle. 


Ill. THE VARIATIONAL PRINCIPLE 


The equations of motion (23a) have exactly the same 
form as the corresponding ones of electrodynamics. The 
difference in the behavior of the particles is due to the 
different equations for the G,,—Eq. (2a) in the vector 
meson case, Maxwell’s equations (which are Eqs. (2a) 
with x=0) in the electrodynamic case. It was first 
shown by Fokker” that both the equations of motion 
and the field equations of electrodynamics are a con- 
sequence of the single variational principle 


vdrit+> cas ff ico a 2,’ — 2”) 
t<k 


Xv,0%drdry=extremum, (26) 


J=>. m; 


* See reference 5. See also the second paper of reference 7. 
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where the integrals are extended over the entire motion 
of the particles. 

We propose to show similarly that both the field 
equations and the equations of motion of meson theory 
are a consequence of the variational principle 


J=E Mf od t+E se f f ore 
i e ick 


Xviet’dr dt =extremum (27a) 
for the vector meson case, and 
J=E Mf edr-¥ gel f Ge—x) 
i i<k 
Xvydrdr=extremum (27b) 


for the scalar meson case. ,G is the function defined by 
(9). 
We introduce the abbreviations 


U, fk =m f eG (Sk) 0,0 Tr, (28a) 
U & «=a f sG(Sy od ry (28b) 

with s given by (10). We also note that 
v=1, v,2*=0. (29) 


Now let the world line of particle a be altered from 
Za"(Ta) tO Za"(Ta)+-52a"(7a). The variation produced by 
this equals 


Vayda" 
bJ M, dT 
- Ue 


au,® O09" 
T Sa » Ss f Va" 52a" + l ” bva" dra, 
ka 


O24" Ov" 
VayOVa" 
6J=M f dt 
j() VapOVa" | 
VedZq"* + U* 


“(al 
La x | 
ka OZ Va 


from which we get by an integration by parts, dropping 
the integrated terms as the variations vanish at the 


(30a) 


dt_ (30b) 


limits 


. | d Vay 
6J | chan -M, 
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a oe 
i= fdraice| Me 
dta Va 


au d {Ud,, | 
Va— ( )| . (31b) 
ketal OZ" d Ta Va 


This has to equal zero for arbitrary 62,“ and there- 
fore, remembering (29) and using the abbreviations 





Gy (2g) = OU, /dzg4— OU, / 020", (32a) 
F, (zg) = — OU / Aza (32b) 
we obtain finally 
Maie!=g0 >. G4, 04", (33a) 
ka 
d 
Mai"= ga FX" +go—( 2 Ua") = (33b) 


k#a dr, ka 


which are the required equations of motion. 

We still have to find the equations obeyed by the 
potentials and field strengths defined by Eqs. (28) and 
(32). Now we have”* 


(0?/dx,0x*+ x?) .G(s)=425(50)5(s1)5(S2)5(s3). (34) 


Multiplying both sides by g.v.d,7» for the vector meson 
case, by git,d7; for the scalar meson case, and integrating 
from —* to © we obtain, using the definitions (3) 
and (28) 

(35a) 


(35b) 


2U, /dx,02°+x2U, =4rj,™, 
PU” /Ax,dx*+ x27U = 4p 


which are just our Eqs. (4). 
Equations (2b) follow immediately from (35b) and 
(32b). To obtain (2a) we calculate 


dU, 0,G (sx) d,G(s,) OS, 
= 8k fr dre = Bx fr dre 


OX, OX, ds, OX, 


d,G(s, ) ds " 
= - af —- dre =—g G(x); =0. 
ds, drt. |— 


Differentiating this divergence with respect to x’ and 
subtracting this from (35a) we obtain (2a). 

Finally we substitute our expression (9) for ,G into 
Eqs. (28) and obtain immediately our expressions (13a) 
and (13b) for the symmetric potentials, which completes 
the proof that Eqs. (33) are identical with Eqs. (23).!*4 


(36a) 


3 See reference 10, Appendix, Eq. (47). This and all subsequent 
equations of the appendix are erroneously given without the 
factor 42; however the definition of G given in the text, Eqs. (5a) 
and (5b) [our Eqs. (6) and (7) ] is given correctly. 

* A variational principle of the form (27a) with arbitrary G and 
including the term i=& was used by R. P. Feynman, Phys. Rev. 
74, 939 (1948) in his investigation of electrodynamic field theory 
following the work of F. Bopp, Ann. Physik 42, 573 (1943). In- 
clusion of this term and use of our .G yields (just as the use of 
the 6-function in electrodynamics) an infinite term. The use of a 
different function which avoids such a divergence would still 
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IV. THE ENERGY-MOMENTUM TENSOR 


It has been shown by several authors in electro- 
dynamics that there exists an energy-momentum tensor 
in the field theory “adjunct”? to the theory of action at 
a distance. Two different forms of this tensor have been 
suggested, one by Frenkel* and Synge,*® the other by 
Wheeler and Feynman.’ They differ only by a tensor 
of zero divergence and are both equally suitable for a 
statement of the law of conservation of energy and 
momentum. 

We shall first show that the equations assumed for 
our theory of action at a distance (23) derivable from 
the variational principle (27) also allow the existence 
of the analogous energy-momentum tensors. 

Detailed conservation of energy and momentum as 
customary in field theory requires®® the existence of a 
tensor T,, with the properties, first 


dPy d@ aT» 
eect -f —dx*dx'dx*de = 
dtag dt, Ox, 


when the integral is extended over the neighborhood of 
particle @ and second, vanishing of the above integral 
if the region of integration does not include any par- 
ticles; P, is a quantity depending on the variables at 
the position of particle a only. From this it follows that 
the quantity 


(37) 


v At f T «do (38) 


allk 


is conserved, i.e., its value is the same for any space-like 
surface ¢ 


With the choice 
Fas - M vay, 
Pap = M da— 8a > Ue ‘Vays 


k#a 


(39a) 
(39b) 


yield | finite self-action terms which are incompatible with the 
point of view of action at a distance, as discussed in Sec. II. In 
this paper we are not concerned with such possible modifications 
of the theory. In discussing Feynman’s work, H. Steinwedel, 
Z. Naturforsch. 6a, 123 (1951) suggested a variational principle 
for scalar fields, which differs from our Eq. (27b) by a factor of 
2% and inclusion of the term i=& in the second integral. 
Omitting this term from his principle we would be led to the 
equations 
Mata"=—g, X Fr), 

ka 
which are not the same as Eqs. (23b) suggested by the field theory. 
This however is not a possible set of equations of motion: by 
multiplying both sides by v, and using (29) we obtain 
D KHwy 
kAa 


O= —ga 


Taps 


which can in general only be satisfied by 2 F#“) =0. Similarly 

Fa 
the equations actually obtained by Steinwedel by including the 
term i=k, which contain the total field instead of the field due to 
the other particles only, could only be satisfied by 2 F**) =0, 
allk 
The omission of the factor has been corrected (except for the sign) 
in a paper by A. Schoch and H. Steinwedel, Z. Naturforsch. 7a, 
66 (1952). 


% See, e.g., reference 7 or 2. 
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we can take the energy-momentum tensor in analogy 
to the tensor defined by Frenkel and Synge in electro- 
dynamics as 

Gret 


4aTy=>d, (Gye G, +4 geo 
igtk 


3x7 bwU OU), (40a) 


4aT =D tF, 
wk 


—}g,(F,OF"™—x?U@U)), (40b) 
Here it is understood that all the fields and potentials 
are the symmetric ones, but now and in the following 
we are omitting the subscript. 

We note that just as in electrodynamics, our tensor 
(40) is obtained from the tensor (14) of the field theory 
formed from the /ofal field at any point by subtracting 
from it the tensors formed by the fields and potentials 
of each particle separately. Therefore, it cannot be 
formed without a knowledge of the sources of the field 
and does not allow such a simple interpretation as the 
field theoretical tensor. It is precisely the fact that the 
tensor of field theory can be formed from a knowledge 
of the total field alone regardless of its origin which 
suggested the acceptance of the field as the funda- 
mental physical quantity. 

On the other hand the tensor (40) avoids the in- 
finities of field theory and equally allows an “ac- 
counting” of energy and momentum “‘in transit.” 

Just as in field theory, the energy-momentum tensor 
is not uniquely defined by the requirement (37). We 
could, for example, take instead of (40) a tensor 
(analogous to the “canonical” tensor defined by Wheeler 
and Feynman in electrodynamics) given by 


L { retGua'" Db Gye 
Hee retGop"” navGr* 
+x? ret UV,“ Wty? aly reel 

.% x Bur ret U adv Ut}, 
D4 Fy reel e™ 


8rT = rea", 


advG”’, 


aavU; 
(41a) 


82r7,,= Zz { ret!” adv’ ‘y 


ik 
- ated 4 


— Burl retl*s (41b) 


—x' val! sdvU )}. 
This tensor differs from the tensor (40) (constructed 
from the symmetric fields and potentials) only by a 
tensor of the same form (40) constructed from the 
radiation fields and potentials defined by 


rad Gy» - } (ret “ advGyr ), (42a) 
rad U = 4 (reel —asivU), 
(42b) 
realy = 4 (ret! —_ pre! ). 


This difference has a zero divergence everywhere 
and, therefore, the two tensors (40) and (41) are equiva- 
lent for our purposes. As the calculations are slightly 
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simpler using (40), we shall restrict our considerations 
to it from now on. 


We have 


OT yy 2 | OGu0 ” 0G?, 
4n =), G7, + Gy —— 
Ox, ik | Ox, Ox, 
IG po ou, 
+3 -Gruh) 4-2 _Ur®) 
Ox" Ox, 
ou, ou, 
+x7U, © — x? yee, (43a) 
OX, Ox" 
oT, fl OF, OF 
tor {- yh FO 
Ox, Ty Ox, Ox, 
OF, au" 
———_ F(t) y? Ut (43b) 
Ox" Ox* 


The first and third term of (43b) cancel. The first and 
third term of (43a) can be rewritten 
1 < OGye™ = Gy ~— Gay“ d 
‘i a : —+ <— ns ot : - Jon, 
k Ox” Ox? Ox" 


and the expression in brackets equals zero from the 
definition of the G,, (2a). Using (2a) and (2b) respec- 
tively we can write the remaining terms 


) 





Olus : 
4x DY | Gyo? (X2U® — 4 jo) 
OX, ek 
0U," dU, 
OX, OX, 
=—49 5 Gj, (44a) 
ixk 
oT, 
tr" =F (FL CU 4p) — PFU} 
OX, ek 


=—4r > Fp, (44b) 


iztk 


Using definitions (3) and (39) and the equations of 
motion (23) we obtain the required relation (37). 

It is noteworthy that our simple tensor (40) leads 
to the conservation law (37) only if the action-at-a- 
distance equations are used, but not if the field-theo- 
retical equations are used. For these latter, Eq. (37) is 
of course guaranteed from the very method of obtaining 
the equations of motion both in the retarded and in the 
symmetric case. It is actually fulfilled if the customary 
tensor (14) is used, but care has to be taken in com- 
pensating infinities. It has been proved that this is 
always possible, and furthermore it has been shown 
following the method suggested by Pryce*® in electro- 


*% M. H. L. Pryce, Proc. Rov. Soc. (London) A168, 389 (1938). 
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dynamics) that it is always possible to modify the 
energy-momentum tensor in such a way that no 
infinities appear at all.?” One of the modified tensors 
suggested” is constructed by subtracting from the 
tensor (14) formed from the total retarded field similar 
tensors formed from the “modified symmetric field” 
of each particle separately; this field is obtained by 
omission from the symmetric field of the integral over 
the entire motion of the particle. The use of this 
modified tensor and the equations of motion of the 
retarded case (21) again leads to the conservation law 
(37). It is easy to see that (37) also results from the 
use of the equations of motion of the symmetric case 
(22) and a tensor constructed by subtracting the same 
tensors formed from the modified symmetric fields as 
above from the tensor (14) formed from the total sym- 
metric field. All of these modifications however require 
a knowledge of the sources of the field just as for the 
tensor (40) and are, therefore, not consistent with a 
purely field-theoretical interpretation. 

It is also impossible to satisfy the conservation law 
(37) with our tensor (40) for the equations of motion 
(24) of the retarded case of action at a distance, or 
indeed apparently with any other tensor. It is, however, 
possible for the alternative equations (25) without any 
radiation terms provided we construct the tensor (40) 
using retarded fields and potentials only. This again is 
completely analogous to the results of Frenkel and 
Synge in electrodynamics. 


V. APPLICATION OF THE WHEELER-FEYNMAN 
METHOD 


In the theory of action at a distance in electro- 
dynamics as developed by Wheeler and Feynman’ the 
field F acting on the ath particles is assumed to be of 
the form 

DX Bret!” +aavF J. (45) 


k#a 
This can be broken down into three parts 
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The case called “complete absorption” by these authors 
is characterized by 


D Lett — sav’ ]=0 (everywhere). (47) 
all k 
The second term of (47), 
aL reel (© — sayl ] 2 peal, (48) 


can be shown to contribute just the force of radiative 
27H. J. Bhabha and Harish-Chandra, Proc. Roy. Soc. (London) 
A183, 134 (1944); Harish-Chandra, Proc. Roy. Soc. (London) 
A183, 142 (1944). 
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reaction to the equations of motion. Therefore, the 
condition (47) added to the equations of motion using 
interactions symmetric in time just leads to the equa- 
tions of motion including the radiative reaction and 
using retarded interactions only. 

As discussed previously’ the considerations of 
Wheeler and Feynman are applicable in field theory as 
well as in the theory of action at a distance and lead to 
identical results. This is because in electrodynamics the 
equations of motion assumed outright in action at a 
distance are the same as those obtained in field theory 
starting from an energy-momentum tensor constructed 
from fields symmetric in time. As discussed in Sec. II 
however, in the case of meson fields the equations of 
motion (22) obtained from field theory are not suitable 
for a theory of action at a distance, for which we chose 
Eqs. (23) instead. We have, therefore, to investigate 
separately for the two points of view, whether or not the 
considerations of Wheeler and Feynman can be taken 
over in meson theory. 

The case of the field-theoretical equations can be 
discussed without any calculation. As pointed out in 
reference 9, under the so-called “complete absorption” 
condition (47) any results of field theory must be the 
same in the symmetric and in the retarded (and also 
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These equations” differ both from those expected from 
a theory of action at a distance, which should not 
contain any integrals over past or future motion [like 
our Eqs. (24) or (25)], and from Eqs. (21) obtained 
from field theory, which contain integrals over the past 
motion only. Therefore, the Wheeler-Feynman method 
of obtaining the equations of the retarded case from 
those of the symmetric one gives the correct transition 
only in the case of the field-theoretical equations. This 
however does not by itself furnish an argument in favor 
of the field-theoretical equations, as we do not know 
which equations describe the radiation damping cor- 
rectly (within the framework of classical theory). 

Just as in electrodynamics, the equations obtained by 
an application of the Wheeler-Feynman method both 
in field theory and in action at a distance are mathe- 


*8 Equations (50a) have been obtained also by Kanazawa and 
by Steinwedel (reference 15). 
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advanced) case. This condition can also be written 
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all k all k all 
and these are the fields (due to sources) which have to 
be inserted into the energy-momentum tensor at the 
start of any field-theoretical calculation in the retarded, 
advanced and symmetric cases, respectively. As these 
are equal, it is obvious that the equations of motion 
must also be the same in all cases. 

This argument clearly is not restricted to electro- 
dynamics. The only change necessary is that due to the 
gauge invariance of electrodynamics we had to require 
condition (47) for the field strengths only, while now 
we have to assume it for the potentials already. 

Therefore, the condition (47) for the potentials 
applied to Eqs. (22) of the symmetric case will again 
lead to Eqs. (21) of the retarded case of field theory. 

The situation is different however for the equations 
of motion adopted from the point of view of action at 
a distance. Expression (48) is still finite on the world line 
of the particle and is given for the different quantities 
involved by Eqs. (19). Thus the considerations of 
Wheeler and Feynman applied to our Eqs. (23) lead to 
the equations of motion 
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matically not completely equivalent to the original 
equations of the retarded case, as they are to be solved 
subject to the condition (48), which does not have to 
be imposed on the original equations.*.?* 
VI. DISCUSSION 

In this paper we have been concerned with the equa- 
tions of motion of point particles interacting through 
neutral vector and scalar meson fields, both from the 
point of view of field theory and from that of action at 
a distance. Since all our considerations lead to identical 
conclusions for both types of fields, we do not have to 
distinguish between them in the discussion. 

We started our investigation by finding from the 
point of view of field theory the equations of motion 
both if the fields produced by the particles were assumed 


29 P. Havas, Phys. Rev. 86, 974 (1952). 
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to be purely retarded, and if they were taken as half- 
retarded, half-advanced. It was found that these Eqs. 
(21) and (22) contained terms depending respectively 
on the previous and entire motion of the particles, which 
are inadmissible from the point of view of action at a 
distance. Therefore, it was suggested that they be 
replaced in the theory of action at a distance by equa- 
tions omitting such self-action terms, Eqs. (23) for the 
symmetric case and Eqs. (24) or (25) with and without 
radiation terms respectively for the retarded case. No 
such replacement is necessary in electrodynamics. 

We then showed that these modified equations can 
be derived from a variational principle in the sym- 
metric case, but not in the retarded one, just as in the 
action-at-a-distance formulation of electrodynamics ; no 
such principle exists for the field-theoretical equations 
however, while the equations of the symmetric case of 
electrodynamic field theory do allow such a principle. 

All the equations of motion except the Eqs. (24) of 
action at a distance including radiation terms allow the 
definitions of an energy-momentum tensor which permits 
a statement of the conservation laws for the system of 
particles and field without the appearance of infinite 
terms. However all the modified field-theoretical tensors 
are really inconsistent with the basic physical idea of 


field theory; from this point of view the original con- 


servation law with compensating infinities appears to 
be preferable. No such conceptual difficulty is involved 


in the tensors of field theory “adjunct” to an action-at-a- 
distance theory, which are only introduced as auxiliary 
concepts for purposes of accounting. 

The tensor (40) is defined in analogy to the Frenkel- 
Synge tensor of electrodynamics as the original field- 
theoretical tensor formed from the total field minus 
similar tensors formed from the fields of the particles 
separately. The use of symmetric fields allows a state- 
ment of the conservation laws for the equations of 
motion of the symmetric case in the theory of action at 
a distance; the use of retarded fields allows such a 
statement for the equations without radiation terms 
(25). No such statement appears to be possible for Eqs. 
(24) of this theory including radiation. Other tensors 
allowing conservation laws for the field-theoretical 
equation have been given previously for the retarded 
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case; the methods employed there can also be used for 
the symmetric case. 

The application of the method of Wheeler and 
Feynman to the equations of the symmetric case leads 
to the equations of the retarded case in field theory, but 
to a new set of equations in action at a distance. 

All the discussion has been made under the assump- 
tion that the entire field is due to sources. No other 
assumption is possible in action at a distance theory. 
In field theory, on the other hand, we could have addi- 
tional empty-space solutions of the field equations. The 
problems arising from this are the same as those of the 
analogous situation in electrodynamics which have been 
discussed elsewhere.® 

The main difference between the results obtained 
here and in electrodynamics is in the question of the 
correct description of radiation reaction. In electro- 
dynamics we always obtain the Lorentz-Dirac equa- 
tions. They follow from the retarded case of field theory, 
and also from the symmetric case of either field or 
action-at-a-distance theory together with the Wheeler- 
Feynman considerations ; they could also be postulated 
in a theory of action at a distance, as their form is con- 
sistent with the ideas of such a theory. In mesody- 
namics the analogous considerations do not all lead to 
the same equations of motion. Thus, in the retarded 
case of field theory and also .by application of the 
Wheeler-Feynman method to the symmetric case of 
field theory we obtain Eqs. (21); the application to the 
symmetric case of the theory of action at a distance 
leads to Eqs. (50); a postulated set consistent with the 
ideas of action at a distance would be Eqs. (24). The 
fact that we obtain different equations might offer an 
opportunity not available in electrodynamics for a 
decision between the different points of view by a com- 
parison with experiment. This however will probably 
only be possible after these ideas have been applied 
to quantum theory.” 

The procedures of this paper are capable of generali- 
zation to other fields and interactions. A second paper 
dealing with charged fields is in preparation. Further 
generalization is in progress. 

© The classical scattering of mesons corresponding to Eq. (50) 
has been calculated by C. R. Mehl and the author and will be 
published shortly. 
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Some questions concerning the application of the multiple scattering theory to the analysis of cloud 
chamber pictures are discussed from the theoretical point of view: (a) The Moliére theory of multiple 
scattering is modified by the consideration of the finite nuclear dimensions. It is assumed that the prob- 
ability of single scattering goes abruptly to zero for angles greater than go= gm@/rn, where a is the radius 
of the statistical Thomas-Fermi atom, r, the radius of the nucleus, and ¢,, is the screening angle as derived 
by Moliére. The distribution function for plural and multiple scattering is then derived for finite values of go. 
It is shown that the cutoff affects especially the tail behavior of the distribution function as it was to be 
expected. While Moliére’s function decreases as g™ for projected angles of scattering large compared to the 
rms angle, the modified function decreases approximately as (1/¢g) times a Gaussian function of (¢— ¢o) 
for angles large compared to the rms angle and the cut-off angle. (b) The distribution function for the mean 
value of the square angle of scattering in m plates of a multiple-plate cloud chamber is derived and com- 
pared with the normal x*-distribution. (c) The effect of observational errors on the distribution function for 
multiple scattering is estimated quantitatively and discussed in some detail for the case where the mean- 


square angle of real scattering is large compared to the variance of the noise level scattering. 


I. INTRODUCTION 
HE observation of Coulomb scattering along the 
tracks of charged particles in photographic 
emulsions has played an important role in the identi- 
fication of cosmic-ray particles and in the determination 
of their momentum distribution. 

Scattering measurements, if properly interpreted, can 
also be of great value in the analysis of cloud-chamber 
pictures. Groetzinger, Berger, and Ribe' have discussed, 
from this point of view, the scattering in the gas of a 
cloud chamber. In the present paper we propose to 
investigate some theoretical questions concerning the 
scattering of charged particles in their passage through 
the metal plates of a multiple-plate cloud chamber. In 
subsequent papers we shall describe the application of 
the scattering method to specific problems. 

Coulomb scattering of charged particles in finite 
thicknesses of matter has been the subject of many 
theoretical studies. Early investigators’ have treated 
the problem in the limiting case of multiple scattering, 
i.e., they have assumed that the particle undergoes a 
very large number of very small deflections in traversed 
layer. They have consequently obtained a Gaussian 
(normal) distribution for the observed angle of scat- 
tering. More recently, Snyder and Scott* and Moliére* 
have treated the problem in a more rigorous and general 
manner. They have obtained solutions describing the 
transition from the limiting case of multiple scattering 
to the limiting case of single scattering through the 
intermediate case of plural scattering, where the ob- 
served deflection results from a small number of indi- 
vidual scattering events. The distribution functions 


* This work was supported in part by the joint program of the 
ONR and AEC. 

1 Groetzinger, Berger, and Ribe, Phys. Rev. 77, 584 (1950). 

2 For a review, see B. Rossi and K. Greisen, Revs. Modern 
Phys. 13, 240 (1941). 

3H. S. Snyder and W. T. Scott, Phys. Rev. 76, 220 (1949). 

4G. Moliére, Z. Naturforsch. 2a, 133 (1947); 3a, 78 (1948). 


found by Snyder and Scott and by Moliére approach 
the Gaussian function at small angles, but exhibit a 
much longer “tail” at large angles. In our discussion we 
shall make use of Moliére’s results which are analytical 
in form. However, the theory of Moliére (as well as that 
of Snyder and Scott) neglects the upper limit to the 
angle of single scattering determined by the finite size 
of atomic nuclei. Therefore, this theory overestimates 
the probability of deflection through large angles. In 
Part II of this paper we shall modify Moliére’s theory 
by taking into consideration the finite nuclear size. The 
other questions discussed in the present paper include, 
in Part III, the distribution function for the mean 
square values of the angles of scattering observed in n 
plates; in Part IV, the effect of the ‘‘noise level’ scat- 
tering on the observed distribution function. 

In the analysis of cloud-chamber pictures, the ob- 
served quantity is the projected angle of scattering. 
Therefore, we shall restrict ourselves to the discussion 
on the distribution of this variable. The theory may be 
easily modified for the case of spatial angle of scattering. 
Il. THE EFFECT OF THE FINITE SIZE OF NUCLEI 
(a) The Probability of Single Scattering 

Moliére has derived the following expression for the 
probability that a particle suffers a deflection through 
a projected angle between ¢’ and g’+dg¢’ in conse- 
quence of a single collision occurring in a thickness / of 
the scattering material: 

file’)de’ =40d¢'/(¢'*+ om?)!. (1) 


The symbols in Eq. (1) have the following meaning: 
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where P= momentum of scattered particle; c8= velocity 
of scattered particle; Ze= nuclear charge of scattering 
material; A=atomic weight of scattering material; 
{= thickness of scattering material in g cm~*; VN = Avo- 
gadro number; m,=electron mass. The factor Q is the 
well-known term occurring in the Rutherford formula. 
The parameter ¢» is the so-called “‘screening’’ angle ac- 
counting for the shielding effect of atomic electrons. 
Moliére obtained Eq. (3) by assuming the Thomas- 
Fermi model of the atom with a nucleus of vanishing 
radius. We shall take into account in an approximate 
manner the effect of the finite nuclear dimensions by 
assuming that the scattering probability is given by 
Eq. (1) for ¢’< gp and is identically zero for g’> go: 


| ¢’| < ¢o 
le’|>¢o. (4) 


, (20de'/(¢2+ m7), 
fil ; gody' = lo 


As a definition for the limiting angle go we shall use 
the equation 
$0/ Pm=4/Tn, (5) 


where a=1.67X10'r,Z~4 represents the radius of the 
atom computed from the Fermi-Thomas theory, and 
r, is of the order of the nuclear radius R,=}r-A! 
(r.=e?/m.c*). In the classical limit, (7/1378)*>1, ¢o, 
as defined by Eq. (5), tends to the value 2Z(r./rn) 
(m.c/p8), which represents the angle of deflection 
corresponding to a collision with impact parameter 
r,. At the limit for (Z/1378)*<1, go becomes practically 
equal to the value X/r, in agreement with the results 
of Born’s approximation. 

It is convenient to use the Fourier representation for 
the expression (4): 
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with the Fourier transform 
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wherein we made use of the fact that go>¢m. 
The evaluation of the first integral in Eq. (7) is 
discussed in detail by Moliére. As one may easily verify, 
expansion in powers of ¢» yields with sufficient accuracy 
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where In(y*/e)=0.154-++ (dny=Euler’s constant). 
Hence, the Fourier transform may be written as 


follows: 
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(b) The Distribution Function for Plural 
and Multiple Scattering 


In order to derive the distribution function we follow 
a method analogous to that used by Moliére. 

Let the probability that a particle will suffer a 
deflection through an angle g’ and g’+d¢’, as a result 
of one single scattering, be given by Eq. (6); then the 
probability that the same particle will be deflected 
through an angle between yg and g+dy™), as a 
result of & scattering collisions, is given by 
Sle; pode 

dy e700 +0 
oe f dt explite™)[g(&; oo), (9) 
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where go=g(0; go). Therefore, the total probability 
that the particle will suffer a deflection through an 
angle between ¢ and ¢+dg, as a result of the accumu- 
lation of 0, 1, 2, ---, &, scattering collisions is given by 
the sum of Eq. (9). One thus obtains 


- f dée* reo Ei e0) | (10) 


One may verify that the factor e~# normalizes Eq. 


(10) so that 
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def(¢; ¢go)=1. 


Substituting for g(£; go) the expression (8) and taking 
into account that go=Q(1/¢»?—1/2¢ 7), one arrives 
at the following expression for the distribution function: 
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(11) 


It now remains to evaluate the integral in Eq. (11). For 
this purpose it is convenient to introduce with Moliére 
a new dimensionless parameter G, defined by the 
transcendental equation 


1? Om? 
G=—}3In{ —- : (12) 
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In addition, let us transform simultaneously the 
variables ¢ and ¢ into the new variables 


h 


x=¢/(2GQ)! and n=(2GQ)é. 


Our new scattering variable x represents, therefore, 
a projected angle measured in units of the characteristic 
parameter (2GQ)'. We shall denote this important 
quantity by v2e, referring it thereby to the standard 
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deviation of the normal distribution. The reason for it 
will become evident later. After a few simple algebraic 
operations one then finds the following distribution 
function for the scattering variable x: 


» 


1 +2 n- 
f(x; x) =— J dne*™ exp 
2r v_ 4 
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where xo= ¢/V2c. 

While Eq. (11) is characterized by the three param- 
eters 0, gm, and go, note that Eq. (13) is characterized 
by the three different parameters o, G, and 4». 

By solving numerically the transcendental Eq. (12), 
one finds that G may be represented with sufficient 
accuracy by the explicit expression’ 


Z34-4 
——— | (14) 
1.138?+3.76(Z/137)' 


G~=»~5.66+ 1.24 og 


for />0.1 g cm~*. Note that G depends not only on the 
thickness and the atomic number of the scattering 
material, but also on the velocity of the scattered par- 
ticle. However, for heavy materials, the dependence on 
8 is slight, e.g., one finds for } inch of lead 


Go>~6.89 for B=0, and G,~6.56 for B=1. 


Since, in general, G is appreciably larger than unity, 
we can expand the exponential in Eq. (13) in powers of 
(1/2G) and neglect terms containing powers higher than 
the first. After having performed some integrations on 
the right-hand side of Eq. (13), we find the following 
approximate expression for f(x; xo): 


f(x; xo) =exp(—x*)//x 


+(1/4G)Lf (x; 20 )—x(x; x0) ], (15) 


where we have used the following abbreviations: 
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The first term in Eq. (15) is the properly normalized 
Gaussian. It is predominant for x<1, ie., for angles 
smaller than vV2e, since the correction functions 
f(x; ©) and x(x; xo) do not exceed unity, as we shall 
see later on. 


5 The straight-line relation between G and logt has been pointed 
out independently and discussed more exhaustively by W. T. 
Scott, Phys. Rev. 85, 245 (1952). 
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One easily verifies that f(x; xo) is normalized in such 


a way that 
+o 
f f(x; xo)dx=1. 
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The function f(x; ©), defined by Eq. (16), is the first 
correction function in Moliére’s theory. Its properties 
are discussed by Moliére. In particular, it has the fol- 
lowing expansions in power series: 

For small arguments 


2 x 
f(x; 0 )=—— exp(—x?) D a,x”, (17) 
Vr v=0 


ao=4¥(4)=0.01825; W(z)=I1’(2+1)/T(z+1); 


a,= —1—W(}) = — 1.0365; 
Jr 1 
2 v(v—1)T(v+4) 
For large arguments 


f(x; ©) =1/°-+3/8+45/4a7+ ++, (19) 


The correction function x(x; x), defined by Eq. (16’), 
describes the effect of finite size of the nucleus. Note 
that, as x» approaches infinity, «x(x; x9) vanishes, and 
Eq. (15) becomes identical with the distribution func- 
tion given by Moliére. However, xo is large compared 
to one only for fairly thin layers of light materials. For, 
according to Eqs. (5), (3), and (2), xo is given by 
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Equation (20) shows that x» is of the order of one for 
larger values of Z and /, e.g., for } inch of lead, one 


finds that 
xoo~1.17(1.19+ 8?)!. 


In the case of lead, the correction function, x(x; xo), 
will modify the Moliére distribution appreciably even 
for angles comparable to ¢, as we shall see in the fol- 
lowing section. 


(c) The Cut-Off Correction Function 


We now turn to the calculation of the cut-off cor- 
rection function, «x(x; 2). By expanding cosh(2xx’) in 
Eq. (16’) in a power series we obtain the following 
representation of x(x; x): 
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versus x for four values of xo: x= © ; 4; 3; 2.3. 
where 


bo( 0) = — ——~Ei(—x*) 


1p 1—exp(— >”) 
2 x } 
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is the exponential integral; and 
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is the incomplete gamma-function.® 

he similarity between Eqs. (21) and (17) offers the 
possibility of condensing the functions f“(*; 2) and 
k(x; 4%) into one expression. By doing so, we obtain a 
compact form for the distribution function: 


0) = exp(— 2°)/4/ a+ (1/4G) f(x; x0), (22) 
where now 


2 x 
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the coefficients 


1—exp(— Xo") 
v(3)+ - Ei(—x0) 


2 Xo" 
Ei(— x9?) —1—(}); 


v—2) 


Vx I(x; 


2 v(v—1)P(v+3) 


rhe power series in Eq. (23) converges for all values of 
v. It converges rapidly even for x larger than unity. 
Equation (23) may, therefore, be used conveniently for 
mathematical calculations. 

Figure 1 shows the behavior of f(x; xo) for several 
values of the cut-off parameter xo. The Moliére cor- 

®See K. Pearson, Tables of the Incomplete Gamma-Function 
(Cambridge University Press, Cambridge, 1946). 
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rection function f(x; 2) has been drawn for com- 
parison. In all cases, the two correction functions differ 
markedly from one another for angles appreciably 
greater than the cut-off angle. Indeed, as we shall prove 
in the Appendix, for x>>x, our correction function 
becomes 


f(x; Xo) = exp[ — (x—2»)? ] 
2/ © Xo*x 


5G | 
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It thus drops to zero with increasing x much more 
rapidly than the Moliére correction function which 
decreases as x~* as x approaches infinity [see Eq. (19) ]. 
Consequently, the “tail” of the distribution function is 
represented by the equation 
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Among other consequences of the cutoff the following 
is worth mentioning: The mean-square angle of scat- 
tering is no longer infinity as in Moliére’s theory; for 
now the expression 


+x 


(x?) a, ={ x? f(x; Xo)dx 


H 


(26) 


converges. Indeed, the substitution of Eqs. (22) and 
(23) into Eq. (26) and a straightforward integration 
and summation yield 


1/¢" 1 1 
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Alternately, the mean-square angle can be expressed 


as 


where fi(y’; go) is the probability function of single 
scattering. By virtue of Eq. (4), one finds that 
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or, SINCE go>Ym, 
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This is identical with Eq. (27), as one may verify by 
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remembering that 


W(}) =2—In4y. 


III. DISTRIBUTION OF MEAN-SQUARE ANGLE 


The distribution function derived in Part II can be 
applied directly to the interpretation of experimental 
data only when the number of measured angles of 
scattering is very large and when all measurements 
refer to particles of the same kind and the same 
momentum. In this case a fitting of the experimental 
data to the theoretical distribution curve yields the 
value of the parameter o and, therefore, affords a 
determination of the momentum of the particle. More 
simply, if g:, g2, ++, Gn represent the measured angles, 
the quantity 


(30) 


may be regarded as equal to the mean-square angle, 
(¢*)w, Which is related to o by Eq. (27). 

In the evaluation of cloud-chamber results, ho-yever, 
we are often faced with a different problem. The ob- 
served particles have, in general, different momenta and 
different masses, and each particle goes through a small 
number of plates. For each particle we may compute 
the value of (¢*)« by means of Eq. (30), but, because 
of the small value of nm, there is no longer a definite 
relation between the value of (¢*)4 and the value of o* 
for the particle in question. From the distribution in the 
experimental values of (¢*)«, we wish to derive the 
maximum amount of information concerning the scat- 
tering parameter o. Clearly, for the solution of this 
problem, it is necessary to compute the distribution 
function for the quantity (¢*), in the case of a homo- 
geneous group of particles. 

For simplicity, we neglect the momentum loss of the 
particles in the traversal of the plates and we introduce, 
instead of (¢*)w, the quantity 
ng?) om : 


9 


x?=—_——=}° x,’ (31) 
207 i= 

Let F(x; %0)dx represent the probability that x lies 
between x and x+dx. One may derive the mathe- 
matical expression of F,(x; x9) with the following 
argument. 

The distribution function for each of the » scattering 
variables x; is known and is given by Eq. (22). Since 
we may consider the variables x; as statistically inde- 
pendent, the probability that x, will lie in the interval 
between x, and x,+dx,, x2 in the interval between x2 
and x2+dx», etc., is given by the product of nm expres- 
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sions of the type of Eq. (22), viz., 


fn(%1, °+*, Xn; Xo)d"x 


= f(x1; x0) f(x2; X0)+ ++ f(Xn; Xo)d"x, (32) 


where d"x stands for dx,dx2- + -dxp. 

If one interprets the variables x, as Cartesian coor- 
dinates in an n-dimensional space, one immediately 
sees from Eq. (31) that x has a constant value over the 
surface of a hyper-sphere, since x has the meaning of 
the radius of this hyper-sphere. Therefore, the prob- 
ability F(x; xo)dx is given by the equation 


F(x; X0)dx= fi X13 Xo)+ + +f (Xn; Xo)d"x, (33) 


where the integration extends over the volume included 
between the hyper-spheres of radii x and x+dx. One 
can easily prove that the following transformation 
satisfies Eq. (31): 

¥1= x cos@; CoSB2- - -COSBn-1, 
v2= x sinB,; cosBe: « -cosBn—1, 


x;= x sinB,_; cosB;- + -COSBn—1, 


tn=x SINBy-1. 
The 8,, (i=1, ---,—1), are now independent variables 
with respect to the limits of the integral in Eq. (33). We 
write for the volume element 


d"x=dAdx, 


where dA is the surface element on the n-dimensional 
hyper-sphere, and has the expression 

Ox)/ Ox s+ Ox,/ OX 
dA= | 0x;/ 08, Ox,/0B8, |dBydBo---dBn—r 


0x;/OBn-1 OXn/ OBn—1| 


= x"~! cosB2 cos?B3--- CoS" ~"*Bn_1dB,:+-dBn1. (34) 


We can rewrite Eq. (33) as 


F(x; X0)dx 


=d,2 | +. f f (1; X0)° ++ f(%nj Xo)dA, (35) 


where dA is given by Eq. (34). The factor 2” in Eq. (35) 
arises from the fact that the integral in Eq. (35) is 
extended only over the positive part (positive 2"-ant) 
of our hyper-sphere. By substituting Eq. (22) for 
f(xi; xo) and neglecting terms proportional to powers 
of (1/2G) greater than the first, one obtains 


? n 
Palas x)= ( ) exp(— x’) 
VT 


ew 1 « « 
| (1+ ps 2 ass)”. 
0 2G i=l r= 
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x for x=3, and for four values of 


n=1, 3,7, 11. 


versiu 


36) are all of the form 


w/2 


f sin*#8,_, cosB,?4--- 


X cos?#B,, 1 COSB2 COs?B3° - -COS"~*By_1d"—!B. 


egral has the value 


Vr ml Ty +3 
fi xed se yt ta—li — “) , 
VA l'(u+3n) 


Note that the right-hand side of Eq. (37) is independent 
ndex i, so we can replace the sum over 7 in Eq. 
and (36) 


of the i 
36) by the factor ». By combining Eqs. (37 


one thus obtains 


1 


'exp(— 


1 7 
x (14 > 
2G »=0 


2 Vit+4n)P (t+) 


a, \ Yo). 
(y+ 3n 


vhere 


e defined by Eqs. (23’). The series 
shown 


theoients a, ar 
38) converges for all x. Also, it can be 
is properly normalized, i.e., 


f F(x; %o)dx= 1. 


he first term in Eq. (38) corresponds to the Gaussian 
approximation. It is identical with the expression known 
literature as ‘‘x*-distribution for degrees of 
Che second term apenas the corrections 
Figure 2 shows the behavior 


in the 
freedom.” 
to this normal distribution. 
of the correction function 


rd x" exp 
(9%) 


7,and 11. For the cut-off variable, x», we have 


AW 
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taken xo?=3, which is a good approximate value for the 
} inch lead plates. (A very accurate value of x is not 
necessary since the correction functions F, are fairly 
insensitive to xp.) 

Figure 3 shows the deviation of F, from the normal 
x’-distribution. The ordinate R, represents the ratio 


(2/1 (4n) ]x" 


F(x; Xo) 


' exp(— x’) 
R,(x; Xo) = _ 


- (40) 


2G)>> a, (xo) x” 


1+(1 
for 2G= 13.4, x =3, and n=1, 3, 7, 11. In particular, 
R, represents the ratio of the se exp(—2°)//m 
to the romps gr function f(x; x), derived in Part IT; 
(F',=2/(x; xo)). One sees that in all cases the deviations 
become onifc ant for (¢*)y> 0. 
To conclude the discussion on the distribution func- 
tion F’,, we calculate the position of the maximum of 
F(x; xo). For this purpose we have to solve the equation 


1 « 
[ Xx - ost prob. (n ming 1 (14 pa a,*” eo vot.) 
2G —0 


1 
—_ oe Vay, “ 


2G v=1 


xX" most prob. =0, 


which follows from the differentiation of Eq. (38). By 
setting 


Xmen prob. > 3(n _ 1)+ wn(xo) 2G (41) 


and neglecting terms proportional to (1/2G)*, we find 


that 
2 n—1\” 
wn(%o) =>, va,‘\"’ (Xo) - -) ; 
v= 2 


Table I gives the numerical values of w, for some 
values of x9 and m, Combining Eqs. (31), (41), and (42) 
following expression for the most 


(42) 


one thus has the 


probable value of the rms angle 


Ro (Kx) vs X ee. 


Seen ® DK 


= 
Key — 


, and for four values 
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IV. “NOISE LEVEL” SCATTERING’ 


We now turn our attention to a different problem 
that occurs in the theory of multiple scattering. Up to 
now, we have assumed that the projected angles of 
deflection corresponding to the scattering in the plates 
of a cloud chamber can be measured with absolute 
accuracy. In practice, of course, this is not the case. 
A cloud-chamber track consists of a discrete array of 
droplets whose centers do not lie exactly along the 
trajectory of the ionizing particle. This fact, together 
with the imperfection of the measuring instruments, 
introduce errors in the determination of the direction of 
the track between consecutive plates. These errors 
result in an apparent scattering that we may term 
“noise level’’ scattering. 

Let us introduce an arbitrary line of reference, and 
let y be the measured value of the angle between this 
line and the central line of the track. Let 7 be the true 
value of this angle. The distribution of y around 7 may 
be assumed to be normal: 


1 1 f 


Ni(y)= . 
o,(27)! 2e;? 


where g; is the standard deviation corresponding to the 
noise level scattering. 

If we assume that there is no real scattering in any 
of n plates, the measured (n+1) angles, Yo, 71, ***, Yn, 
between the line of reference and the ith section of the 
track will obey the (m+1)-dimensional normal dis- 
tribution 


Na+ (Yo; nee Yn) 


1 atl : S 
-| - exo -— n—] (43) 
o,(27)} 20; i= 


However, we are not interested in the distribution of 
the angles y;, but rather in the distribution of their 
consecutive differences, i.e., 

Ai= Yi- Yi-1- 
One may derive the n-dimensional distribution function 
of A; from Eq. (43) by expressing the 7; in terms of A,. 
One finds 


1 
in(Ar, +++, An) = ( - 
oi 


IAA, |, (44) 


xexp| 


where aj, 


are the elements of the matrix reciprocal to 


? This discussion is based in outline on the theory of noise level 
scattering in photographic plates developed by G. Moliére 
[Theorie der Streuung schneller geladener Teilchen, III, to be 
published ]. It is an adaptation of Moliére’s theory for the analysis 
of multiple-plate cloud-chamber pictures 
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Taste I. Numerical values of wa(xo) =2G[x2 most prob. — 4("—1)]. 


n=] 





— 0.964 


— 0.628 —0.694 


-1 


and D,, is the determinant of matrix (a,,). 

On the other hand, if we disregard the noise level 
scattering, and consider only the real scattering in n 
plates, the n-dimensional distribution for the differences 
gi between the angular positions of consecutive seg- 
ments of the track is described by Eq. (32): 


+, on; Xo) =IT f( gi; x0), (45) 


i=! 


fil¢ be? 


where 


1 
S(¢i3 x0) =—- 


o(2n) 


fa yey’ 
xexp(—o/204 1+ Eai(x)(=) | (45’) 


yrad 2c? 
We are now in the position to write the complete dis- 
tribution function for the actually observed angles: 


0;= git Ai, 


which include both real scattering and noise level scat- 
tering. This distribution function is given by 


H,(41, +0) f of d"A 


X fn(Oi— Ar, +++, On—An)iin(Ar, «++, An), (46) 
where ‘Fe is defined by Eq. (45), /, is defined by Eq. (44) 
and d"A stands for dA;dA,---dA,. One can integrate 
Eq. (46) without difficulty in the case where the func- 
tions fi ¢i, Xo) obey the normal distribution, i.e., if one 
neglects terms involving (1/2G) in Eq. (45’). The result 
may be written as 


1 n 
H,(41, +5 0)=( m ) D,’— 
o (2n)} 


Xexp[—(1/20’) © 


i,k 


Aix 0,04], (47) 
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where now 


(1+2y)o"; pw=a, 


(1+2,y), 


bin wa x) 


D,,’ = det(A ix). 


licitly, one has for A, 


—e LJ, 


with e=yu/(1+2y). Furthermore, note that all param- 
eters in Eq. (47), i.e., 0’, Dn’, Aix, are expressed in terms 
of one quantity yw. If « approaches zero, 7, approaches 
the distribution function f, computed under the 
Gaussian approximation, i.e., the function 


1 . 1 2 
> a) = am -— 2, of 
a(27)! 20? i=1 
Explicit formulas for D,’ and the reciprocal matrix 
may be calculated from the matrix (48). 
Because of its complicated character we shall omit this 


elements Al 


computation and limit ourselves to one special case 


i.e., we assume that the noise level scattering is much 
smaller than the real scattering. In this case 


lao 8 OO - 6 

ap 1 gee « 
wow ly: 0| 

uw il 


1, so that the expression in the exponent of 


becomes simply 


0,9; ~O°+-0:-+ + +> +8,2 
+ 21(0:02+620:+ + >» +0n19n)- 


we may write for Eq. (47) 


1 n 
»9,) exp] — 
o (27)! 3 ) 


(49) 


M 
X] 1——(0,0.+ - --+0,_10,) 
a” 


From Eq. (49) one can see that the noise level scat- 


tering has two effects. First, it increases the standard 
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deviation from the value o to the value 
, / i \ 
o ~(1+y)e. 


Secondly, it introduces a statistical correlation between 
the consecutive angles 6; and 6;,;. The n-dimensional 
distribution function can no longer be expressed as a 
product of Gaussians, i.e., the scattering angles are no 
longer statistically independent. However, one may 
verify that the distribution function for the root-mear- 
square angle (6°), is not affected by the correlation 
mentioned above. An integration of H,, similar to that 
discussed in Part III, yields the following distribution 
[n(6*)./20"?]}: 


? 


F,'(x'; %0)dx’ x’" 
I'(3n) 


for x’= 


' exp(— x?) 


1+ > a," 
2G 


a (xo) x’ + ae 
i.e., (@)y is distributed in the same manner as (¢”)s, 
but has a different standard deviation. The latter fact 
affects the position of the maximum of the distribution 
in rms angle. We now have for small u 


[ (6? day! oe prob. > (1+4)[(¢? das* lines prob.» 


where [(¢*)a:? ]most prob. is given by Eq. (41’). 
The noise level scattering also modifies the expression 
(29), viz., 


(Pay = (1+2y OL In(2 yo Ym)—1 ]. 


The author wishes to express his gratitude to Pro- 
fessor B. Rossi for his great interest and active help in 
the preparation of this paper, and to Dr. W. T. Scott 
for his review and criticism of the manuscript. 


APPENDIX 


The representation of the correction function 
f\")(x; xo) in power series of x, as given by Eq. (23), is 
inconvenient for the study of the behavior of this 
function for large arguments. In order to find the 
asymptotic expansion of f''’(x; x») for x>1 we rewrite 


the correction function as follows: 


exp| — x") ot ax 
V7 

r 

+7 


4) 


(—1 (Al) 


WS), 


where z= 2xx» and 


+3 ' (A2) 
2 (2v)!(v—1+k) 


One may verify the correctness of the above expressions 
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by making use of the following formula: 


1 oe Xor* t+” 2 
I(x9?; v—2)= > (-—1)' . (A3) 
(v—2)! bm k!(v—1+k) 


By virtue of the known theorem 


(where y represents any integration path encircling the 
origin once in a counter clockwise direction), we may 
express Eq. (A2) as follows: 


Ya esgyrr 
w,(s)= faes( ) . (A4) 
22 2ri J, v=2\t k+v-1 


If we choose the integration path so that |2//,/ <1, we 
may sum up the series in Eq. (A4) as 


E() aar-G) e(-F)-()} 


where 


po=0; prlS)=X - 


wml pb 


We thus obtain the following integral representation 


for w,(z): 
1 - z 
w,(z) = — $2? ff dew + in(1—- ) (| 
2ri J, t 
(AS) 


By deforming the integration path, 
Yo, ¥+, and y_, as indicated in Fig. ‘ we may express 
Eq. (A5) as a sum of three contributions, w,“’, w,‘*?, 
and w,‘~’, corresponding to the three paths, yo, +, 
and y_, respectively; i.e., we put 


ols, cin ans (ian CO) aan 
We= We + uy, + uy, 


9 


, into three parts, 


By expanding the integrand in Eq. (A5) in inverse 
powers of z, one finds 


=42°(3-—Iny); ww, =—42?—In7; 


2 411 
—-——+:? “r(ak—2)] k=2, 3, -++; 
4k 2k-1 


TERING THEORY 














Fic. 4. Integration path y for the integral in Eq. (A5 


k=0, ae 4 3, 4, oe 


Substituting the above expressions into Eq. (Al) and 
summing over k, we obtain the following semicon- 
vergent series: 


qu\Xo) 


(2x) 


GulXo) 
, (A6) 


—exp[ — (x+9)* ] 
(—2x)* 


p=O,1,2 


d* sexp(— xX’) 
Ju(Xo) = (— 1)* exp(xo) ( 
Axo" Xo? 


For the case where x» is of the order of one, Eq. (A6) 


where 


becomes for x>1 


; 1 exp[—(x—2»)?] 
f(x; x0) 
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A relativistic four-dimensional wave equation, derived previously, for bound states of a two-body system 
is discussed further. For any “instantaneous” interaction function an exact three-dimensional equation is 
derived from it, similar to, but not identical with, the Breit equation. A perturbation theory is developed 


for a small additional non-instantaneous interaction 


Using this covariant method, corrections of relative order a(m/M) to the fine structure of hydrogen, due 
to the finite mass of the nucleus, are calculated. No terms of this order were obtained in previous approximate 
treatments using the Breit equation. Some of the terms obtained contain loga as a factor. It is shown that 
these special terms can also be derived simply by means of orthodox quantum electrodynamics and pertur- 


bation theory. 


These corrections to the fine structure are +0.379 Mc/sec for the 2s state of hydrogen and 
Mc/sec for the 2p state. For hydrogen-like atoms with heavier nuclei the corrections are roughly 


times those for hydrogen. 


I, INTRODUCTION 
OR a hydrogen-like atom with an infinitely heavy 
nucleus the Dirac equation gives an exact expres- 
the fine structure. If the infinitely heavy 
nucleus is assumed to have a fixed magnetic dipole 
moment of the Pauli type, an exact expression is also 
obtained from the Dirac equation for the hyperfine 
structure. For a nucleus of mass M, corrections arise to 
these expressions, due to the motion of the nucleus 


F 
sion fc Tr 


(apart from the fact that the reduced mass yu has to be 
used in the nonrelativistic approximation to the binding 
One would expect these corrections to involve 


energy) 
the ratio m/M, where m is the electron mass, and some 
power of the fine structure constant a. Since the fine 
structure and hyperfine structure are themselves es- 
sentially relativistic terms, corrections to these terms 
due to nuclear motion require a relativistic treatment 
for bound-states of a two-body system. 

Many years ago an approximately relativistic treat- 
ment of such problems was proposed by Breit.' One 
can first solve exactly (or at least approximately to the 
required accuracy) the Breit equation for one electron 
and one nucleus using as interaction only the instan- 
taneous Coulomb interaction. One can then allow for 
the effect of retardation, at least approximately, by 
adding to the Hamiltonian the so-called Breit interac- 
tion. This Breit interaction is equivalent to a term 
obtained from quantum field theory by second-order 
perturbation theory, due to the exchange of one trans- 
verse photon between the electron and nucleus, if the 
recoil energy of the electron and nucleus is neglected 
in the intermediate state. If we further prescribe that 
this Breit interaction is to be considered as a small 
perturbation and only its expectation value is to be 
evaluated, then this treatment can be carried out 
unambiguously. Essentially such a program was carried 
out very carefully for the fine structure (fs) by Breit 
and Brown? and for the hyperfine structure (hfs) by 

1G. Breit, Phys. Rev. 34, 553 (1929). 

2G. Breit and G. E. Brown, Phys. Rev. 74, 1278 (1948). 


2 
3 


—0.017 
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Breit, Brown, and Arfken’ for hydrogen-like atoms. 
Expanding in powers of m/M they find first of all a 
correction factor of (1—m/M) for the fs. This correction 
can be included in the Dirac expression for fs by 
replacing m by the reduced mass y. Breit, Brown, and 
Arfken show that no correction terms of relative order 
of magnitude a(m/M) are obtained, neither for fs nor 
hfs if the aforementioned prescriptions are used. 

But, as mentioned above and pointed out previously 
by Breit and others, a treatment involving the Breit 
equation and interaction is only approximately relativ- 
istic and the orders of magnitude of the errors made 
cannot be obtained very easily. It is the main aim of 
the present paper to show that corrections of relative 
order a(m/M) are obtained for the fs, if a fully relativ- 
istic treatment is used, and expressions are derived for 
these corrections. In the main part of the present 
paper we only deal with the case of hydrogen and 
consider the proton, which forms the nucleus, to be a 
point particle of the Fermi-Dirac type and neglect any 
internal structure of the proton (anomalous magnetic 
moment, mesonic charge cloud, etc.). No divergences 
occur in the terms treated, even for a point particle. 
In Sec. VII a simple, but approximate, generalization 
of the case of a nucleus consisting of several nucleons 
will be given. In a subsequent paper nuclear structure 
effects omitted in the present paper, as well as various 
corrections to the Lamb shift, will be discussed. In 
another paper it will be shown that corrections of the 
same relative order are also obtained for the hfs. 

Recently a four-dimensional, fully relativistic wave 
equation for bound states of two Fermi-Dirac particles, 
with an arbitrary interaction between them, was derived 
from the Feynman‘ formalism by Salpeter and Bethe.® 
A rigorous derivation of this equation from quantum 
field-theory was given by Gell-Mann and Low.® The 

3 Breit, Brown, and Arfken, Phys. Rev. 76, 1299 (1949). 

4R. P. Feynman, Phys. Rev. 76, 749 (1949). 

5 E. E. Salpeter and H. A. Bethe, Phys. Rev. 84, 1232 (1951), 
thereafter referred to as SB. 

6 M. Gell-Mann and F. Low, Phys. Rev. 84, 350 (1951). 

28 





FINE STRUCTURE OF 
aim of the present paper is twofold. First, to derive a 
perturbation method for the solution of a general 
equation of this type, for which the main interaction 
term is instantaneous and the coupling constant small. 
Secondly, to use the methods developed to calculate 
corrections of order a(m/M)(fs) to the expressions 
obtained by Breit and co-workers for the fine structure. 

In Sec. II it will be shown that, if the interaction 
function occurring in this four-dimensional wave equa- 
tion is instantaneous, an exact three-dimensional wave 
equation can be derived, which is similar to, but not 
identical with, the equivalent Breit equation. The 
equivalent of first-order perturbation theory for such a 
four-dimensional equation is also derived. In Sec. III 
the general theory of Sec. II is applied to the special 
case of the Coulomb interaction in hydrogen, where an 
expansion in powers of m/M can be used. In Sec. IV 
it is shown how the correction terms due to the exchange 
of transverse photons can be derived from the four- 
dimensional equation. Some of the correction terms of 
order a(m/M) also contain loge as a factor. In Sec. V 
it is shown that these special terms can also be derived 
very simply, directly from quantum field theory, by 
means of orthodox (not fully relativistic) perturbation 
theory. In Sec. VI the exact expressions for all the 
correction terms of order a(m/M) for the fs of hydrogen 
(with m<M) are calculated. 


Il. INSTANTANEOUS INTERACTION AND 
PERTURBATION THEORY FOR THE 
FOUR-DIMENSIONAL EQUATION 


A. Instantaneous Interaction 


Wherever possible we shall use the same notation as 
used by Feynman‘ and SB,° and we put 4=c=1. In 
the Feynman formalism for two Fermi-Dirac particles 
of equal and opposite electric charge e two alternative 
expressions for the electromagnetic interaction function 
can be used. In momentum space these two functions 
are 
G(Ry) = (2/22?) (Yue p?/k,?) (1) 
and 


4 2 
G(k,)=—(e 208] (rent/)+ (Etre! 7) | (2) 


i=] 


where y, is the usual Dirac-matrix four-vector and the 
suffix a refers to particle a, k, is the four-dimensional 
energy-momentum transfer, and k denotes the three- 
dimensional momentum-components of this vector. k* 
denotes |k!|? and k,? denotes [ke— |k|?]. In (2) the first 
term represents exactly the Coulomb interaction, instan- 
taneous in a particular frame of reference. In the second 
part of (2), which we shall call the transverse part, the 
sum over i=1 to 2 involves a summation over two 
mutually perpendicular directions of polarization, both 
perpendicular to k. 

One might be tempted to use the manifestly Lorentz- 
invariant form (1), in which case the elegant methods 
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of integration used by Feynman‘ could be used without 
modification. If expression (1) were used in the present 
problem, however, the higher terms G‘” in the expan- 
sion for the complete interaction function G, defined 
by SB, are fairly large and, to several orders in a, pairs 
of correction terms would be obtained which finally 
cancel each other. The similar case of a deuteron with 
neutral scalar mesons was discussed by SB. For this 
reason it is more convenient to use expression (2). The 
loss of relativistic elegance, entailed by this choice, is 
compensated by the fact that a nonrelativistic treat- 
ment, involving only the first part of (2), already 
furnishes a fairly good approximation. 

We first discuss the solutions of a general four- 
dimensional wave equation of the type derived by SB, 
but with the complete interaction function G(k,) re- 
placed by a function G(k), which is quite general except 
that it depends only on k, the first three components of 
the energy-momentum transfer k,. The Fourier-trans- 
form of such a function G(k) is an instantaneous 
potential in coordinate space. Such an interaction 
function is, of course, not Lorentz-invariant. After 
separating out the motion of the “center of mass,” the 
equation we consider is of the form® 


(uaK yy a a PuYn* —Ma (uk yyy Pur Pats mv)W( pu) 
c 
= —(2mi) ‘) URG(k)y(p,+k,), (3) 


where K, is a fixed four-vector (energy-momentum of 
the “‘center of mass”), whose spatial components are 
zero and whose fourth component is £. E then repre- 
sents the eigenvalue of this equation. p, is the relative 
energy-momentum four-vector and pyy,* and p,y,° 
differ only by the y-operators operating on particles a 
and 5, respectively. The dimensionless coefficients po 
and yu» are 


Ba=m,/(mat+my,), pwo=m,/(matm,). 


The wave function ¥(p,) is a 16-component spinor. 
On multiplying Eq. (3) by ya*v«° we obtain 


F(p,)W(p,) = — (2x) f ORG (KW(p,+h,), (4) 


where 
F(p,)= 
H.(p) 
G' (k) = ya*va°G(k), 


(uok—H.(p)+e ll uE—H,(p)—e], 
H(p) = 
e= ft. 


(m.B8°+ p: a*), (m»B>°— p- a), 


G'(k) is completely general, except for it being inde- 
pendent of &,, and may contain Dirac matrices. For 
our equation to represent Dirac hole theory both mz, 
and m, must be considered to contain a negative 
imaginary infinitesimal part, according to the pre- 
scriptions of the Feynman formalism. As in SB, we 
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define a three-dimensional wave function ¢(p), 


x 


o(w)= f dep(p, €). (5) 


Since G’(k) does not depend on ky=w we can integrate 
the RHS of (4) immediately over w, which gives 

C'(p)=— (2m) [eee Wo(w+h) (6) 

We define the usual Casimir projection operators for 

the two particles 

A,*(p)=(E.(p)+Ha(p) ]/2E.(p), 

A_*(p)=(E.(p)— Ha(p) ]/2E.(p), 

E.(p)=+(m2+ p’)}, 


where 
with similar definitions for the particle 6. We further 
define four wave functions 
¥+4+(Pu)=A+*(p)Ay?(p)V(p,), 
v_+(p,) = A_*(p)A+°(p)y(p,), ete. 


(8) 

We can now write (4) in the form of four simultaneous 
equations, using Eq. (6), 

F..(p, ews 

F_.(p, ey 

(p, EW 

(p, 6) 


-(p, e)=As2(p)A,*(p)P(p), (9a) 
-(p, e)=A_*(p)A,*(p)I'(p), (9b) 
(p, €)=A42(p)A_*(p)I'(p), (9c) 
(p, -)=A_*(p)A_*(p)T'(p), (9d) 
where 
=[uaE—E,(p)+e+i8] 

XLu.E— Eo(p)— +76], 
(p, €)=[wali+ Ea(p)+e—i6 ] 
X(ur.E— Ex(p)— +6], etc. 


F ..(p, €) 


In (10) we have written out explicitly the imaginary 
term coming from the imaginary negative parts of ma 
and m», 6 being an infinitesimal, real, and positive 
quantity. 

The RHS of Eq. (9) does not depend on the variable 
e. We can divide the four Eqs. (9) by the appropriate 
function F(p, €), which no longer contains any Dirac 
operators. The only term on the RHS depending on e 
is then F~'(p, €) and the four equations can then be 
integrated over e. Using the relations 

, 
f de(a+ti| 6) —€)—'(b +7) 6} +€)— 


—ox 


=+(2mi)(a+b), (11) 


f de(ati| 6| —€)“(bFi 5| +e) 1=(), 


x 


and Eq. (5), the integrated Eqs. (9) reduce to four 
coupled three-dimensional equations, 


[E—E.(p)—Ex(p) }o++(p) 
=A,*(0)A.%p) f &86'(W)o(n+h), (12a) 
[E+ E.(p)+£Eo(p) ]o-—(p) 


=—A_*(p)A “(p) [eG ®o(n+h), (12b) 


o_.(p)=¢4_(p)=0, (12c) 


where the three-dimensional wave functions $,4(p), 
etc., are derived from ¢(p) in a manner analogous to 
Eq. (8). The four coupled Eqs. (12) can now be written 
as one single operator equation 


[E—H.(p)—H)>(p) jo(p) 
= {A,°(p)A,°(p)— A_*(p)A_*(p)} 


x [ric'Wo(+h), (13) 


which is the main result of this section. In deriving 
(13) we have used the identity 
[As*(p)As°(p)+ A_2(p)A,°(p)+A,°(p)A_?(p) 
+A_*(p)A_*(p) ]J=1. (14) 
The dependence of ¥(p,) on ¢€ is then determined 
completely and the wave function can be written in 
the form 


¥(p,) = —[E—H.(p)—H.(p) .27iF (p, €)}x(p), (15) 


where x(p) is a 16-component spinor independent of € 
and 


o(p)= {A.2(p)A,°(p)— A_2(p)A_*(p)}x(p). (15a) 


Using (15) and (9) we also find that 
[E-H.(0)—Hulp)]x(w)= f PG" o(o+h). (15b) 


We note that Eq. (13) is similar to the equivalent 
Breit equation for the present problem, 


[E-H.(9)—Hilp) o(0)= f PAG" )o(o+h), (16) 


but differs from it by containing the term in curly 
brackets, which contains several projection operators. 
In the nonrelativistic limit, with both particles in 
positive energy states, only ¢,, is important and 
Eqs. (13) and (16) are identical in this limit. An 
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approximate equation of similar form to Eq. (13) has 
been derived previously by Brown and Ravenhall.’ 

It is of some interest to note how the equations 
would be modified if single-electron theory were used 
instead of hole theory. In the Feynman formalism the 
only change would be that the energy £, instead of the 
masses m, and m», has an infinitesimal imaginary part. 
This would mean that the sign multiplying 76 in all the 
expressions (10) for F would be the same. On inte- 
grating (9) one would then obtain exactly the Breit- 
equation, Eq. (16), instead of Eq. (13). In the non- 
relativistic limit with, say, one electron and one proton 
for both particles in negative energy states, only ¢__ 
is important and the kinetic energies are negative. If 
the Breit equation is used, the interaction energy is also 
negative and no bound states are obtained, which is 
quite consistent with single-electron theory. However, 
if Eq. (13) is used, the interaction energy is now positive 
and bound states are obtained, with kinetic, interaction, 
and binding energies all equal and opposite to the 
equivalent quantities for a bound state for both particles 
in positive energy states. Such a wave function could 
then be said to correspond to a bound state of a positron 
and a negative proton. Our main conclusion is that, 
even if an instantaneous interaction is postulated, the 
Breit equation is only correct for single-electron theory 
but not for hole theory. 


B. Perturbation Theory 


The function F, defined in Eq. (4), is not only a 
function of the variables (p, €), but is also a quadratic 
function of the constant eigenvalue E. Thus £E occurs 
quadratically in our fundamental equation and not 
linearly as in the three-dimensional Schrédinger equa- 
tion. To obtain the equivalent of first-order perturba- 
tion theory for such equations we therefore have to 
use a slightly different method of derivation. 

Equation (13) is an ordinary Schrédinger equation of 
Hamiltonian form. Let ¢,(p), Z, be the wave function 
and energy eigenvalue, respectively, for any stationary 
state of this equation. The wave function y,(p,) is then 
determined explicitly by Eq. (15), where the value E, 
is substituted for E both in the numerator and in the 
expression F, for F. The function x,(p) is then also 
determined by Eq. (15b). We assume ¢, to be normalized 
in such a way that 


feremo = f #rlo.°@)6.400) 


—$~—*(p)¢--(p) ]=1. (17) 
For simplicity we denote the integral operator involving 
— (2mi)G'(k) by G. Equation (4) can then be written 
as 

(F,—S)vn=0. (18) 


A208, 552 (1951). 
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For any arbitrary constant value E, (not necessarily 
equal to E,.) we can define two new functions 
¥n*(p,) = —LEs—H.(p)—Ho(p) ] 

X([22iF a(p, €)]-'xn(p), 
¥n°(p,) = —LEs— H.(p)— Ao(p) ] 

X[2miF a(p, €) -'xn*(p), 
where F, is the expression for F with E having the 
value Es. Using the fact that G’(k) does not depend 
on k, and using Eqs. (5), (11), (15b), and (19), it can 
be shown that 

(Fa—§)¥n°= — (2mi)—'(Ea— En) xn, 
¥n*(Fa—§)=— (2i)“"(Ea— En) xn* 


(19) 


(19a) 


(20) 
(20a) 


Equation (20a) is correct in the sense that the LHS and 
RHS yield identical expressions when they are multi- 
plied on the right by an arbitrary function y’(p,) and 
are integrated over d*p. 

We next consider an equation similar to Eq. (4), but 
with an extra interaction function Ga’(k,) added to 
G’(k), which is considered only as a small perturbation 
but which may depend on &,. Consider the particular 
solution ¥,,(p,) of this modified equation which reduces 
to ¥.(p,) as Ga’ approaches zero. Let the energy 
eigenvalue of this state be 


Es=E,+ AE. (21) 


Denoting again the integral operator involving 


—(2mi)—'Ga(k,) by Ga we have 


(Fa— §—Ga)¥n=0, (22) 


where E in the expression for FP, has the value Eg. 
It is convenient to define a new function ~, by means of 


Va=V,—Vv,4, (23) 


where y,° is defined as in (18). Equation (22) can 
then be written as 


(Fa—G)vn°+ (Fa— G)Wa= Gavn®+ Gava- 


Since Ga is assumed to be “‘small’’ compared with G, 
AE will be small compared with E,, and Wa small 
compared with y,4, and y,° will be approximately 
equal to pp. 

Multiply Eq. (22a) on the left by Y,“ and integrate 
over d‘p. Using (20a), the integrand of this equation 
becomes 


DExn*(Wn°+Wa)= — (21) bn2°Ga(vn® +a). (22b) 


The first terms on both the LHS and RHS of Eq. (22b) 
are small quantities of the first order, the second terms 
of the second order. We obtain the first-order pertur- 
bation approximation AE“ to AE by omitting these 
two second-order terms and replacing ¥,“ by y, in the 
two first-order terms. Integrating this approximate 
form of Eq. (22b) over d*p and using (5) and (17), 


(22a) 
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Fic. 1. Feynman diagrams corresponding to various interaction 
terms. Light solid lines denote electrons, heavy solid lines protons. 


Horizontal broken lines denote instantaneous Coulomb interac- 
tions, inclined broken lines denote transverse photons. 


we obtain the desired expression for AE“, 


AE = —(2ni) f d* pal p,) Gava( Ps) 


-{ d'pd'kPn(p,)Ga'(ky)¥n(Put-hy). (23a) 


Ill. INSTANTANEOUS COULOMB INTERACTION 


We shall now apply the general theory of the pre- 
ceding section to the special case of two Fermi-Dirac 
particles of electric charge e and (—e), respectively. 
We use form (2) of the electromagnetic interaction 
G(k,) and consider in this section only the effect of the 
first part of this interaction involving the instantaneous 
Coulomb interaction 


Go' (k) = — (2/27 F’). (24) 


he effect of the transverse part Gr(k,) of the inter- 
action will be discussed in the following three sections 
by means of a modified perturbation theory treatment. 

The four-dimensional equation for this problem is 
then of the form 


F(p, €)¥(p,) = ~(2i)* f ate{Ge'() 


+Gee'®(ky)+++-W(Pyth,). (25) 
As discussed by SB the kernel of this integral equation 
involves not only Ge(k), but also all the expressions 
corresponding to higher order irreducible diagrams. 
Of these only one term contributes to the accuracy we 
require, Gcc®’. This corresponds to diagram 1 shown 
in Fig. 1, i.e., a “cressed double photon” term involving 
two instantaneous Coulomb interactions. As discussed 
by SB, this term is not identically equal to zero if hole 


theory is used,® a finite contribution being obtained 
from intermediate states in which one of the two 
particles is in a negative energy state. The term is 
small, however, its contribution to the binding energy 
being of order a(fs), and it will be considered only as a 
perturbation, using the first-order perturbation expres- 
sion (23) derived in the last section. 

We therefore consider first Eq. (25) with the full 
kernel replaced by the first term of its expansion, 
Gc(k). This function does not depend on ky and hence 
the considerations of the last section, leading to Eq. 
(13), apply. We therefore obtain a three-dimensional 
equation of type (13), 


[E—H.(p)—H»(p) ]¢(p) 
={A,*(p)A,°(p)— A_*(p) A_*(p)} (— 2/22) 


x f Pkko(p+k). (26) 


The extreme nonrelativistic approximation to this 
equation is the ordinary nonrelativistic Schrédinger 
equation 


[W—p*/2u]¢o(p) = (—e/2x") f Pkk*go(p+k), (27) 


where 


W=E—m.—m,, b=mam,/(matm). 


This approximation to W, the binding energy, is of 
course in error by an amount of relative order a? (the 
fine-structure being missing completely). The approxi- 
mate wave function ¢o(p) is in error by an amount of 
relative order [(p+po)/u}, where po is the Bohr 
momentum 


po=ap, a=(e/hc)=1/137.03, Ry=a'y/2. (28) 


¢o(p) is therefore a very poor approximation for p> u. 
It is useful to note that a better approximation to the 
wave function, ¢:(p), can be obtained by applying an 
iteration method once to (26), using ¢o(p) as our initial 
trial wave function. ¢;(p) is then defined by means of 


¢1(p) = ([E—H.(p)— Ho(p) J "{As*(p)A+?(p) 
—A_*(p)A *(9))(—e/2n°) f kk *oo(o +h). (29) 


¢:(p) is in error by only an amount of relative order 
al (p+ po)/(p+u) ], i.e., an error of the same order as, 
or less than, a@ for all values of ».* This improved 
accuracy is due to the fact that the wave function ¢(p) 
decreases more rapidly with increasing p than the 
potential Gc(p). For large values of p the main contri- 
butions to the integrals in Eqs. (26) and (29) come 


8 It would be zero, however, if single electron theory were used. 
* More exactly, for all p<po exp (137). 
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then from values of |p+k] of the order of po, where 
¢o(p+k) is a good approximation. 

For simplicity we shall now consider the case of an 
electron of mass m,=m and a proton of mass m,»=M, 
where M>>m. A similar treatment could, however, be 
given for the case of general m, and mz, (for instance, 
positronium). The Breit equation Eq. (16) for a 
Coulomb potential is 


[E—H.(p)—H(p) ]¢(p) 
= (—é/2n*) [ Pkk*o(p+k). (26a) 


In Table I we give the order of magnitude of the four 
components ¢,4, etc., for ¢, the solution of Eq. (26a), 
for mM. Note that for p= po the other three compo- 
nents are smaller than ¢,, by a factor of at least a’. 
The order of magnitude of ¢,, and @__ of the solution 
of (26) are the same as those shown in Table I, but 
o-+ and ¢,~ are zero. To the required accuracy the 
normalization condition, Eq. (17), is fulfilled if $44 
alone is normalized to unity. 

In this paper we shall neglect all terms which are of 
a smaller order of magnitude than a(m/M)(fs). To 
this approximation the term involving A_*A_° in Eq. 
(26) can be omitted. It is of some interest to note that 
the lowest order approximation to the fine structure can 
be obtained very simply from Eq. (26). If we were to 
neglect (m/M) completely and expand in powers of 
(p/m) and (k/m), Eq. (26) would reduce to the fol- 
lowing approximate equation: 


[W— p?/2m+ p*/8m*]o(p) = — (2/22) 
y, f PR 1+(e- p)(o-k)/4m*}k4(p+k), (26b) 


where @ is the Pauli spin-operator for the electron and 
¢(p) now has only 2 spin components, instead of 16 
spinor-components. The factor in square brackets on 
the RHS of Eq. (26a) is an approximation to A,%, 
derived in the appendix. Equation (26a) can be shown 
to be exactly the momentum space Fourier-transform 
of the approximate equation obtained for the fine 
structure in the usual treatment involving a Pauli 
reduction to the “large variables.”® 

Instead of actually evaluating the energy eigenvalues 
of Eq. (26), it is more convenient and instructive to 
evaluate merely the difference between the energies 
obtained by the present treatment and from the Breit 
equation, Eq. (26a). To the accuracy required, Eq. 
(26) reduces to 


[E—E,.(p)— Ex(p) 1644 (p) 
=(-é 2 )A.s(p)A.Mp) f @hk* 
X(o+4(p+k)+¢-.(p+k)], (30) 


® H. A. Bethe, Handbuch der Physik (Verlag. Julius Springer, 
Berlin, 1933), Vol. 24/1, p. 305. 
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[E+E.(p)— Ex(p) ]6-+(p) 
=(—e/2e)A (Asp) f ek 2 


X[o44(pt+k)+¢-4(p+k)], (30a) 


where the $44, etc., are again obtained from ¢ by 
multiplication with two projection operators, as in (8). 
To the required accuracy, the terms involving ¢4— and 
@ — (negative energy states for the nucleus) can be 
neglected. An approximation to ¢_, in terms of $44, 
accurate to lowest order in a, can be obtained by 
omitting the term in ¢_,(p+k) on the RHS of (30a). 
Using this approximation we obtain an equation 
involving only $44, 


[E— Eq(p)— Ex(p) ]644(p)= ( =) ao) ,>(p) 
2r? 


Pko,.(ptk) sey? 
x {- —— +(5) A,*(p)A,°(p) 
R 2x? 


f dkd*p’A_*(p+k)A,°(p+k)o++(p’) 
2(p'— p—k)"[E+E.(pt+k)—Ex(p+k)] 





To this accuracy our Eq. (26) is the same as (31), 
except that the second term on the RHS is missing, 
which is of order a(fs). We shall only need to evaluate 
the contribution of this term to the binding energy by 
first-order perturbation theory. 

In our treatment we have to add to the energy 
eigenvalue obtained from Eq. (26) the expectation 
value of the interaction term Gec®, using Eq. (23). 
In this expression two “energy”-denominators of the 
type (Pyv.—m) occur. Instead of using the Feynman 
methods for evaluating such integrals we first split up 
this expectation value into the sum of four terms with 
the help of the identity (14). Each of these four terms 
then contains only energy-denominators which do not 
involve any Dirac matrices. The contribution to the 
energy eigenvalue is then given by the following 
expectation value, using Eq. (23) and the expression 


TABLE I. Order of magnitude of the four components (eigen- 
functions of the projection operators) of the solution @ of the 
Breit equation, Eq. (26a). po=am is the Bohr momentum, m and 
M are the electron and proton mass, respectively. 


pP>M 


m<p<M 

a(m/p)* 

a‘(m/p)*® 
a‘(m/p)(m/M)* 
a(m/p)(m/M)* 


P<po 
1 (po/ p)* 
a at( po/ p) 
a(m/M)® = a po/p)(m/M)* 
a‘(m/M)* aé(m/M)* 


po<p<m 
a‘(m/p)* 
a‘(m/p)* 
a‘(m/p)* 
a(m/p)* 
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for Gec® defined by SB, 


d‘pdtkd'p (bs) A_ 


Get ed oer ~k)"(ueE+E.(p+-k)-+e+o—i8 [usE—Es(p'— “b—<4eti) 


where e, e’, and w stand for 4, ps’, and ky, respectively. 
The three additional terms, not written explicitly in 
(32) (involving A,*A,°, A,*A_® and A_*A_®), do not 
give a contribution to the required order of accuracy. 
We only require the integral (32) accurate to lowest 
order in a. To this accuracy ¥(p,) and y¥(p,’) can be 
replaced by ~,4(p,) and ,+(p,’), respectively. ~++(p,) 
is an explicit function of ¢,,(p), the solution of (26), 
given in (15), 
¥i4(pPu) [E—E.(p)—E,(p) ] 
X([2riF ,, 


(p, €) }-¢44(p).  (15c) 


(= ) a (fe a pd*kd"p ‘O++"(D)A 
2x? (p— p—k)"[(ue— ws) E- +E.(p+k)+Ex(p’—k)] 


rhe expectation value (34) in our treatment has to 
be compared with the equivalent term in the Breit 
treatment, the expectation value of the operator in the 
second line of (31). In the limit of (m/M) tending to 
zero it is found that these two terms are equal. This 
was to be expected, since in this limit the Breit Eq. (30) 
reduces exactly to the Dirac equation for a single 
which is certainly correct if the nucleus is 
infinitely heavy. For a finite mass M of the nucleus, 
however, these two terms are not exactly equal and the 
energy eigenvalue obtained by the Breit treatment is in 
error by the difference of these two terms. We expand 
in powers of (m/M) and shall retain the first nonzero 
term in this expansion. 

We call the correction to the Breit energy eigenvalue 
[expression (34) minus expectation value of the second 
term of (31)] AEcc. The integrands are important 
only ‘ ~ range of integration given by (33), ie., 
p, p’< . To lowest order in @ and to the first two 
orders in (m tan the projection operators A,? in both 
expressions can be replaced by unity and A_*(p+k) by 
[E.(k)—m ]/4E,(k). Since only p, p’~ am is important, 
we can also replace $4, by ¢o, the solution of the 
nonrelativistic Eq. (27). We then obtain, to the required 


accuracy 


electri yn, 


9 


e 2 
a aege ( ) 
2x 


if °E pdkd' p'do*(p)LE ‘a(k)— m ]o(p’) 
xf {| . 
k°M[E.(k)+m P4E, (k) 


This expression can now be integrated over d*k quite 
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*(p+k)A,°(p’— k)¥(p,') 


— (32) 





The dependence of ‘the integrand of (32) on e, e’, and 
w is then known explicitly and the integrals over e, e’, 
and w can be carried out. The major contributions to 
the integral (32) are found to come from the range of 
integration 


k~m. (33) 


' 

p, P ~ po; 
Carrying out the integrations over ¢, e’, and w and 
expanding the result in powers of a, (32) reduces to 
lowest order in a, to the expression 


—*(p+k)A *(p’— —k)¢ +(P’) 


(34) 


easily and yields 
2 


AEcc= — (4/3mM )(e?/22*)? 20 f epotn) 


= — (2a*/3mM)| ¥o(0)|?, (35) 
where Wo(r) is the three-dimensional Fourier-transform 
of @o(p), ie., the nonrelativistic Schrédinger wave 
function in coordinate space for a hydrogen-like atom. 

The approximations for the integrands used in 
deriving (35) are valid only for p, p’m. The correct 
integrand decreases more rapidly with increasing p and 
p’ for p, p’>m than the approximation used and the 
integral over p in (35) should really be extended only 
to p~m and not to infinity. But since we are using the 
Schrédinger wave function ¢o(p) (and not the Dirac 
functions) contributions to the integral occurring in 
(35) for p>>am are already small and the error made in 
extending the integral to infinity (using Yo(r) for r=0 
instead of r~m') is of a smaller order of magnitude 
than the terms considered in this paper. Throughout 
this paper ¥o(0) will denote the value of the nonrelativ- 
istic Schrédinger wave function (in three-dimensional 
coordinate space) at the origin. 

For all atomic states of nonzero angular momentum, 
the expression (35) vanishes exactly (to this order). 
For an s-state with principal quantum number n, the 
correction AEcc, to be added to the Breit energy 
eigenvalue for hydrogen, is 


AEcc= — (408m Ry/3an*M). (36) 
This term is of the order a(m/M)(fs), but the numerical 
coefficient is small. In hydrogen it represents an energy- 
shift of only —0.037 Mc/sec for the 2s state. 
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IV. CORRECTIONS INVOLVING TRANSVERSE 
PHOTONS 


We have so far considered only the effect of the 
instantaneous Coulomb interaction and must now con- 
sider the effects produced by the second part of (2), 
which we call Gr(k,) corresponding to the interchange 
of a transverse photon. We first discuss the method of 
SB as applied to this term, which involves an expansion 
in powers of a. Instead of (4) we have the full equation 


F(p, €)¥(p.) = — (ni) f dkCGe'+Goc'®+Gr! 


+Ger'+Gr7' + - ‘] kuW(putk,), (37) 


2 
Gr' (ky) = — (€?/29") > ai*a;?/hk,?. (38) 


i=] 

(a* is the Dirac matrix for particle a.) In (37), Ger’ is 
the expression defined by SB which corresponds to a 
“crossed double photon” graph with one interaction 
given by Gc and the other by Gr (Fig. 1, diagram 2); 
Grr’ is the equivalent expression with both interactions 
given by Gr (Fig. 1, diagram 3a). In (37) the expres- 
sions corresponding to higher order irreducible graphs, 
Geer’®, etc., also occur on the RHS. The terms 
Ger’® and Grr’® give energy shifts only of order 
a(m/M)(fs) and it will be sufficient to evaluate these 
energy shifts by means of four-dimensional first-order 
perturbation theory, as was done for Gece’. But the 
term G’r is of order (m/M)(fs)~a?(m/M)W. At first 
sight we might expect the error involved in using first- 
order perturbation theory for this term to be only of 
order a‘(m/M)°W, which is negligible. But there is, in 
fact, an error of order a(m/M)(fs). This is connected 
with the well-known fact that the expectation values 
of some Dirac matrices may be small, whereas the 
square of such a matrix is unity. 

We return now to the discussion of perturbation 
theory given in Sec. II with the instantaneous interac- 
tion G(k) now standing for Gc and the perturbation Ga 
for Gr. The equations up to and including (22b) are 
still exact. Since AE is only of order a?(m/M)Ry, one 
finds that, to the required accuracy, the second term 
on the LHS of Eq. (22b) can be omitted and y,4, ¥,4 
replaced by ¥, and fq, respectively. But the second 
term on the RHS of Eq. (22b), which was also omitted 
,in the first-order perturbation expression, Eq. (23), 
gives a correction of order a(m/M)(fs). We therefore 
need an approximation for ¥4, accurate to lowest order 
in a, Using Eqs. (20) and (22b) we get an exact expres- 
sion 


Paba=Gavn°+[ Svat (277) “AExn+ Sawa]. 


If we were to use unmodified perturbation theory we 
would have to carry the first two terms in square 


(39) 
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brackets on the RHS of Eq. (39). In the present electro- 
dynamic case, however, one gets an accurate enough 
approximation for ys by omitting all the terms in 
square brackets and by replacing Fa, Wa“ by F, and 
Wn, respectively, i.e., 


va Pa*Ga¥n. 


Making these approximations and integrating (22b) 
over d‘p we obtain, instead of Eq. (23), 


(39a) 


AE=- Oni) f d'piaL Sat GaPo'GaWn 


= ff epareda(P.dGs' bala ky) 


—(2ri)™ f f f d'pdthd'p'Y n(pu)Ga' (Ry) 


x F pyt k,)Ga'(p,'— Pu- kyu)Wn(Py’). 


We note that the second term on the RHS of (40) is 
somewhat similar to the expectation value of Grr’®. 
In fact this term is equal to the Feynman expression 
for the successive interchange of two transverse photons 
between the two particles (denoted by Grr™? in Fig. 1, 
diagram 3b). 

In the preceding discussion we have neglected the 
effect of the higher order irreducible graphs, Gecr™, 
etc. (Fig. 1, diagram 4). One might expect these terms 
to contribute to the energy only terms of order 
a’(fs)(m/M) or smaller. However, an effect similar to, 
but less drastic than, the well-known “infrared catas- 
trophe” occurs. Consider any irreducible graph corre- 
sponding to the interchange of one single transverse 
photon of three-dimensional momentum k as well as 
any number of instantaneous Coulomb-interactions. 
One finds that the contribution to the energy of such a 
graph, for values of kX apo~W is finite but of order 
a(m/M)(fs), which we cannot neglect. Speaking very 
crudely, we might say that the exchange of a transverse 
photon of momentum & takes place in a time of order 
k- and that instantaneous Coulomb-interactions take 
place at time intervals of the order of W—. Hence, if 
kKapo, during the “time of flight” of one such trans- 
verse photon many Coulomb-interactions take place. 

It is obviously impractical to have to sum an infinite 
number of contributions to obtain the corrections of 
order a(fs). This difficulty is connected with the fact 
that, in the method proposed by SB, the Feynman 
propagators K,, corresponding to the propagation of 
free particles, are used. The most elegant way to 
overcome this difficulty would probably be to modify 
the method of SB along lines developed recently by 
Dyson.” Such a treatment would be equivalent to 
separating the electromagnetic interaction into a “low 


"0 F. J. Dyson, Phys. Rev. 82, 428 (1951); Phys. Rev. 83, 608, 
1207 (1951); Proc. Roy. Soc. (London) A207, 395 (1951). 


(40) 
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frequency” and a “high frequency” part in a Lorentz- 
invariant way. One would then first solve the problem, 
without the use of an expansion in powers of a, for the 
low frequency part alone. Having found the equivalent 
Feynman propagator functions for this problem, one 
would then treat the high frequency part by means of 
the expansion proposed by SB, which should now 
converge rapidly. 

In the present problem, however, the difficulty arises 
only from very nonrelativistic frequencies or momenta, 
k~ apo. Hence it is permissible, and much simpler, to 
split the transverse photon terms Gr, etc., into two 
parts, for momentum transfer k< A and k>A (in the 
“center-of-mass” system defined by SB), where 


apyoKAK po. (41) 


No such separation is carried out for the instantaneous 
Coulomb term Ge, and Eq. (26) is first derived and 
solved as in the preceding section. For the low frequency 
part of Gr(k), for k< A, we do not use the formalism of 
SB and of Feynman, but use “old-fashioned” quantum 
electrodynamics and perturbation theory. In other 
words, we consider the solution ¢(p) of (26) as our 
unperturbed three-dimensional wave function, consider 
as a perturbation the usual absorption and emission 
operators for transverse photons of momentum less than 
1, and evaluate the energy eigenvalue by means of 
fourth-order perturbation theory. For the high fre- 
quency part of Gr(k), k>A, we use the methods of 
SB as discussed above. 

his nonrelativistic treatment for the low frequency 
part of the transverse interaction is not elegant, but it 
is very simple. Some of the correction terms of order 
a(m/M)(fs) contain loge as a factor and are numerically 
larger than the terms without this factor. If this 
nonrelativistic treatment is carried out for momenta k 
not only up to a value A satisfying (41), but up to a 
value of the order of magnitude of m, these terms 
involving loge can be evaluated very simply. This 
calculation will be carried out in the next section. But 
to evaluate all the terms of order a(m/M)(fs) in a 
relatively simple manner, the four-dimensional treat- 
ment discussed above seems to be advantageous." 

\s in our treatment of the Coulomb interaction, we 
shall not evaluate the expressions for the energy eigen- 
value explicitly but only evaluate the difference between 
the exact expression and that obtained by the use of 
the Breit equation and interaction.2 The full Breit 


equation 1s 


—e- 
[E—H.(p)—H.(p) ]o(p)= fae ' 
=o 


x i-> a,*a;° o(p+k). (42) 


i=] 


"The terms evaluated in this paper are, however, being 
calculated by Bohr, Gourary, Kroll, and Lamb, by a different 
method in which only the electron (but not the’proton) is treated 
relativistically 
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This equation is first solved with the emission of the 
term involving a;*a;°. The resulting equation, Eq. (30), 
was discussed in the last section. The effect of the term 
involving a;*a;° is then considered by means of first- 
order perturbation theory only. 


V. THREE-DIMENSIONAL PERTURBATION 
TREATMENT 


We consider y,(r), the coordinate-space wave func- 
tion corresponding to the solution of (26), as our 
unperturbed wave function. Consider the perturbation 
Hamiltonian 


2 
H'=e > - {ai*(qx if Peik Tat Oy i’ Pe tk -Ta) 
k<A i=l 

— 065°(gu, °?e™* T+ Gy, Pe )}, (43) 
where gx,i?? and qy,;°” are the usual emission and 
absorption operators for a photon of momentum (—k) 
and direction of polarization 7. Their matrix-elements 
for transitions between states of one and no such 
photons are (27/k)'. The second-order perturbation 
energy corresponding to H’ is then 


e 2 
(2) f 
2r k<A 


(n| a;te'*'4| m)(m | a;be~** Fo | n 


» (44) 


XL eaten 
i=l m k(E,—E,,—k) 


where E,, and E, are the unperturbed energy eigen- 
values for the intermediate and initial atomic state, 
respectively. The factor 2 is due to the fact that the 
virtual photon can be emitted by particle a and ab- 
sorbed by particle 6, or vice versa. 

If in the denominator of expression (44) the term 
(E,—E,) is omitted (neglect of “particle recoil’’), then 
a sum rule can be used to eliminate the summation 
over the intermediate states m. The expression resulting 
from this omission is then identical with the equivalent 
Breit interaction term. We shall therefore only evaluate 
the difference between the exact expression (44) and 
the equivalent Breit term. This difference is of order 
a(m/M)(fs) and we only require its value to lowest 
order in a@ and (m/M). We therefore replace ra by the 
relative distance r and ry by zero (a referring to the 
electron mass m and 6 to the nucleus mass M). We 
further make the nonrelativistic approximation of re- 
placing the Dirac matrix a;* by p,;/m and a;° by 
(— p;/M) where p=—i¥,. With these approximations 
the energy-difference becomes 


e 
AEr .=( ——- ) f dk 
2r°mM k<A 


(n| pie*'*|m)m| p;|n)(Em— En) 


xEE ~—----_---, (45) 
mt R(E,,— E,+k) 
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The Breit-interaction represents the interchange of a 
virtual transverse photon between the electron and 
nucleus. Similarly the transverse self-energy of an 
electron can be considered as representing the inter- 
change of a photon between the electron and itself. 
The Lamb shift (in nonrelativistic approximation) is 
the difference between this self-energy for an electron 
bound in an atomic state and the equivalent expression 
with the term (Z,,—£,) in the energy denominator 
omitted. There is thus some mathematical similarity 
between our correction (45), and the Lamb shift. In 
fact, (45) is identical with the expression for the Lamb- 
shift derived by Bethe in Eq. (5) of the nonrelativistic 
calculation,” except for a factor two (either the electron 
or nucleus can emit the photon), the factor e'** 
(momentum k is transferred from the one particle to 
the other) and a factor m/M (ratio of velocities of 
nucleus and electron). Since the upper limit A on & is 
by assumption much less than fo, & is very small 
compared with the “average” momentum in the atomic 
state and the factor e**** can be neglected. The atomic 
wave functions can also be replaced by the Schrédinger 
nonrelativistic functions. (45) is then equal to (2m/M) 
times the equivalent Lamb-shift expression, i.e., 


AEr, 4= (8a2/3mM) In(A/(Em— En)w)| Pn(O)\?. (46) 


For the 2s and 2p states (En—E,)» has been evaluated 
accurately previously" and we find for the 2s state 


AEr, 4= (2a*m Ry/3aM) In(A/16.64 Ry). (46a) 


For states with nonzero orbital angular momentum 
the equivalent expression is very small (+-0.004 Mc/sec 
for 2p). 

The high frequency part, k>A, will be treated 
rigorously in the next section, but we shall now show 
that the parts involving loga as a factor can also be 
obtained from our nonrelativistic approximation. Let 


poKB<Km, (47) 


and consider the expression (45) with A as lower limit 
on k and B as upper limit. The term (Z,,—£,) in the 
denominator is then small compared with k and can be 
neglected. In the numerator E,, is replaced by the 
unperturbed Hamiltonian H» operating on state m, E, 
by Ho operating on state ». A sum rule can then be 
used again to eliminate the summation over m. Using 
the fact that 
(Ho, pi J-=idV/dr,, 


where V(r) =(—e?/r), we find that 
ie” ad 20 ae: ; 
AEr,s= — -f Pky (n| pe**(OV/dr;)|n). (48) 
2r-mM J, i=1 
For the 2s-state an evaluation of (48), again using the 
nonrelativistic Schrédinger wave functions, gives, to 


 H. A. Bethe, Phys. Rev. 72, 339 (1947). 
‘8 Bethe, Brown, and Stehn, Phys. Rev. 77, 370 (1950) 
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lowest order in a and m/M, an expression independent 
of B 


AEr, p= (2a'm Ry/3mM){In(po/A)+(25/12)}. (48a) 


The upper limit in the logarithmic factor is of the order 
of the Bohr momentum fo, and not of m as for the 
Lamb-shift. This is due to the factor e** which 
decreases the contribution from k> pp. 

For the 2s state of hydrogen the sum of (46a) and 
(48a) is 


AEcr=(2a'm Ry/3xM){\n(po/ 16.64 Ry)+ (25/12)} 


=+0.721 Mc/sec. (49) 


For states other than s states the equivalent expression 
is again small. For the 2p state one finds 


AEr, p= — (am Ry/18%M)=—0.012 Mc/sec, (49a) 


and AEcr is thus —0.008 Mc/sec for the 2p state. 

Equation (46) is the only term coming from k<A of 
order a(m/M)(fs). But there is another term, coming 
from values of k between fo and m, which will be 
treated rigorously in the next section, for which we can 
derive a simple approximation by means of the non- 
relativistic: treatment of this section. Consider the 
fourth-order perturbation energy due to the pertur- 
bation H’, Eq. (43). This contains a term corresponding 
to the following process: One of the two particles emits 
a virtual transverse photon of momentum k and makes 
a transition to a negative-energy state. The same 
particle then emits another transverse photon of 
momentum (q—k) and returns to a positive-energy 
state. The second particle then absorbs either photon 
and makes a transition to a negative-energy state 
Finally the second particle absorbs the remaining 
photon and the atom returns to the initial state. 

The only contributions to order a(m/M) log(a)(fs) 
to this term come from values of the momenta , 4, 
and k satisfying pox<k&m and p~q~ po. Consequently 
(q—k) can be approximated by (—k). For these values 
of k, the three energy denominators (Z,—energy of 
each of the three intermediate states) can be approxi- 
mated by (—2m), (—k—|q—k)|), and (—2M), respec- 
tively. With these approximations sum rules can be 
applied to eliminate the summations over the three 
intermediate states. We then obtain the following 
approximation to the fourth-order perturbation energy, 


é m 
AErr=— — —f @kk fe 
642°mM Yd 99 


xd a (n | a2 00;* (a 5?a0j?+ a;’a;”)e*4 * nN). (50) 


i=] j=] 


Using the fact that 


ff eqees= (29r)*5® (r), 
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Eq. (50) reduces to 


AErr= —(2a*/mM) |n(m/po)|¥n(0)|?, (50a) 


or, very roughly, (—3/4) times (46). The equivalent 
expressions for states with nonzero orbital angular 
momentum are again very small. 


VI. FOUR-DIMENSIONAL TREATMENT OF 
“TRANSVERSE” TERMS 


We now evaluate rigorously the terms of order 
a(m/M)(fs), which involve the exchange of at least 
one transverse photon between the electron and the 
proton in hydrogen. As discussed in Sec. IV, we use 
with all integrations over photon momenta 
extended from A, Eq. (41), to infinity. We consider 
the four-dimensional solutions y¥,(p,), corresponding 
to the solutions of (26) as our unperturbed solutions 
and use the modified perturbation theory derived in 
Sec. IV. Since we have already dealt with the low 
frequency part k<A, in the preceding section, we can 
neglect the higher order terms which are not explicitly 
written in (37). Using (37) and (40), we then get the 
following contribution to the energy eigenvalue 


Eq. (37), 


AE. | [ apa%ega(p,)[Gr'+Ger'® 


e 


+Grr’O4+Grr'™* ]kyWna(putk,), (51) 
where Grr”? is the additional term, corresponding to 
the second term on the RHS of (40), resulting from our 
modification of first-order perturbation theory. It will 
be convenient to consider together the first two and 
the last two of the four terms in expression (51). 


A. “Main Term” 


Let us consider the first term of the RHS of Eq. (51). 
Using the identity (14), we can write 


V(pu) = v4 ty +h th 


and a similar relation for (p,). By means of these 
relations the desired term, involving G7’, can be split 
up into 16 terms. Of these 16 terms, only the one 
involving both ¥,4 and ¥,, is found to contribute to 
the order of accuracy we are considering. By means of 
(15) and (19a) we can express ¥,4 and ~,., in terms of 
the solution of (26). The dependence of the integrand 
in (51) on €= py and ¢'=(py+h,4) is then known ex- 
plicitly and the integrals over these two variables can 
be carried out. The first term of (51) can then be 


written as 


(52) 


"2 bd 2 
: -f | pd p'o, *(p)5(p, p) = a;*a;°o, +(p’), 
2m/ « 


i=l 
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where 
&(p, p’) 
dede'[E—E,(p)— Ex(p) J. E— Ea(p’)— Eo(p’)] 


(2mi)*F ,4(p, )F++(p’, €’)[K— |e’—e|2—- i] | 
k=p’—p. 


According to the Feynman prescription we have in- 
serted a negative infinitesimal imaginary mass, (—iA), 
for the photon into the expression for \(p, p’). The 
integrals in this expression can be evaluated exactly 
and give 


O(p, p’)= | [k°— | Eo(p)— Eo(p’) |?) 
[E—E,(p)—E.(p) ] 

toe e+ E.(p)+E.(p’)— E][k— Eo(p)+ Ev(p’)] 
[E—Ea(p’)— Ev(p’) ] 


2k k+ Ea(p’)+E(p)—E][k—Ex(p’)+E0(p)] 


In the Breit treatment one obtains an expression 
identical with (52), except that {}(p, p’) is replaced by 
k and $44(p) by the equivalent solution of the 
Breit-equation for a Coulomb interaction. To the 
required order, the first term of (53) substituted into 
(52) gives the same contribution to the energy as the 
Breit-term. 

Consider now the expression obtained by substituting 
the third term of (53) into Eq. (52). One finds that 
approximations, accurate to lowest order in a, are 
required for $,,*(p) in the range p=fo. We shall 
therefore approximate ¢,,*(p) by the nonrelativistic 
Schrédinger function ¢0*(p) Eq. (27). For $4+(p’) it is 
convenient to use the iterated wave function $144 
defined in (29) which is a good approximation even for 
p’~m. Making these substitutions and changing the 
variables of integration, this contribution to the energy 
becomes 


—(epey f f d' pd* p'do*(p)D.(p, p’)do(p’), (54) 


where §,(p, p’) is an operator involving an integral 
over k. The integrand involves the denominator of the 
third term of (53). Now k>A>>Ry and only values of 
km are found to contribute to the required order. 
The denominator of the third term of (53) can thus be 
approximated by (2k*). This gives 


H,(p, p= for 3 a;*a,°A,*(p+k) 

i=l 

X A+?(p+k)(2k*)(p’— p—k)*._ (55) 
We consider next one part of the second term on the 


RHS of (51). This expression is the equivalent of (32), 
but with a transverse photon of momentum k instead 





FINE STRUCTURE OF HYDROGEN-LIKE 


ATOMS 


of the Coulomb interaction with a momentum transfer k, i.e., 


d'pdthdsp! = VU p,)aith,*(p+k)A,*(p’—k)a.¥(p,’) 
i=] 


e 
ft aes Se ; sectuiiinsrleelicllindsndlecniiipabd ‘ idacbentiepeiae’ Sire 
SOS aereerrernmarenararsprss  sesurees erm reer sie oe 


In (56) the three other terms (involving A,A_, A_A4,, 
and A_A_), which are not written explicitly, are found 
not to contribute to the required order. In this approxi- 
mation it is further found that ¥(p,) and ¥(,’) can be 
replaced by ¥,+(p,) and ~,,(p,’), respectively. These 
two functions can then be expressed in terms of $44*(p,) 
and $,,4(p,’), respectively, using (15), (15c), and (19a). 
The dependence of the integrand of (56) on e=f,, 
w=k,, and ¢’=p,’ is then known explicitly and the 
integrations over these three variables can be carried 
out. One then finds that the integrand contributes to 
the required order only for 

?, P’~po; A=k= po. (57) 
One can then further replace ¢,,* and $4; by the 
nonrelativistic Schrédinger wave functions, ¢o* and ¢o, 
respectively. To the required order in a and (m/M), 
(56) then reduces to an expression of the form (54), 
with §; replaced by ©», 


2 
$2(p, p’)= - for L ai*A,*(pt+k) 
i=] 


x A,>(p’—k)a;>(2k)—"(p’— p— kk). (58) 


We have so far considered only the third term of (53) 
and one-half of the term involving Gcer®. In these two 
expressions a;* occurs to the left of A,*. The second 
term of (53) gives an expression equivalent to (54), 
with §, replaced by a rather similar operator 3, in 
which a;* occurs to the right of A,*. Similarly the 
second half of Ger® (corresponding to an interchange 
of the order of the Coulomb and transverse interaction) 
gives another expression, with 2 replaced by another 
operator 9, (a;* again to the right of A,*). The sum 
of these four operators is 


2 
ferry “(p’— p—k)? } {Tait7A42(p+k) 


i=l 
—A+*(p’—k)ai* Lau’A,*(p+k) 
—A,*(p’—k)a;]}. 
We finally substitute (59) into Eq. (54). For the range 
of values given by (57), the term in curly brackets in 
(59) can be approximated by [—(p,/—p,)?/mM]. We 
then get the following contribution to the energy 


e 
AEr, s= anne ff Serene 
4n‘mM 


[2 (pi’— p:)°(p’— p— Ky-* | (2k ou(0) (60) 


(59) 


1=1 


(56) 





The integration over & in (60) extends from A to 
infinity. Values of kB, Eq. (47), do not contribute 
to the order required. Using the properties of the 
nonrelativistic Schrédinger equation for the hydrogen 
atom, it can then easily be shown that the expression 
(60) is identical with (48), the equivalent expression 
obtained from the three-dimensional treatment. 

To (60) we now have to add the contributions from 
k<A, Eq. (6). The sum of these terms, AEcr, is then 
correctly given to order a(m/M)(fs), by the expressions 
derived in the last section. For s states the coefficient 
of the term in loge in this expression can also be 
obtained very simply, directly from (60). For kXpo, 
the term in square brackets in (60) reduces to 2/3. 
(60) then reduces to 


AEcr~(e seimid| [ero Pf a - 


= (8a*/3mM)|Wn(0)|2 f dkk. (61) 


The integral over k goes from k~ apy to k~ fo and is 
thus of the order of magnitude of Ina~". (61) is identical 
with the part of the correct expression which involves 
Ina“, 

B. ‘Transverse Double-Photon” Term 


We finally have to consider the last two terms of 
(51), represented in Fig. 1, diagrams 3a and 3b, corre- 
sponding to the interchange of two transverse photons, 
“crossed” for Grr® and “successively” for Grr™?. 
For an exact evaluation of these terms the elegant 
methods of integration of Feynman are probably most 
suitable. But these terms are themselves of order 
a(m/M)(fs), so for the purposes of this paper we only 
need to evaluate them to lowest order in a and (m/M). 
For this purpose it is most convenient to use the same 
method we employed for the treatment of Gece?) and 
Ger™. 

As in the previous treatment one finds that one can 
approximate the four-dimensional wave functions y by 
¥+4. These functions are again expressed in terms of 
$44 and the nonrelativistic approximation ¢» used for 
these three-dimensional functions. Each term is then 
again split into four terms, using the identity (14). Of 
these terms only those involving A_*A_* and A,*A_?® 
are found to contribute to the required order. This is 
due to the fact that two Dirac matrices for the proton 
occur, one on either side of A®. To illustrate the method, 
we write out explicitly one of these terms, corresponding 








340 


to Grr” 


SALPETER 


‘and A_*A_*. This term substituted into (51) gives 


d'pdtkd'p’ ¥ E V(p,astaA *(p+k)A_>(p+k)a;2a;"Y(p,) 


t=] 7=1 


(—)fffa= 16)(k"?— | e’—e—wo|*— 18) [ poE+Eo(ptk)+e+o—i8 [usE+Es(pt+k)—e—w—i8] 


where 
k’=p’—p-—k. 
Expressing ¥(p,) in terms of ¢o(p) as explained above, 


and integrating over ¢, w and e’, (62) reduces to 


™ 208) f f pd*p'ds*(p)&a(p, p’)oo(p"), (63) 


where 
Y.(p, p’)= [ basta, _*(p+k) 


K A_?(p+k)a;7a;'R(p, p’; k) 


and & is a function not involving Dirac operators. If 
po B&Km, then & is found to be to the required order, 


[8mMkk'(|k|+]|k'|)]}° for k<B 


~ Em+2k+Ea(k) (SMR Lm+k 
+E,(k) PF)" for k>B. 


R(p, p’; k) (64) 


From Grr® a similar term to (63) is obtained, with 
\’, replaced by another function {':, depending on the 
same function &, Eq. (64), but containing different 
Dirac operators. To the required order we can make 
the following substitution: 


o ¥ (1/2)[a2A_*(ptk)aj*+ a,°A_*(p’— kai] 
i=l j=l 


<Ca;PA_?(pt+k)a;*+a;'A_*(p’—k) ay? ] 


»2[1+cos*0][m+ E,(k) ]/2E.(k), (65) 
where @ is the angle between k and k’. Equation (65) 
is derived in the appendix. Using (64) and (65), the 
sum AErr~ of (63) and the equivalent term involving 
’. can then be evaluated for any particular atomic state. 
The approximation (50a) for this term, derived 
previously from the three-dimensional treatment, can 
also be obtained quite simply from our present method. 
For pok&m, we also have k = —k’ and hence cos@ ~ 1. 
R(p, p’; k) can then be approximated by [16mMk*]" 
and the expression (65) by a factor 4. Integrating from 
k~ po to k~m, the approximation for AErr~ becomes 
2 
, 


AErr7~— (e4/42°mM ) In(m p)| ferent 


which is identical with (50a). 


(62) 


The exact evaluation of AErr~ can be carried out 
for any particular atomic state, using (63), (64), and 
(65). The integration over k is carried from zero to 
infinity. No divergences are encountered and the range 
k<A does not contribute to the required order. The 
results for the 2s and 2 states of hydrogen are 


2s: AErr~ = — (a’m Ry/22M){In(2a) — (5/4) 
—0.411} = —0.438 Mc/sec. (66) 
2p: AErr~= — (am Ry/242M) = —0.009 Mc/sec. (66a) 


The term (—0.411) in Eq. (66) is a numerical approxi- 
mation to a rather tedious integral. 

We finally have to consider AErr*, the term equiva- 
lent to AErr~ but with the projection operators A_*A_?° 
replaced by A,*A_*. This term can be evaluated in a 
completely analogous (but simpler) manner to AErr-. 
The result for any state of hydrogen is 

AErrt+=+(2a?/mM){In2+4}!y,(0)|?, (67) 
which gives +0.132 Mc/sec for the 2s state and zero 
for the 2p state. 

The terms AEcc, AEr,p, AErr~, and AErr* for any 
atomic state can be written as the expectation values 
for the particular state of “correction potential” oper- 
ators (same operators for all atomic states). For AEcc 
and AErr* these operators are (apart from numerical 
factors not involving loga), when written in configura- 
tion space, (a?/mM)5®(r). The operators for AE7,g 
and AErr~ are, for r~0, simple multiples of (a?/mMr°) 
and thus give finite (but small) contributions also for 
states of nonzero orbital angular momentum. These 
two operators are highly singular at the origin, but 
can be expressed in terms of a limiting procedure 


ae 
Op= (—) Lt {Ca Ina+4nb Inn ]6 (r) 


? 


mM 


b 
+ ail ’ (68) 
(r+n)* 


where a and 6 are numerical constants of the order of 
magnitude of unity. 

The total correction of order a(m/M)(fs) to the fine 
structure of hydrogen, AE, is then the sum of the four 
terms AEcc, AEcr, AErr~, and AErr*. For the 2s 
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state Eqs. (36), (49), (66), and (67) give 


a’Ry m on 11 
ae (= )(G) Aa) 
3 M 8.32 6 
3 ' ! 
-(5) fine 1)— ~o41,]}. (69) 
2 4 


In (69) the first term in square brackets is due to 
(AEcc+AEcr), the second to (AErr~+AErr*). 
The numerical values for the 2s and 2p states of 
hydrogen are 
2s: AE=+0.379 Mc/sec. (70) 


2p: AE= —0.017 Mc/sec. (70a) 


VII. GENERALIZATION TO COMPLEX NUCLEI 


In this paper we have shown that there are correc- 
tions, AE, to the fine structure (fs) of hydrogen of order 
a(m/M)(fs), due to the finite mass of the nucleus. These 
corrections were calculated on the assumption that the 
nucleus (proton) is a single Fermi-Dirac particle of 
electric charge (+e), and structure effects, like the 
anomalous magnetic moment, meson cloud, etc. for 
the nucleus were neglected. 

Let us again neglect specifically mesonic and structure 
effects and consider the protons and neutrons in a 
nucleus as Fermi-Dirac particles of charge (+e) and 
zero, respectively, with a phenomenological potential 
between them. We can then generalize the treatment 
of this paper to any hydrogen-like atom. The correction 
term AE arises from the interchange of photons or 
Coulomb interactions, involving momentum transfers 
km. These momentum transfers are very small com- 
pared with the momentum distributions of the nucleons 
in a nucleus (photon wavelengths large compared with 
nuclear radius) and are also small compared with the 
binding energies of the nucleons in a nucleus. The 
terms AEcc and A£cr involve only positive-energy 
intermediate states for the nucleus and are thus com- 
pletely nonrelativistic as regards the nucleus. For these 
terms then any nucleus should behave as a single 
particle of charge +Ze and mass M=AM, (at least 
approximately), where M, is the proton mass and Z, A 
are the atomic charge and weight, respectively. We can 
then use the formulas derived in this paper, substituting 
Ze for e and the total mass of the nucleus for M. 

We shall now show, in somewhat greater detail, that 
the same results apply for the terms AErr~ and 
AErr*. This fact is not quite obvious, since for these 
terms the Dirac operators ea induce transitions to 
negative-energy states of the nucleons. Thus the energy 
changes in the virtual transitions are of order 2M,, 
which is large compared with the potentials between 
the nucleons. The protons are coupled singly to the 
radiation field and one might at first sight expect the 


4 This fact was first pointed out to the author by Dr. N. Kroll 


protons to make transitions to negative-energy states 
independently of each other, instead of the nucleus 
acting as a whole. This problem is similar to the non- 
relativistic limit of the nucleonic Compton effect for a 
complex nucleus. In the Compton effect a low momen- 
tum photon is absorbed by one of the protons in the 
nucleus and another photon is emitted; in the present 
effect two (virtual) photons are emitted (or absorbed) 
by protons in the nucleus. 

Let us consider, for example, the part of the terms 
AErr corresponding to two photons of momentum k 
and k’, respectively, being emitted successively by a 
complex nucleus of atomic number and weight Z and A, 
respectively. We use the three-dimensional perturbation 
treatment of Sec. V and consider only the factor in the 
matrix element corresponding to the emission of the 
two photons by the nucleus. Before both emissions the 
nucleus is in its ground state (with all nucleons in 
positive-energy states) of total energy Ep. After the 
emission of the first photon the nucleus can be in any 
“excited” state, including those in which some nucleons 
are in negative-energy states. Let the energy of this 
intermediate state of the nucleus be Z,. After the 
emission of both photons, the nucleus (but not the 
atom) must have returned to its ground-state. In the 
energy-denominator for the first intermediate state we 
can neglect the atomic binding energy and we also 
neglect the effect of retardation. The part of the matrix 
element which we consider is then 


Yn de 2(0| a7 nn! a;*’|0)/(Eo—En—k), (71) 


where a@,* is the Dirac matrix in the direction of polar- 
ization i, for the sth proton. z and z’ are both summed 
from unity to Z. We shall neglect nuclear exchange 
forces throughout. 

We first consider the states n for which one of the 
protons is in a negative-energy state. Now k>m<KM, 
and we can therefore approximate the energy denomi- 
nator (Ey>—E,—k) of (71) by (+2M,). We can then 
use a sum rule to eliminate the summation over n, 
which gives 

dz, 20! a,7a;*’|0)/2M ». (71a) 
In nonrelativistic approximation this term becomes 
(Z cos6/2M >), (72) 


(where @ is the angle between the two directions of 
polarization) which is just Z times the equivalent term 
for a single free proton. 

However, for a complex nucleus, positive-energy 
intermediate states m give contributions to (71) of the 
same order of magnitude as (71a). For these states we 
replace a;? by the nonrelativistic approximation 
(pi7/M,), where p,* is the component of the momentum 
of the zth proton in the i-direction, and a;*’ by (p;*°/M). 
Now E,, even for the lowest excited state, is larger 
than Ey by a few Mev for most nuclei. On the other 
hand k>m=0.5 Mev, and we therefore get a fair (but 
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not excellent) approximation by omitting & in the 
energy denominator of (71) for these terms as well. 
With these approximations we get a term, in addition 
to (71a), 


XE Ol pt |mdXn| p5*"|0)/M,%(o—En). (71) 


n 


(71b) can be written in the form 
(—cos0/2M »)Sn fon, (72) 


where fo, is the oscillator strength for a dipole transi- 
tion. Neglecting exchange forces, the sum }>n fon is 
equal to [(A—Z)Z/A].!® The sum of (71a) and (71b) 


is then 
=| (A—Z)Z] cos6sZ 
pe) 
2M, A 2M,\A 


Expression (73) thus shows that, even for the terms 
AErr, the expression for a single proton has to be 
multiplied by (Z?/A), apart from inserting the appro- 
priate value for |¥(0)|?. In other words, the factor 
(e/M,) has to be replaced by (Ze)?/(AM,), which 
means using the results of the present paper for a 
single-particle nucleus of charge (Ze) and mass (AM,). 
For deuterium the total effect is then half as big as for 
hydrogen. For a general nucleus the effect is slightly 
less than (Z°/A) times that for hydrogen, since the 
logarithmic factors in AEcr and AErr~ decrease 
slightly with increasing Z. 

Various approximations have been made in the 
derivation of the result of this section. The neglect of 
retardation introduces at most a fractional error of the 
order of the ratio of (wavelength of the virtual photons) 
to (radius of the nucleus), which is less than 1/50 (for 
km). Neglecting k compared with (Z)—£,) for 
negative-energy intermediate states gives a fractional 
error of about (m/2M,) or less, which is negligible. 
Neglecting k/(E)—E,,) for positive-energy intermediate 
states of the nucleus introduces larger errors, however. 
For deuterium, for instance, the smallest value possible 
for (Ey—E,) is only 2.3 Mev, the deuteron binding 
energy. By analogy with the photodisintegration of the 
deuteron one might expect the “average” value of 
(E)— E,,) to be about twice this amount or about 5 Mev. 
For AEcr, k= pom and the error is negligible. For 
AEprr the term involving the logarithmic factor comes 
from km and the error is again very small. But AEcc 
and some of the parts of AErr, not involving a loga- 
rithmic factor, come from values of & of the order of 
m~0.5 Mev. Because of the partial cancellation of 
AEcr and AErr these terms, coming from k~m, are 
almost as large as the total result AE. The error in the 
total result AE for deuterium might thus be as large as 
(0.5 Mev/5 Mev) or 10 percent. The effect of nuclear 
exchange forces has not been investigated yet, but is 
probably small. 

16 J. S. Levinger and H. A. Bethe, Phys. Rev. 78, 115 (1950). 


(73) 


SALPETER 


The mass corrections to fine structure, calculated in 
this paper, are different for the 2s and 2p states and 
hence have to be considered in an analysis of the 
Lamb shift experiment. However, there are also mass 
corrections to the theoretical results for the Lamb shift 
itself, which are of the same order of magnitude as the 
corrections calculated in this paper. There are also other 
corrections to the fine structure and to the Lamb shift 
due to the finite size of complex nuclei and even due to 
the internal structure of nucleons. In a subsequent 
paper all these corrections of relevance to the Lamb 
shift will be discussed. 

The Breit treatment has previously’ been applied to 
the fine structure of positronium to lowest order and 
correction terms of relative order a could be calculated 
in a manner analogous to that for hydrogen.?:* The 
errors of order a(fs) inherent in such a Breit-treatment 
could then be evaluated for positronium using the 
methods described in the present paper. 

The work of the present paper also shows that no 
correction terms of order a(hfs)~a(m/M)(fs) occur for 
the hyperfine structure (i.e., terms involving the nuclear 
spin operator) of atoms. If the expansions in powers of 
(m/M) of this paper are carried one power further, cor- 
rections to the hyperfine structure do occur, however. 
These corrections are of order a(m/M) log(M/m)(hfs) 
and will be discussed in a later paper. 

I am greatly indebted to Professor H. A. Bethe for 
many suggestions and comments throughout this work. 
[ also wish to thank Professors F. J. Dyson, R. Karplus, 
and N. Kroll for helpful discussions and Dr. M. 
Baranger for checking the calculations of this paper. 


APPENDIX 


In the present paper we have dealt with wave functions in 
momentum space, ¥(p,¢) and ¢(p), which are 16-component 
spinors with 4 indices for particle @ and 4 for particle b. The 
formulas we derive in this appendix are the same for ¥(p, e) and 
¢(p) and, for simplicity, we discuss only ¢(p). We have defined 
the usual Casimir projection operators, 

As(p)=[E(p)+H(p)]/2E(p); 
E(p) =(m?+ p*)', H(p)=m8+a-p, 
separately for particles a and 6.7 Any wave function ¢(p) can 
then be written as the sum of 16 eigenfunctions of the operator 


H*(p)H*(p). These 16 functions split into 4 sets of 4 degenerate 
functions (2 spin states for each of the two particles), 


(Al) 


o++4(p)=A+°*(p)As?(p)o(p). (A2) 


Each of these 16 functions is then the product of two 4-component 
spinors, one for each of the two particles. 

We shall now derive some approximate expressions, used in the 
text, for the matrix elements of certain operators involving the 
various Dirac matrices for both particles. These matrix elements 
are only required between wave functions of the type $44(p) 
and $,,(p’), where p, »’<ma,, my. Since the Dirac matrices for 
particle a commute with those for particle 6, and since the wave 


16R. A. Ferrell, Phys. Rev. 84, 858 (1951); J. Pirenne, Arch. 
Sci. 28, 233 (1946) ; 29, 121, 207 and 265 (1947); V. B. Berestetsky, 
J. Exptl. Theoret. Phys. (USSR) 19, 1130 (1949). 

17In the text of the paper we have denoted (m8—a-p) by 
H(p) for particle 6. 
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functions are products of the two 4-component spinors, these 
matrix elements are the product of two individual matrix elements 
(one for each particle). We therefore only evaluate the matrix 
elements of operators for one single Fermi-Dirac particle between 
wave functions consisting of a single 4-component spinor. 

We define again 


o+(p)=Aa(p)¢(p), (A3) 


and consider only matrix elements involving ¢,. ¢4(p) can 
further be written as a two by one matrix, [¢,*, #47] where 
both ¢,* and $,~ are 2-component spin functions of the Pauli- 
type. In this notation 


eme(t 3 o-(5 9) 
¢+~(p) = (@- p)[m+E(p) }"¢4*(p), 


where @ is the Pauli spin-vector. 

We first discuss the derivation of Eq. (26a) from (26), where 
A, has already been replaced by unity and A_® by zero. By 
means of Eq. (A5), ¢,(p) is explicitly given in terms of ¢,*(p). 
We therefore want to derive from Eq. (26) an equation which 
only involves ¢,*(p) and ¢,*(p+k). Using Eqs. (Al), (A4), 
and (AS), one finds the exact relation 


(A4) 


and 
(A5) 


[A+(p)o4(p+k) ]* 
wm { 14 © @-W)+LE(9)—E(v+b) TE(9)—m)) 
& 2E(p)(E(p+k)+m] 





J ¢+*(p+k). 
(A6) 


In nonrelativistic approximation (p, km), the factor in curly 
brackets in Eq. (A6) reduces to the factor in square brackets on 
the RHS of Eq. (26a). Using this approximation for (A6), we 
obtain Eq. (26a) from (26), where ¢ in Eq. (26a) really stands 
for $,*. 


ATOMS 343 


We further require the matrix elements of various Dirac 
operators O between wave functions ¢,(p) and ¢,(p’), to lowest 
order in an expansion in powers of p/m and p’/m. The matrix 
element of O is then equal to the matrix element of the operator 
A,(p)O. Using Eqs. (Al), (A4), and (A5), we can then express 
the quantity [A,(p)O¢,(p’)]}* in the form U¢,*(p’), where U 
is an operator involving only the Pauli spin-matrix @, but no 
Dirac operators. To the required accuracy, the Dirac operator O 
can then be replaced by the Pauli operator U. 

We merely write down the operator U corresponding to several 
operators O, to lowest order in p/m and p’/m and for a general 
value of &. 


O=A_(p+k); 
O= ajay; 
O=aiA_(ptk)aj; U=ojo;[E(k)+m)]/2E(k). (A9) 
O=aA,(ptk)aj; U=oi0j[E(k)—m]/2E(k). (A10) 
For p, p’, km we also find, to lowest order in p/m, p’/m, and 
k/m 


(A7) 
(A8) 


U=(E(k)—m]/4E(R). 


U=aie;. 


O=ajA,(pt+k); U={29;+k;+i[kxXo];}/2m. (All) 
O=A,(p'—k)aj; U=(2p;'—k;+ifkxe],}/2m. (A12) 
In deriving the above equations of this appendix, use has been 
made of the commutation relations of the Pauli matrices, 
oXo=2is. 
In deriving the expression used in Eq. (60) of the text from 
Eqs. (Al1) and (A12), use has been made of the fact that the 
direction of polarization j is perpendicular to the momentum of 
the photon k, so that &; is zero. In deriving Eq. (65) from Eq. 
(A9), use has been made of the anti-commutation relations of 
the Pauli matrices, 


o7=1, 


(A13) 


where i and j are two directions perpendicular to each other. 


[oio;+ojo;)}=0, 
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Decay of a Neutral Scalar Heavy Meson 
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The decay of a neutral scalar heavy meson into two pseudoscalar x-mesons is renormalized by the intro- 
duction of a contact interaction xP.s¢p.*¢p.(x), where the finite part of x is an empirical constant chosen to 
fit the observed lifetime for this decay. This interaction contributes to the decay into two y-rays in order 
G.gpe , and all contributions to this order have been calculated. The total fifth-order contribution is nega- 
tive relative to the third-order matrix element. Consequently, for a particular relationship between the 
heavy and light meson coupling constants, the 2y-decay lifetime will be e*/g* slower than the 2x-decay life- 
time. Hence, heavy scalar mesons strongly enough coupled to nucleons to be produced copiously at high 
energies could be sufficiently stable to be observed experimentally; in particular the V2° particle may be of 


this type 


INTRODUCTION 


HIS paper is an investigation into the stability of 

neutral, scalar, heavy mesons against decay into 
two pseudoscalar m-mesons or two y-rays, undertaken 
in order to discover if it is possible to explain any of 
the recently discovered unstable particles in such terms. 
Experimentally, the Manchester group finds two groups 
of neutral V-particles which they interpret according 
to the decay schemes V;°>p+a- and V2°>art+7-}! 
although not all workers in this field agree with their 
analysis.? Accepting their analysis for the moment the 
V,° must have half-integral spin and will not be dis- 
cussed here. Further, since decay into two scalar par- 
ticles is strictly forbidden by parity for a pseudoscalar 
particle (and decay into three pseudoscalar particles for 
a scalar particle),’ pseudoscalar heavy mesons such as 
the rarely observed r*—*+2++27-* will only be 
briefly considered at this time. Although numerical 
results will be quoted only for the V2° mass and life- 
time, the results can readily be extended to other un- 
stable particles with the same decay scheme such as the 
¢° meson® which are not yet easily studied by present 
techniques. 

The difficulty in explaining any heavy particle ener- 
getically capable of decaying into w-mesons, which is 
coupled strongly enough to nucleons to be produced in 
large numbers, is that according to present field theories 
it would be expected to undergo such possible decays 
through virtual nucleon states in an unobservably short 
time. This problem has been previously investigated by 
Van Wyk using perturbation theory and by several 
Japanese authors using the Tomonaga-Schwinger for- 


! Armenteros, Barker, Butler, and Cachon, Phil. Mag. 42 
1113 (1951) 

? Proceedings of the Rochester Conference on Meson Physics 
(1951) 

3 In the center-of-mass system, decay into three or fewer spin 
zero particles depends at most on two vectors. Since no invariant 
pseudoscalar can be constructed from less than three vectors, the 
matrix element must be a scalar, and there can be no parity change. 

‘Fowler, Menon, Powell, and Rochat, Phil. Mag. 42, 1040 
(1951), see also for references. 

5 Danysz, Lock, and Yekutieli, Nature 169, 364 (1952). 


malism.® Most of the heavy boson decay schemes turn 
out to be divergent, making the interpretation of these 
results uncertain. The Japanese obtained finite answers 
by the use of Pauli regulators but found that in many 
cases the regulated results could not be made un- 
ambiguous. This is in accord with Matthews’ result? 
that in fact no unambiguous prescription exists for 
theories that cannot be renormalized to all orders. 
However, the work of Salam’ has shown that scalar 
and pseudoscalar meson theories without derivative 
couplings can be renormalized by the introduction of 
direct interaction terms into the Lagrangian. This 
means that in these cases finite and unambiguous results 
should be obtainable, and because of the possible im- 
portance of heavy mesons in the nuclear force problem, 
it seemed worthwhile to reinvestigate these cases in 
detail. 

The lowest order process by which a scalar meson 
can decay into two z-mesons is logarithmically divergent 
but can be renormalized by the introduction of an 
(infinite) contact interaction between the heavy and 
light meson fields of the form x®,.¢p.*gps(x) (®, 
=heavy meson field; y,,=m-meson field). Since this 
interaction can contain a finite part, we obtain the 
uninformative result that any desired lifetime will be 
given by a correct choice of this constant. However, 
this interaction has further observable consequences 
that must be in agreement with experiment. A neces- 
sary but not sufficient condition is that the heavy neu- 
tral particle must also be sufficiently stable against 
decay into two y-rays. This process is convergent to 
lowest order (Ge’) and the only divergence (outside of 
the usual charge and mass divergences) that occurs in 
next order (Gg’e”) is precisely that divergence which is 
removed by the infinite part of the contact interaction 
term introduced to renormalize the 2x7-decay. It might 
*C. B. Van Wyk, Proc. Phys. Soc. (London) A62, 697 (1949) ; 
S. Ozaki, Prog. Theoret. Phys. 5, 373 (1950) ; Fukuda, Hayakawa, 
and Miyamoto, Prog. Theoret. Phys. 5, 352 (1950); Sasaki, 
Oneda, and Ozaki, Prog. Theoret. Phys. 5, 25 (1950). 

7P. T. Matthews, Phys. Rev. 81, 936 (1951). 

*A. Salam, Phys. Rev. 82, 217 (1951); see also J. C. Ward, 
ee Oe 79, 406 (1950) and F. Rohrlich, Phys. Rev. 80, 666 
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DECAY OF A NEUTRAL 
be argued that since it is necessary to introduce a 
direct interaction term in the case of the 2x-decay, it is 
unreasonable not to introduce a second direct inter- 
action term in this case, even though it is not needed 
for the purposes of renormalization. However, the 
analogous interaction term in this case, x/@A,A,(x), is 
not gauge invariant, while the gauge invariant inter- 
action x"’®F,,F,,(x), because it involves derivatives, 
would be likely to introduce nonrenormalizable in- 
finities in higher orders. This situation exists in spinor 
electrodynamics, where it is also possible to introduce 
direct interaction terms; here the empirical result is 
that the correct value for the Lamb shift, anomalous 
magnetic moment, etc., are obtained without such 
terms. Further, they would again be likely to cause 
divergences not removable by present techniques. 
Granted then that the interaction with the electro- 
magnetic field should not contain direct interaction 
terms, the constant that occurs in the 2m decay is also 
the only unknown in the two process (to order Gg’e’), 
and it is no longer trivial to ask whether it is possible 
to pick this interaction in such a way as to make both 
decay lifetimes of the right order of magnitude. 

The result of the calculation is that for the value of 
the interaction constant which renders the decay life- 
time into two z-mesons long enough to fit the experi- 
mental facts, the particle can also be made sufficiently 
stable against decay into two y-rays by postulating (in 
principle) a precisely determinable relationship be- 
tween the coupling constants of the heavy and light 
mesons to nucleons. This demonstration has in fact 
been carried out to order Gg’e? in the usual S matrix 
expansion in the coupling constants. However, provided 
only that this expansion converges, it can be argued 
that there will be a relationship between the coupling 
constants for which this stability exists even if all 
orders in the expansion are included. Thus, contrary 
to expectation, the instability of neutral, scalar, heavy 
mesons due to transitions through virtual nucleon 
states can be reduced sufficiently to make their life- 
time as long as that of the observed V.° particles. 


DECAY INTO TWO PSEUDOSCALAR MESONS 


The Feynman diagrams for the decay of a scalar, 
neutral meson into two pseudoscalar charged #-mesons 
are given in Fig. 1. After taking the spur the matrix 
element for this process is 


f d¥qd?hdhy(2n)*8(q-+ ki — ke) 
i(G,+G,)g 
x (g)¢*(k:)¢(k2) ——_ — f d“t 
(2m) 
4iM (kik,—P—M?) 


x = 
Ce— b+ MY + MYL + ks) + eT 


where &, and k» are the four-momenta of the final 2- 


SCALAR HEAVY MESON 


A = Proton 
G*Gu)grsx) NeuTRoN 


Sey Nevraa Meson 


Qr~ PSvr0Cuatseo Meson 


1. Decay of a neutral scalar meson into two 
charged pseudoscalar mesons. 


Fic. 


mesons, k,— k, the four-momentum of the heavy meson, 
and hence (ki—k2)?= — K*=k+-k.?—2kik2; 2kik2=K 

—2y? (K=heavy meson mass, w=7-meson mass 
=276m,., M=nucleon mass; for general notation see 
Appendix I). The # term gives a logarithmic divergence, 
so that it is necessary to assume that the Lagrangian 
also contains a contact interaction of the form: 


~ GytGagt(xt ox) f debe%e(s), (2) 


(3) 


5y=4iM (2x) f d't/(2-+M)?, 


Adding the lowest order diagram due to this term and 
using the identity® 


d't =f 1 1 
ir (e)'l[e+M?P [P+MP+CP 


wi Cc 
= ~log( 1+), (4) 
(2x) M 


matrix element after integration 


—f a oe] 
-(1-“) fe f'or}, (5) 


feoee, @kob(q)¢*(k;) 
x ¢(ke) (2)*6(q+ k,— kz), 
D=1—2x*y(1—y)K?/M?—x(1—x)y2/M?. 


the renormalized 
over ¢ becomes 
( 2x)?! M 


where 


_ GytGn)g?K° 


(24)*?M 
(6) 
and 

If the finite interaction constant x were zero, this would 


*R. Karplus and N. M. Kroll, Phys. Rev. 77, 536 (1950). 
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Fic. 2. Decay of a neutral scalar meson into two y-rays 


to order Gg*e? and G%e*. 


give a decay probability of 


(Gy ie | 4u?y Ir (3 
si ) = 
(43) Kk? 


to the lowest order in an expansion in powers of K?/M?. 
It is interesting to note that this vanishes for K=py 6 
=678m,, which number is only changed by about one 
electron mass if higher terms in the K*/M? expansion 
are included. So that this particular renormalization 
prescription, if it could be justified on other grounds, 
would predict a unique stable mass for the heavy scalar 
meson. For the observed V2° mass of about 800m, the 
lifetime would be approximately [(42)*/(G,+G,)°g*] 
X3.2X10-' second, so that in order to obtain the 
observed lifetime of about 107!’ second, the finite 
part of the interaction constant must be chosen to be 


x K \M¢! x(1—x)K? 
—= f dx log(1-—— 
K (2n)*M| K%Jo Mw 


Ts 1 1 1 
-} (i- DS vde f dy 41.6x 10-*. (8) 
K*} J ae 


This choice of x affects the 2y-decay, as will be dis- 
cussed in the next section. 
DECAY INTO TWO y-RAYS 
This process has already been investigated by Stein- 
berger and by Fukada and Miyamoto,'® who, after 


—p?/K*)K} 
8rM 


10 J. Steinberger, Phys. Rev. 76, 1180 (1949); H. Fukada and 
Y. Miyamoto, Prog. Theoret. Phys. 4, 347, 392 (1949). 


NOYES 


dropping nongauge-invariant terms, obtain for the 
lowest order matrix element 

A : 1—4x*y(1—y) 
-iBf vds f dy ; 
0 0 1—xy(1—y)K?/M 
where 


B=G,¢K?/(2n)°M f d*qd*kd*ko(2)*5(g-+-ki+ ke) 





(9) 


X (q)A p(Ri)Ao(ke) (Sut 2RRey/K). (10) 


This term gives a decay probability of about 


Tt 1=G,'e'K/(4r)5(K/6xM)? 

= 2.8X 10"(G,"/4r)sec"! for K=800m,, 
which would be much too great for the scalar meson to 
exist long enough to be observed as a V;° particle. 
(Schwinger also obtains this result by a different 
method.'!) However, the interaction constant x, which 
it was found necessary to introduce in order to give the 
observed lifetime for the decay into two m-mesons, 
contributes to this process in order Gg’e? and because 
g’/(4r) is not small can significantly alter this con- 
clusion. The Feynman diagrams to this order are given 
in Fig. 2. Number 1 is the lowest order diagram already 
discussed. Number 2 contains a logarithmic divergence 
that is canceled by the 5x term from number 3. Both of 
these matrix elements are complex due to the occurrence 
of two real r-mesons as an intermediate state in addi- 
tion to the virtual states that do not conserve energy 
(Dyson’s “displaced poles’’).” But x has been picked 
to cancel the contribution from this part of the diagram 
when the two m-mesons are real. Consequently, it is to 
be expected that for this choice of x the imaginary part 
contributed to the matrix element by diagrams 2 and 
3 will cancel identically. Unfortunately, it has not 
proved feasible to evaluate exactly the fivefold integrals 
that are left after combining denominators by Feyn- 
man’s famous formula and carrying out the four- 
dimensional integrations over intermediate momenta. 
However, the first term in an expansion of these in- 
tegrals in powers of K?/M? has been obtained, and to 
this order the expected cancellation of the imaginary 
parts does occur. The exact integrals for all the dia- 
grams in Fig. 2 are given in Appendix II, and the ap- 
proximations introduced to obtain the values given 
below are discussed there. It should be noted that 
although K?/M? is about 0.2, the expansions actually 
involve x(1—x)K?/M? with 0<«<1, so that the error 
made by dropping these terms is probably less than 5 
percent, which is more than adequate for the purposes 
of this paper. Neglecting terms of order K?/M?, the 
total contribution from diagrams 2 and 3 is [—iB(1 
+G,,/G,)g’/ (4)? ](— 2/9). Diagram 4 is irreducible and 


1 J. Schwinger, Phys. Rev. 82, 664 (1951). 
2 F. J. Dyson, Phys. Rev. 82, 428, 438 (1951), and lectures at 
Birmingham. 
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finite and gives a contribution [—iBG,g?/G,(4r)*] 
X (7/36). Diagrams 5 are obtained by self-energy in- 
sertions in 1. They therefore contain linear divergences 
which are canceled in the usual way by mass renor- 
malization; the finite contribution is [—iB(g*+g,)/ 
(4x)? }(—0.0209). Diagrams 6, 7, and 8 are vertex in- 
sertions containing logarithmic divergences which are 
removed by using Dyson’s prescription of replacing 
y, by T, and 1 by 1 in the original integral for dia- 
gram 1. They give rise, respectively, to the finite 
contributions 


[—iBg,?/(4x)?](—0.360) ; [—iBg?/(4x)?](0.242) ; 
and [—iB(g,?-+G,G,-'g’)/(4r)*](—0.452). 


Diagrams 9, 10, and 11 are the corresponding self- 
energy and vertex insertions due to neutral, scalar 
mesons in virtual states; they are functions of the heavy 
meson mass, even using the above-mentioned expan- 
sion, and have been evaluated for K=800 m, giving a 
total finite contribution of [—iBe7,?/ (4m)? ](— 3.290). 

Charged heavy mesons have not been included as 
their introduction would require an additional contact 
interaction (x’+6x’)Pob*b(x), where x’ is a new em- 
pirical constant that would require the calculation of a 
third distinct process for evaluation. The diagrams con- 
tributed by charged heavy mesons to the 2y-decay of 
the neutral heavy meson are given in Fig. 3. The 
neglect of these diagrams does not, however, alter the 
argument below, as they will contribute simply an 
additional term proportional to —iBG*/(4r)? which 
merely increases the complexity of the relationship 
between coupling constants of heavy and light mesons 
for which cancellation occurs. 

Collecting all the above contributions, the real part 
of the matrix element for decay into two y-rays is 


[,__£ Ge 
—iB)A—~ d° sho, 672-0, 195] 


Pp 


2 


G, 
-3.20— | (11) 
(43)? 


and clearly can be zero for certain values of the coupling 
constants. In particular, for g’=g,’=g,? and G,=G,, 
this relationship is g*/4%+2.5G,?/4r=3.08, which is 
clearly compatible with the usually assumed values for 
these constants. There is in addition a small imaginary 
term, corresponding to the interaction that allows a 
lifetime of about 10 second for the 2x-decay, but 
this clearly gives a lifetime for 2y-decay approximately 
g*/e=2X10* longer. Therefore, for that value of x 
which gives a reasonable lifetime for the 24-decay, the 
probability of decay into two y-rays is sufficiently small 
to insure that only the former process will be observed. 

The extension of this calculation to higher order 
terms in the S matrix cannot be expected to alter this 
conclusion, As x is evaluated as a power series in the 
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coupling constants, the coefficients of the higher order 
terms can be chosen to keep the 2x-decay lifetime of the 
same order of magnitude. But since the identical dia- 
grams will occur as the only real intermediate states in 
the 2y-decay (neglecting higher terms in e), this choice 
will also insure that there will be negligible higher order 
contributions to the imaginary part of the 2y-decay 
matrix element. Therefore, provided only the series 
converges sufficiently not to change the sign of the 
higher order terms relative to the third-order matrix 
element, there will still exist some (in principle) pre- 
cisely determinable relationship between the heavy 
and light meson coupling constants for which the heavy 
neutral scalar meson will be more stable against decay 
into two y-rays than into two pseudoscalar r-mesons. 


FURTHER CONSIDERATIONS 


It has already been pointed out that the inclusion of 
charged heavy scalar mesons will not alter this conclu- 
sion, although a new empirica! constant enters the 
theory. Further, if empirical evidence should be ob- 
tained that the charged V particle decays into PN charged 
and a neutral w-meson, the above calculation can be 
readily extended to this case, most of the integrals 
being the same as have already been evaluated. 

The problem of whether the neutral scalar heavy 
meson is also sufficiently stable against other modes of 
decay is more serious. Decay into two y-rays and a 
m-meson was found by Van Wyk and S. Power" to 
be of the order of 10-"/G*g’ seconds, which is compatible 
with the above relationship between the coupling con- 
stants, but might require rather too small a G to be 
reconciled with the copious production of V2° par- 
ticles. A priori, the decay into two w-mesons and a 
y-ray would be expected to have a still shorter lifetime, 
and this process is now be inginvestigated.* Pais'* has 


a |, res ee 
G,’ 


—— Nucceon += T Ray seereee Sin MESON 


Fic. 3. Contributions of charged scalar mesons to the decay of a 
neutral scalar meson into two y-rays in order Ge. 


3 C. B. Van Wyk, Proc. Phys. Soc. (London) A63, 350 (1950); 
S. Power, Phys. Rev. 76, 865 (1949). 

* Note added in proof:—For K=850m, R. S. Grover finds 
r= (G,+G,)*g'(24)*X4.6X10" sec! for decay into two 
charged mesons and a y-ray and G,*g¢* (2x)~* 1.8X 10" sec™ for 
decay into two ® mesons and a y-ray. The former process can be 
forbidden by taking G,~—G,, but the latter makes the neutral 
scalar particle too unstable to be observed unless a cancellation 
similar to that discussed in this paper occurs when Gg*e terms are 
included. 

4 A, Pais, Phys. Rev. 86, 663 (1952); see also reference 2. 
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shown that this lifetime for the decay of a pseudoscalar 
heavy meson is of the order of 10~'7/G*g*, but the con- 
tact interaction introduced to renormalize the 24-decay 
contributes in the scalar case and could conceivably 
alter this situation in the right direction. 

The extension of this approach to pseudoscalar heavy 
mesons does not look hopeful, unless one follows Pais 
in postulating a strong interaction allowing the heavy 
particles to be produced in pairs and a weak interaction 
governing their subsequent decay. In the first place 
the neutral particle would presumably decay into two 
y-rays in a time shorter than the lifetime of the neutral 
m-meson or into a y-ray and two m-mesons, as already 
indicated, but this may be actually the case, since 
there is at present no evidence for the existence of such 
neutral particles with long lifetimes. However, the 
relatively stable charged r-meson that decays into 
three w-mesons has been seen. This decay in itself 
offers no problem, as it is renormalizable and hence 
can have the observed lifetime; the finite part of the 
renormalization interaction contributes to the (r+ 27) 
decay in much the same way as the scalar renormaliza- 
tion contributes to the 2y-decay, so this situation could 
well reproduce the features already discussed. But this 
interaction does not contribute to the (24+) decay 
in sufficiently low order to make calculation feasible, 
and since Pais’ result for the lowest order matrix ele- 
ment gives such a short lifetime, it may well prove im- 
possible to achieve sufficient stability against this 
decay. A detailed investigation of this case would be 
required in order to determine if any new features enter 
which could alter this conclusion. 


CONCLUSION 


The decay of a neutral scalar particle strongly coupled 
to nucleons into two pseudoscalar -mesons can be 
renormalized by the introduction of a direct inter- 
action between the heavy and light meson fields, the 
finite part of which can be chosen to given any desired 
lifetime for this process. If the interaction is chosen to 
fit the observed lifetime of the V2° particle, the neutral 
scalar particle can also be made sufficiently stable 
against decay into two y-rays to insure that only the 
decay into two x-mesons will occur appreciably. This 
stability can, however, only be achieved if one is willing 
to accept (in principle) a precisely determinable rela- 
tionship between the coupling constants of heavy and 
light mesons to nucleons. The present estimates of the 
values for these coupling constants are compatible 
with this relationship. Therefore, the possibility that 
there can exist scalar mesons strongly enough coupled 
to nucleons to affect the nuclear force problem cannot 
be ignored. The approach used in this paper is likely 
to prove inadequate to explain the 7-meson. 
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APPENDIX I. NOTATION 
x= 1,x,=t- x—loxo; y= — Ba; ys=B; Y8=VVIVI45 
t=ty.; Y=. 

Lagrangian density = — $[ (d@/dx,)?+ K°@? ] 

— 4 (0¢0/dx,)*+n2¢e?]—43[ (0g*/dx,—ieA ye*) 

X (d¢/dx,+ieA pe) +n ¢*¢ ]+ ip, [7,(0/dx, 

+ieA,)+M W,+ib,[y,0/dx,+M Wn—iG Wp? 

— 1G Wn P— 2 cYW plo Ln nYWnGo 


= elv py wy notVnvW pe]; 


where ¥p(n)= proton (neutron) wave function, mass M; 
#=scalar neutral meson wave function, mass K; 
=charged pseudoscalar meson ‘wave function, mass pu; 
¢o=neutral pseudoscalar meson wave function, mass 
u; and A,=electromagnetic potential function. 


Propagation of a fermion 
d't eit(z—y) 
VO G)=-if ——.. 
(2r)' t—iM 
Propagation of a boson 
dt eit(z-») 


¢ Ger o=if- eeacacekteeies 
(29) P+y2 


Transformation to momentum space 


H(a)= f ageea(o) 


APPENDIX II. CALCULATION OF MATRIX ELEMENTS 


The gauge invariant contribution from diagram 2 is 


2i(1+Ju?/K*)M? 


Se= —if 


9 
9 


(49)? 


x far 


146, = ‘ 





_—_——— , (12 
C(t—ki)2+ M21 (t+ he)?°+ M2] 
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where 


: 1 1 1 1 1 
-2f vdx f ay f au f av f w(l—w)dw 
0 0 0 0 0 


whe te kK? 1—a—b+20b) 
—_———_ —— abx(1— x) — 
a a. 4 


a=wryt+ (l—w)u; b=wo(1—y)+ (1—w) (1-4); 


D=wot+ (1—wr)x(1—x)y?/M? 


—woxy(1—y)K?/M*—abx(1—x)K*/M?; 


fas log] R? (x?— x0") we | 1+ 2x9 
J=2 ——— — 


— 2xi log—— 
6 }—x 1—2x» 


To order K*/ M*, D may be written as 


"2 2 


yu 
Dy=wot x(1—x)| 1—W(1—m) 1—w) te 


(14) 


where the second term must be retained because of the 
pole that gives the imaginary contribution to the matrix 
element; in this expansion higher powers of K?/M? will 
then have integrals of the same form as coefficients. By 
using care to drop all higher order terms during the 
integration and some algebraic manipulation J, can be 
reduced to the form 


[,= —2/9+ (§—p*/ K*)(14+Jy?/ K*). (15) 


The contribution from diagram 3 is 
iB(i+G,/G,)g (4r)*>M uw 
S3=———— (x + 6x) a (14 =): (16) 
(43)? 2K? KR? 


Using the value of 5x already assumed and the identity 
(4) gives for the total contribution due to both diagrams 


(4n)* a" 4M 


pesiemciea 
(4x)? 


2 
145—)}. (17) 
Rk? 


1 x(1—x)K? 
x fas loe(1-* KC 


But to order K?/M?, 


iB(1+G./Gp)g" | ‘ 


1 
xa f dx[log(1—x(1—)K?/M?) ]/ (44)? 
0 


is by Eq. (8), simply 2K?(}— )/(4r)?M, so that 
not only the divergent terms, but also the imaginary 
parts of these two diagrams cancel identically. 
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Diagram 4 is irreducible, and after dropping non- 
gauge-invariant terms, leads to the integral 


—2BG,/G,)g¢ ff f¢ 
ah ticneerentia ~ -f auf af w(l—w)dw 
(49)? 0 0 0 


. . i— 16abw+ l4aw— 12awe 
x f dx f dy 
0 0 w(1—w)D, 





K? 1—b+2aw+(8b—4)awy 2xy(v—1)b 
ab - + — 


M D? D, 
2xyv(b—1) | 


, (18) 
, 


+ 


where a= xy(v—u); b=x(1—vy) and 


D;=xy—wv(1—v) K?/M?+ (1—xy)w(1—w)y?/ M? 
— bw(1—w) [a6 + xy(v— 1) 52+ xy0d3; ]K?/M?, 


Diagrams 5 are obtained by replacing 1/(t—iM) by 


A? +-yx(1—2)[ P+ M?] 
oe 1 


fe info | 


-, (19) 


Ag’ —iM 


where 
Ao? = x*M?+ (1 _ x)= M?),’, 


in diagram 1 [plus corresponding insertions for 1/(t— k, 


—iM) and 1/(t+k,—iM) ] giving 


_ 5B(s ‘+ 85) 
of a-ads f ivf sin fd 
(4m)? 0 


6x (1—4u*o(1—v) ] 2u—1 
a do? [1— 001 —) K2/ M2] +4| D, 
1—3u+ 2u?+ 2uv(1—u) 

: ee os pie: 


ee) 


1—4u*x(1—v) 1—4u(1—u)(1—2) 
+=» ae Soe a ae 
dD, Dz 


1—4a(1—s)o 
—_—_—_— [rayat—201-1) 
D; 


! 1 1 1 
x f a co see(1—op ~+ +—-) 
0 Dg De Dé 


1 
—4u(1—uo(— 
D 
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where 
D,= yx(1—x)+(1—u)Ao?— yx(1— x) u[uv(1—0) 61; 
+ (1—u)(1—v)52;+ (1—)v63; |K?/M?; i=1, 2, 3 
D,= yx(1—x)+ w(1—1)de?— yx(1 — x) u[uo(1— 0) b45 
+ (1—v)(uv+-w— uw) 55;+0(u—uv+w— uw) de; | 
K?/M?; i=4, 5, 6. 


To order K?/M? this leads to the integral 


iB(g?+ g 5) 1 : 
— - f dxF o(x) 
(4or 2 0 


—0.0209), (20) 


where 
Fo=x(fit fo—2fs) + (1—*)(7fo/3—Sfi t+ 6f2— 10fs/3) 
—4a?x(go—2g1+g2)—Sax/3, 
— x) 1 nye 
=e fam f dww" log——; 
3 0 


w 
: wta 

gam f daw log : 
0 a 


This and the following integrals were evaluated nu- 
merically. 
Similarly, the replacement of y, by 


Sef six f ay 
(4ar)*0 


x)t—(1 —xy)ki—iM Jy L( (x—1) t—xyki+iM ] 


(Cd 


| Ag-+a(1—2x)[(t—yky)?-+M?] 
eM? t a(1—a)[(t— yh +] 
. Yu ref do Ae? 


x 4 


) 
sx(1—x)[ (yh) MP 7 


2 
Ao 0 4 o+ 


r(1—x)[ (t— yh)? +M?] 


(cone 
arf a 


w(t sph) 


—___—_—_—— (22) 


sx(1—x Lt yh ? +M*] 


fa li =a), (xt—xyki— iM) 
0 2° 


(41)? “i 


(1—z) M 


(1—x) [(t—yhit (1—y) ho)? 
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(where 2?=(1—x)?M?+ xy’) leads (including a similar 
substitution for y,) to the contributions 
2iBgy $ x 

= fs F,—F.,.- ~——~ 2 ae 
(43)? 3r¢o? ~ 


ff 0.360) (23) 


and 


—2iBg* 2ax 
— =f dx (aF,- (1—x)F2+ —) 
(47)? 0 3 


(24) 


where 


2 Ps s 1+< 
+-0?+ ft ~~ log—— —-a(1+a—a?—a#) 
$ os 2do? a 2 
l+a re 
Xlog—"—a( -—+ ota 
a a 4 62 
Mee SS RS ee I+a 
F,= ( +a} +--+ -a Jlog— 
e.3 2 3 6 a 
1 t.. ea 


— loga— —a—-a?—-a'; 
3 18 


6 


35 4 l+a 
a ( -—- + )at—=0 fog —, 
iz 22 3 a 


The replacement of 1 (i.e., the absorption of a scalar 
meson) by 


+M*}— K *xy(1—y) 


(g gp 2+-G, re os 2) 1 
f uf dy ee if sa tt . 
“* Ae? —K* xy( (1—y)+ 


1)(tk,— sibasndasieeccne (1—2xy)ki— (1—2x-+ 2xy)he]+ (1—a)P+ (e— 1M? +(1—x)y? 
o— K2xy( (1—y)+-2(1—2)[(¢—yhi + (1—y) he + M?] 


bt — 


gives ultimately 


—2iB(¢,°+G,G,'g’) i ee 1 ap? 
— dx{ ——— — 
(49)? 0 he 6M? 


sx(1—2)[ (t— yh + (1—y)ha) 24 MP] 


—_—————} (25) 


—iB(g,’+G, nGy g*) 
Fs) = -—(—0.452), 


(4x)? 
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All of the above results were checked by an independent 
substitution of auxiliary Feynman variables, leading 
not only to the same numerical results, but also (after 
considerable algebra) to the same algebraic form for 
Fo to Fs. Hence, the fact that the total fifth-order con- 
tribution from virtual 7-mesons is negative relative to 
the third-order term is quite certain. The entirely 
analogous results obtained for the heavy meson inser- 
tions were not checked as carefully, since they only 
affect the numerical constants in the relationship be- 
tween the coupling constants and not the fact that 


» s l+a 
(-—-a-bat+a%(1+a)og =~) . 
6 2 a 


eo ag 1 1+a 
Fima( 1+ at ae+--at)log —— 
eo 2 6 a 


1 10 7 1 
+- log(1+a)—a- —+-—a+ «). 
3 e W@W -6 


cancellation can occur. 
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The Ratio of Soft and Hard Particles in Air Showers* 


Kort Sitte 
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While the density spectrum of air showers is well established for energies above 10" ev, doubt has recently 
been cast upon the customary procedure of identif,"ing the energy spectrum of the shower-initiating particles 
calculated from this density distribution with the primary cosmic-ray spectrum. These two distributions 
would differ if the mechanism of energy transfer to the electron component itself varied with energy. As a 
result, one would then expect to find a variation with energy also in the amount and composition of the 
penetrating component of extensive showers. Previous investigations of penetrating particles in air showers 
do not extend below 10" ev because of the bias imposed, in the case of low density showers, by the addition 
of a shielded tray. An experiment was therefore carried out at Mt. Evans, Colorado, altitude 4300 m, and 
at Echo Lake, Colorado, altitude 3260 m, in order to compare the penetrating components of showers in 
the 10"-ev region and in the 10"-ev region at a similar stage of their cascade development. The relative 
abundance of penetrating particles was (2.06+0.11)10~* at Mt. Evans, and (1.20+0.11)10™? at Echo 
Lake, and the fraction of N-particles among the penetrating component was (62:7) percent for the lower, 
and (38+6) percent for the higher shower energies. The ratio of u-mesons to electrons was the same for 
both energy ranges. The results are therefore consistent with the assumption that the development of the 
large mixed cascades in air is based on the same processes for all energies above 10° ev, demanding only a 
slight increase in the multiplicity of meson production with increasing primary energy. 


energies considered, the fraction of the primary energy 
which goes into the electronic component remains 
constant. 

This latter assumption is certainly subject to serious 
doubt. Recent advances have shown the processes 
involved to be very complex, and to include the pro- 
duction of a considerable variety of different funda- 
mental particles. It would seem quite likely that the 
composition of the shower secondaries produced in the 
initial collision varies with the energy of the primary. 
As the contribution to the electron cascade differs for 
the various components originated in the first inter- 
action, a variation with energy of their relative abun- 


I. INTRODUCTION 


HE study of extensive air showers is certainly the 
most obvious, and hitherto probably the most 
successful, method of research in the high energy region 
of cosmic radiation. Unfortunately, though, the results 
of such a study yield only very indirect evidence on the 
nature of the primary interactions, since in these 
experiments a great many steps intervene between the 
initial acts and the final recording of the fully-grown 
shower. Thus, for instance, one can hardly expect from 
an observation on the intensity of the V-component in 
these showers, to obtain a unique answer as to the 
multiplicity of the primary nuclear collision. Or, to 


choose a simpler example, the old idea of deriving the 
energy spectrum of the primary cosmic radiation from 
the density spectrum of air showers (e.g., Heisenberg,' 
Hilberry”) is correct only if over the entire range of 


* Supported in part by the AEC. 

1W. Heisenberg, Cosmic Radiation (Dover Publications, New 
York, 1946), Chap. I. 

2.N. Hilberry, Phys. Rev. 60, 1 (1941). 


dance would, or could, also lead to an energy dependence 
of the abundance of electrons. The power law for the 
shower energies derived from the density spectrum of 
the air shower electrons would then ne longer be 
applicable to the primary cosmic radiation. 

The density spectrum of air showers has been 
thoroughly investigated. In particular, in the experi- 
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ments of Cocconi and Tongiorgi,* and of Cocconi, 
Tongiorgi, and Greisen,‘ the area of the counter trays 
was varied between 9 cm? and 1560 cm’, corresponding 
to a variation in the energies of the recorded showers 
from about 10" ev to about 10" ev. The result was that 
over this entire range the well-known power law for 
the differential density spectrum, 


s(A)dA=AA~dA, (1) 


holds with a y~2.5, the exponent varying only slightly 
both with the density and with the altitude. Their 
results thus check very well with those obtained in the 
region of higher energies (e.g., Williams*), and with 
different arrangements (e.g., Singer®), and it has been 
shown by Rossi’ that all these data, as well as the older 
ones of Hilberry* and the flux measurements of various 
authors at different latitudes, are well represented by 
a primary spectrum s(£)dE=dE/(E+E,)**, with 
Eo=5.3 Bev. 

On the other hand, there is serious doubt as to the 
possible validity of so steep a power spectrum for the 
primary cosmic-ray particles in the region of 10" ev to 
19" ev. It has been pointed out by Scheii and Lord’* 
that the absolute frequency of extremely energetic 
nuclear events observed in emulsions is inconsistent 
with so large an exponent. Similarly, the experiments 
of the Rochester group® yield a lower exponent at least 
for heavy primaries and for energies per nucleon up to 
about 4X10! ev. Thus, it would appear that either 
the primary spectrum undergoes a marked change in 
the region around 10” ev to 10" ev, or that the balance 
of the electron-initiating processes changes in that same 
region, leading in some way to a decreasing fractional 
transfer of the primary energy to the electron compo- 
nent 

Although the detailed features of the development 
of the mixed cascades are still not fully understood, a 
criterion concerning their possible variation with energy 
can be found in the study of the energy dependence of 
the ratio of intensities of the soft and the hard shower 
component. For high energies, this ratio is well known 
and appears to be remarkably independent of the 
shower energy ;* but as it will be shown in the following 
section, these measurements do not cover the same 
range as the investigations of the electron density 
spectrum, and do not extend to energies below 10" ev. 
It was, therefore, decided to examine this point by 
measuring the relative abundance of penetrating parti- 
cles in low energy air showers, and to compare it with 
values at somewhat higher shower energies. 

3G. Cocconi and V. C. Tongiorgi, Phys. Rev. 75, 1058 (1949). 

‘Cocconi, Tongiorgi, and Greisen, Phys. Rev. 75, 1063 (1949) 

5R. W. Williams, Phys. Rev. 74, 1689 (1948) 

6S. F. Singer, Phys. Rev. 81, 579 (1951). 

7B. Rossi, Princeton Conference on High Energy 
Interactions, November, 1950. 

8M. Schein and J. J. Lord, Phys. Rev. 83, 198 (1951). 

*Kaplon, Peters, and Ritson, Phys. Rev. 85, 900 (1952). 
I am indebted to Professor B. Peters for kindly communicating 
these results before publication. 


Nuclear 


SITTE 
Il. OUTLINE OF THE METHOD 


Let us begin with noting two basic facts that will be 
of importance for the ensuing discussion: 

(1) Any shower arrangement consisting of three or 
more coincidence counters can be used for the partially 
selective recording of showers of a given density. 


This can be easily shown to hold for all possible counter arrange- 
ments, even if the area of the counters applied is not uniform. 
(More accurately, the condition reads 2; n;>-y, where m; stands 
for the number of coincidence counters of the ith type, and y is 
again the exponent of the differential density spectrum, assumed 
to be constant.)!° 


(2) Any shower arrangement which is triggered by 
showers of a given density A will detect mostly events 
whose cores strike nearby, and hence will detect showers 
with cores of this particular average density. (It is 
assumed that the triggering arrangement consists of a 
number of counters, or trays of counters, not too 
widely separated, a certain coincidence of which will 
‘shower”’ event.) 


define the ‘ 

This point has been discussed at length by various authors 
(e.g., Ise and Fretter,'' Singer®). It will, therefore, suffice to 
summarize the results of calculations analogous to theirs, but for 
a 4-tray arrangement of the kind described below. Using the 
Bethe approximation” for the density distribution in the immedi- 
ate neighborhood of the shower axis, 


P(r /r1) =(C/r?)(r/r1) “1 +4r/ri) exp[—4(r/ri) 4] (2) 


(r, stands for the usual characteristic shower length of the Moliére 
theory’), and successive Molitre approximations at larger dis- 
tances,'*'* one finds that 50 percent of all recorded showers will 
strike within a radius R of about 0.047,;~4 m from the center of 
the arrangement. The absolute value of this “half-width” is, of 
course, somewhat dependent on the approximation applied, but 
its accuracy is of no particular importance for the argument. 

In relating the density, A, selected by a counter arrangement 
to the total particle number, and hence to the energy, of the 
showers recorded, one may again choose the median as the suitable 
representative, and, therefore, NV =A/#(R/ri)~AX1.19X 103 
particles. 

A proper arrangement of at least three counters or 
groups of counters in coincidence can, therefore, be 
made to select air showers of any required initial energy. 
The value of the energy is determined by adjusting 
the size, S, of the counters. For the arrangement 


10 Assume, for instance, that coincidences are formed if of each 
group or tray, m; out of V, counters of area S,; are struck (i=1, 
2---m). The contribution R to the recorded rate due to showers 
of the density interval (A, dA) is then 


= (N; : 
RdA=AA van 3 (7")a—e AS) nig— (Ni miASi 
i=l i 


and for constant y, the condition for the existence of a maximum 
becomes in view of the monotony character of the functions 
involved, (dR/dA)4 .o>0, which can be reduced to 


= ni—y>0. 
tl 


"J. Ise, Jr., and W. B. Fretter, Phys. Rev. 76, 932 (1949). 

"2H. A. Bethe, Phys. Rev. 59, 684 (1941). 

8G. Molitre, Nature 30, 87 (1942); Cosmic Radiation, edited 
by W. Heisenberg (Dover Publications, New York, 1946), Chap. 3. 

‘4 The numerical values are taken from computations of the 
density distribution of shower electrons by F. E. Froehlich 
[Atomic Energy Commission Report NYO-796 (1951) ]. 
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discussed below, the relative contributions of showers 
of various size are shown as a function of VS in Fig. 1. 
To return now to the main problem: It has been 
pointed out that in some of the earlier experiments? 
air showers of energies around 10" ev have been 
preferentially recorded. With the same counter sets the 
relative abundance of hard shower particles was then 
measured in the usual way, that is, by adding a further 
shielded counter tray. However, it should be empha- 
sized that in such an experiment, the addition of the 
shielded tray acts as a strong bias in favor of the 
detection of showers of higher density, in particular 
where 8S’<S (8=relative abundance of hard particles, 
S’=area of the shielded tray, S=area of the unshielded 
air shower trays). Take, for instance, the arrangement 
of Cocconi, Tongiorgi, and Greisen: Threefold coinci- 
dences of air shower counters were demanded, so that 
the contribution of showers of density A to the recorded 
events was 
R(A) = A(1—e—45)85A-7, (3) 
while in the case of hard showers the corresponding 
rate R, was 
R,(4) = A (1—e—45)9(1— e745’) A-7, (4) 


The maximum contributions to these rates are from 
showers with densities satisfying (dR/dA) =0, which gives 


e~45(3AS+ y)—y=0:AS=0.35 (5) 
in the first, and from (dR,/dA)=0, 


e9S(3AS+ y)+ e848’ (BAS’+ y) 
— e—4(S+88" (3AS+BAS’+y)=0 (6) 


in the second case. For low density showers one has 
BS’S, and (6) can be simplified by expansion of the 
exponential terms, relying on the fact that only regions 
where AS~1, and hence BAS’<1, will appreciably 
contribute. As a lower limit, one finds thus the approxi- 
mate solution 


e~45(3AS+ y)—(y—1)=0: AS= 1.25, (7) 
which shows that the maximum contribution comes 
now from considerably denser showers. The same fact 
is still more drastically exhibited by a comparison of 
the average densities of the showers recorded with the 
two arrangements. For air showers, one has (writing 
AS=z) 


f (1—e-*)8z- dz 
0 
.)=— 

f (1—e-*)'z-1dz 
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Fic. 1. Contribution to coincidences of 3 out of 4 counters, of 
showers of various total numbers NV of electrons striking at all 
distances from the center of the arrangement (S in m’, R in 
arbitrary units) 
while the average density of the hard showers is (with 
BS'/S=a) 


£ 
f (i—e?)8(1—e7@*)2--'dz 
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For showers of low density, one has usually a<1, and 
the ratio of the average densities of the two types of 
recorded showers becomes 


3 3 
E (-10*( wr : 
n=l nr 


3 3 
[a ++ (y=2) (Del rs] 
n 


n=l 


3 3 
[ay *+(y—-1) > (—1)*( wr *) 


n=l n 


(10) 


In most experiments a is of the order 10~*, so that 
(z,)/(za)~10. Even in the experiment of Cocconi, 
Tongiorgi, and Greisen,‘ where the area of the shielded 
tray S’ was exceptionally large, the ratio (10) is still 
about 5. Of course, the discrepancy between the two 
average densities becomes still more pronounced if 
showers containing more than one hard particle incident 
from the air are recorded. 
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Fic. 2. Contribution to the recorded shower rates as a function 
of the particle density: (a) triple coincidences of unshielded 
counters; (b) the same with additional shielded counters (8S’/S 

0.04 


os 


rhe situation is somewhat, but not radically, im- 
proved if the contributions of the denser showers are 
cut down by an anticoincidence arrangement demand- 
ing, for instance, that exactly m out of NV counters be 
struck. Thus, triple coincidences in anticoincidence 
with a fourth counter shift the maximum contribution 
to the recorded rate, computed as in (5), to AS=0.19, 
and for hard showers to AS=0.61. While the ratio of 
these figures differs only little from the one obtained 
above for pure coincidences, the results for the average 
densities recorded become much better; instead of a 
factor 5-10, one finds a factor 2-3 between the two 
averages. The conditions are illustrated in Fig. 2, 
where the relative contributions to the counting rate of 
showers of various densities are plotted for a triple- 
coincidence experiment, and in Fig. 3, where the contri- 
butions are shown for triple coincidences in anticoinci- 
dence with a fourth counter of equal size. In both cases, 
a value of a=0.04 has been chosen, corresponding 
closely to the conditions and the results of the Cocconi- 
Tongiorgi-Greisen experiment.‘ 

Thus, it appears that the range of densities over 
which the ratio of penetrating particles to electrons 
has been observed is actually considerably smaller 
than it has been tacitly assumed. In particular, the 
investigations do not reach down to the region below 
10" ev. It seemed, therefore, worthwhile to carry out 
an experiment properly designed to fill this gap. 


Ill. THE EXPERIMENTAL ARRANGEMENT 


An arrangement suitable for the determination of the 
relative abundance 8 of penetrating particles in air 
showers must satisfy the following conditions: 

(1) Its counter area should yield maximum contribu- 
tions from showers with less than 10‘ particles (at the 
cascade maximum) ; 

(2) in order to minimize possible errors due to a 
variation of y with the density A, it should be triggered 
only by showers over a comparatively narrow density 
range ; 

(3) “soft” air showers and air showers containing 
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penetrating particles that are recorded should have on 
the average equal densities. 

To satisfy (1) it becomes advantageous to run the 
experiment at an altitude as close as possible to the 
cascade maximum. Of the two convenient locations, 
Echo Lake and Mt. Evans, the latter was chosen; its 
atmospheric depth, taken for an average shower origin 
at one interaction mean free path in air from the top of 
the atmosphere, is 510 g/cm? or about 14 cascade units, 
which is only slightly past the maximum for a 10" ev 
shower. 

At 14 cascade units, a shower of 10"-ev initial energy 
contains about 4.9 10* electrons;!° its detection would 
thus require a counter arrangement set to select densi- 
ties of about 3-4 particles/m?. This would not be too 
difficult and has actually been achieved in several 
experiments (Broadbent and Janossy,'® McCusker and 
Millar'’), but a most inconveniently large counter area 
would be required to select the corresponding hard 
showers. The condition was therefore relaxed and the 
arrangement set for shower densities of about 10 
particles/m?. 

Condition (2) is sufficiently satisfied by an anti- 
coincidence arrangement triggered if any three out of 
four counters are struck. Condition (3), however, 
demands the use of different sets of unshielded counters 
for the detection of “‘soft’’ and of “hard” air showers. 
The suitable counter sizes can now be determined. 

As the maximum contribution to the registered air 
showers comes from a density (AS)=0.19, a counter 
area of 155 cm? (two standard 1-in.X12-in. counters in 
parallel) for the unshielded trays will select densities of 
about 12 particles/m?, or shower energies around 2.5 





Fic. 3. Contribution to the recorded shower rates as a function 
of the particle density: (a) coincidences of three out of four 
unshielded counters; (b) the same with additional shielded 
counters (8S’/S=0.04) 


15 For the determination of the total number of shower electrons, 
the “Tables of cascade functions” by Leonie Janossy and H. 
Messel [Proc. Roy. Irish Acad. A54, 217 (1951)] have been 
used, and corrections have been made both for the ionization 
loss—following the procedure of these authors—and for the 
extension of the electron spectrum down to about one-tenth of 
the critical energy in air, in order to include all shower electrons 
capable of penetrating the counter walls. 

161), Broadbent and L. JAénossy, Proc. Roy. Soc. (London) 
A190, 497 (1947). 

17C, B. A. McCusker and D. D. Millar, Proc. Phys. Soc. 
(London) A64, 915 (1951). 
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X 10" ev. At least a considerable fraction of the recorded 
events belongs, therefore, to the energy region between 
10” ev and 10" ev at which this study was aimed. 

The shielded tray consisted of eight counters 1 in. 
X 20 in. As it was also desired to get some evidence on 
the nature of the penetrating particle, these counters 
were separated from each other by }-in. lead strips, so 
that most of the events in which more than one shielded 
counter was struck can be attributed to either a local 
penetrating shower, or more than one incident pene- 
trating particle. The shielding consisted of 8 in. of lead 
on top of the tray, and an equal amount on all sides, 
so that undoubtedly even the long-range soft y-radia- 
tion, the importance of which was pointed out by 
Greisen,'* is practically eliminated. 

One can now evaluate the area S of an unshielded 
air shower tray which in coincidence with the shielded 
tray of area S’=1030 cm? will record showers of the 
same average density as the tray of area Sy=155 cm? 
used to select the 2.5X10"-ev air showers. At Mt. 
Evans, the fraction @ is approximately 0.02; this leads 
to a ratio S/Sy=6. Therefore, the large air shower trays 
were made up of three counters 2 in. X 24 in. in parallel, 
giving S=930 cm?. Again coincidences of three such 
groups in anticoincidence with the fourth defined the 
recorded events. A schematic diagram of the arrange- 
ment is shown in Fig. 4. 

In view of the high individual counting rates, great 
care had to be taken to isolate the counters in the trays 
from each other by feeding the pulses through a diode 
mixing circuit onto the grid of the output cathode 
follower, all these units being mounted in the counter 
trays. The pulses from the air shower trays were then 
clipped to equal size, and fed into an integrating circuit 
and to the discriminators which selected the desired 
multiplicities. The anticoincidences were formed in 
standard Rossi circuits. In the shielded tray, the indi- 
vidual counter pulses were clipped and fed through 
isolating diodes to the integrating circuit and the output 
cathode follower. Discriminators set to pass single or 
double pulses then selected the events which, together 
with the triple coincidences of the unshielded trays, 
defined the “‘hard” air showers. 


coe >) 
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Fic. 4. Schematic diagram of the experimental arrangement 
(Mt. Evans experiment). A: four unshielded trays, 930 cm?; 
A’: four unshielded trays, 155 cm?; H: shielded tray, 1030 cm?. 


18K. I. Greisen, Phys. Rev. 75, 1071 (1949). 


TABLE I. Number and rate of recorded “soft”? showers A; and 
A,’, and of “hard” showers with one, or more than one, pene- 
trating particle (A3+H"'), (A3+H?), at Mt. Evans. The hard- 
shower rates are corrected for chance coincidences. Area of 
unshielded counters: 155 cm? and 930 cm?*; area of shielded 
counters: 1030 cm? 


Number of me Rate 


Event showers nin min™!) 


(A3’) 1867 0.472 +0.011 
(Ag) 26,278 37: 7.03 +0.04 

(A3+-H) 429 0.0971+0.004, 
(As+H?) 189 0.0466+0.003, 


Four kinds of showers were registered: 


(1) three out of the four groups of area Sp struck: 
‘“‘4,'-showers”’ ; 

(2) three out of the four groups of area S struck: 
“‘A;-showers”’; 

(3) As-showers with at least one hard particle on S’: 
(A3+H')-showers; 

(4) A;-showers with at least two hard particles on S’: 
(A;+ H”)-showers 


(a subscript » denotes exactly counters or groups of 
counters struck, a superscript or more). The ratio of 
the rates A;’/A, serves as a check on the exponent y, 
the ratio (A;+H*)/(A;+H') is a measure of the fraction 
of N-particles among the penetrating air shower 
particles. 

As a check on its performance, it was decided to 
operate the arrangement also at Echo Lake, and in a 
density range where previous results permit a com- 
parison. For this purpose, it is advantageous to select 
showers which are in the same stage of cascade develop- 
ment at Echo Lake, as the 2.5 10"-ev showers are at 
Mt. Evans. As the altitude difference between the two 
stations corresponds to about 2.5 cascade units in air, 
the Echo Lake showers should have about 12-times 
higher initial energies than the ones recorded at Mt. 
Evans. Under the conditions of this experiment, the 
detection of such showers would require counter areas 
of about 13 cm*, and counters of this small size were 
not available. But with counters of 39 cm? (3 in. X6 in.), 
the maximum contribution comes from showers of 
initial energy around 1.2 10" ev, and the bias in favor 
of high densities for the hard-shower set is still rather 
small: It raises the most efficiently registered shower 
energies to about 2X10" ev. As in this region there is 
ample experimental evidence on both the exponent of 
the power law of the density distribution,’ **" and the 
relative abundance of penetrating particles‘ '*!” it was 
not deemed necessary for the present study to extend 
the operations at Echo Lake beyond a redetermination 
of 8 as.a comparison and control run. 


IV. RESULTS AND DISCUSSION 


A summary of the results of the Mt. Evans run is 
given in Table I. As in the following only relative 
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TaBLe II. Number and rate of “soft” showers A;3, and of 
“hard” showers with one, or more than one, penetrating particle 
(Ag+H"), (A3+H?), at Echo Lake. The hard-shower rates are 
corrected for chance coincidences. Area of unshielded counters: 
39 cm?®; of shielded counters: 1030 cm?. 


Number of Time Rate 
showers (min) (hr=!) 


604 2.08 +0.09 
293 7 1.37 +0.08 
93 0.504+0.052 


values are of importance, no corrections have been 
applied for the inefficiency of the counters and for the 
barometric effect. The correction for random coinci- 
dences turns out to be negligible for all but the 
(A,'+H/')-events. 

The observed ratio of the air shower rates with 
different counter areas, A;’/A;, yields for the exponent 
of the power law y=2.51+0.02, in good agreement 
with earlier observations at the same altitude (e.g., 
Treat and Greisen'®). Using this value, one can then 
determine the relative abundance 6 of the penetrating 
particles in the air showers. As a=8S’/S<1, one has 
for the ratio of the rates of “hard” showers V,, and of 
“soft”? showers N,, 


Ni 3 3 
; (y Ha (-( Jortty f 
n=0 n 


3 3 
¥ (-1)*( Jortty 1, (11) 


n 


From the observed rates, one thus obtains B= (2.06 
+0.11)X10~*, or one penetrating particle to 49 elec- 
trons. 

The showers (A3+#/*) are mainly due to three kinds 
of events: (1) “hard” showers in which the penetrating 
particle is accompanied by a knock-on electron dis- 
charging the second counter of the H-tray; (2) “hard” 
showers with two random incident penetrating parti- 
cles, and (3) “hard”? showers in which the penetrating 
particle belongs to the V-component and has initiated 
a local shower in the 8-in. lead absorber on top of the 
shielded tray. The knock-on contribution was deter- 
mined by taking the rates (H') and (H*) separately; 
the first is the total flux of penetrating particles through 
the tray, the second essentially the flux of mesons 
accompanied by knock-on electrons, if corrections are 
applied for the chance coincidences of single mesons. 
rhe result of this test run shows that, on the average, 
2.1 percent of the mesons give rise to recorded knock-on 
events. As the energy spectrum of the mesons in air 
showers is probably not much different from that of 
single mesons, the ratio of H?/H' can also be used for 
an estimate of the knock-on accompaniment of the 
single hard particles in the shower. 


19 J. E. Treat and K. Greisen, Phys. Rev. 74, 414 (1948). 
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The correction for random pairs of incident particles 
follows the established procedure (e.g., Auger and 
Daudin,”® Broadbent and Janossy”'). The calculation 
indicates a contribution of 2.8 percent of the rate 
(A3+H'), so that the total correction for non-nucleonic 
events amounts to 4.9 percent. The observed fraction 
of 47 percent has therefore to be reduced to 42 percent. 
On the other hand, an appreciable fraction of the 
\-particles will not contribute to the (4;+#”*) showers, 
either because they failed to interact in the lead absorber 
(about 25 percent of all particles for a mean free path 
of 160 g/cm’), or because the local showers are absorbed 
or not dense enough to strike two counters. If previous 
hodoscope experiments are used as a guide,” this latter 
fraction may be estimated as about 20 percent. Thus 
the recorded nucleonic events derive from only 60 
percent of all -particles, and if a neutron/proton ratio 
of 0.8 is assumed (Walker,”* Greisen ef al.**), the true 
fraction of the .V-component among the penetrating 
particles is (6247) percent. The error stated includes 
only the statistical deviation. This rather large value 
is in good agreement with the data of Greisen, Walker, 
and Walker,‘ observed at the same altitude. However, 
in view of the many differences between their experi- 
ment and the present one in the location of the shower 
cores and in the shower energies involved, this agree- 
ment may well be fortuitous. A comparison with the 
data taken with the same equipment at Echo Lake 
promises more reliable conclusions. 

The data of the Echo Lake run are summarized in 
Table IT. For the evaluation of 8, the value of y= 1.44 
is taken from the results of Cocconi and Tongiorgi,’ 
and as for the Mt. Evans experiment, corrections have 
again been made only for random coincidences. Obvi- 
ously the approximation (11) is not applicable, and the 
determination of 8 has to be done by the usual graphical 
method. The result is 8=(1.20+0.11)10-?, in satis- 
factory agreement with earlier measurements.‘ 

In the analysis of the hard component, both correc- 
tions for random pairs and knock-ons are again sub- 
stantial, and reduce the rate of (A3;+H*) events 
initiated by the V-component to 24.5 percent of the 
(A3;+H')-rate. After correcting for undetected \-parti- 
cles in the same way as before, one thus finds a fraction 
of (38-6) percent for the V-component in the pene- 
trating shower radiation (the errors shown again 
include only the statistical deviation). 

In comparing the two fractions, a possible different 
attenuation of the two components must be taken in 
account. Unfortunately, the theory of nuclear cascades 
is not yet in a state to permit accurate numerical 
predictions, as some of the fundamental constants are 


20 P. Auger and J. Daudin, J. phys. et rad. 6, 233 (1945). 

21D. Broadbent and L. Janossy, Proc. Roy. Soc. (London) 
A192, 364 (1948). 

2K. Sitte, Phys. Rev. 78, 721 (1950) 

*% W. D. Walker, Phys. Rev. 77, 686 (1950). 

* Greisen, Walker, and Walker, Phys. Rev. 80, 535 and 546 
(1950). 
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still only approximately known. But it is certainly safe 
to conclude from the results of Messel*® that the 
nucleonic component in showers of 10% ev to 10 ev 
initial energy does not decrease greatly between atmos- 
pheric depths of 600 g/cm? and 700 g/cm? where it is 
still close to its maximum development. For higher 
energies it may even increase, a fact which is borne out 
by the results of McCusker®* who, working at sea level 
and hence in the average with more energetic showers, 
still finds about 30 percent N-particles in his pene- 
trating radiation. 

The attenuation of the meson component in the 
showers is probably not much different from that of 
single mesons, which according to Rossi’s data?’ de- 
crease by about a factor 0.8 between the two levels. 
If, as it is likely, the attenuation of the V-component 
is somewhat larger than that of the u-mesons, the 
discrepancy between the values derived above is not 
completely removed: Even if the attenuation for the 
shower particles were the same as for single nucleons, 
a (62+7) percent fraction at Mt. Evans would still 
yield a (50+6) percent V-component at Echo Lake, 
but this last assumption is certainly an overestimate 
of the absorption of thé shower nucleons. 

It should also be noticed that, while possible syste- 
matic errors in the estimates of production and detec- 


tion probabilities of the local showers may have falsified 


the absolute values given to the V-component above, 
such an error would change the data obtained at the 
two stations in the same direction. Thus, one is led to 
the conclusions that the ratio of V-particles to u-mesons 
within the same shower does not change very much 
between atmospheric depths of 600 g/cm? and 700 
g/cm’, and that the observed difference in the compo- 
sition of the showers of about 10" ev and 10" ev initial 


25H. Messel, Phys. Rev. 83, 21 (1951). 

26C. B. A. McCusker, Proc. Phys. Soc. (London) A63, 1240 
(1950) 

27 B. Rossi, Revs. Modern Phys. 20, 537 (1948). 
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energy, though possibly exaggerating the true condi- 
tions, is nevertheless of significance. 

On the other hand, it is interesting to note that the 
ratio of u-mesons to electrons, if taken at the same 
stage of the electron cascade development—slightly 
past the cascade maximum—is practically identical for 
the two types of showers recorded in this experiment: 
0.78 percent, or one in 128 particles, for the lower 
shower energies, and 0.74 percent, or one in 135 parti- 
cles, for the higher shower energies. It is plausible that 
such a comparison should be made at the same stage of 
the cascade development, and preferably at the cascade 
maximum. Only then the electron shower will be truly 
representative of the fraction of the primary energy 
transferred to the electron component. 

The results indicate, therefore, that the ratio of 
charged and neutral mesons—if the latter, in accordance 
with the current simple picture, are considered as the 
producers of the bulk of the electron component—does 
not undergo an appreciable change for collisions over 
an energy range from 10" ev to 10" ev. If other processes 
are involved as well, their relative frequencies must 
also have about reached an equilibrium state. The 
considerable decrease in the .V-component can _ be 
understood as caused by a slight increase in the multi- 
plicities of meson production with increasing energy, 
provided that even for the 10''-ev showers the bulk of 
the m-mesons originated in the initial collision decays 
before undergoing a nuclear collision, or that at least 
the distribution of the energy contained in the charged- 
meson component, among its two successors (electrons 
and nucleons), does not change much between primary 
energies of 10 ev and 10" ev. 

The experiment was carried out at the facilities of 
the Inter-University High Altitude Laboratory, and 
the author wishes to express his thanks to Professor 
Byron Cohn and Professor Mario Iona, Jr., of the 
University of Denver. In running the experiment, the 
author was assisted by Dr. E. M. Harth, Mr. H. L. 
Kasnitz, and Mr. F. E. Froehlich. 
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Natural iron has been bombarded with the full energy proton beam of the Berkeley 184-inch synchro- 
cyclotron, and a number of radioactive spallation products have been isolated and identified and their 
formation cross sections measured against that of the reaction Al”’(p, 3pn)Na™. A simple mechanism has 
been postulated to account for the observed product yields. A new isotope of chromium, assigned to mass 48, 


has been observed and partially characterized. 





I, INTRODUCTION 


A SERIES of bombardments of iron with 340-Mev 
protons has been carried out in the circulating 
beam of the Berkeley 184-inch cyclotron with the 
purpose of studying the cross section for formation of 
the various spallation or fission products. It has been 
found possible to isolate a number of radioactive 
product nuclides by standard radiochemical techniques 
using inert carriers and to identify the nuclides so 
obtained by observing their half-lives and radiation 
characteristics. Both absorption measurements and low 
resolution magnetic beta-spectrometer measurements 
were used where appropriate to differentiate between 
isotopes of the same element with similar half-lives. 

A mechanism of spallation has been postulated which 
contains the basic assumption that the probability of 
emitting a proton from a highly excited nucleus of low 
atomic number (i.e., less than 30) is approximately 
equal to the probability of emitting a neutron from the 
same nucleus under the same conditions. From the 
postulated mechanism it can be deduced that the 
spallation products for a given nuclide can be divided 
into groups a priori, the yields of the products in any 
given group falling on a smooth curve when plotted 
against mass number. Five such groups were predicted 
for the spallation products of iron, considering only the 
abundant isotope Fe**. Experimental results show satis- 
factory agreement with the hypothesis. 


II. EXPERIMENTAL TECHNIQUES 
A. Target Makeup 


Two types of targets were used which may be referred 
to for convenience as “thin” and “thick.” Each thin 
target consisted of a single iron foil approximately ten 
one-thousandths of an inch in thickness through which 
the beam passed perpendicular to the plane of the foil. 
On either side of the target foil were “guard foils’ of 
0.001-inch thick aluminum, and outside and parallel 
to these were foils of 0.0005-inch thick aluminum 
(see Fig. 1) used to monitor the total beam through the 

* This work was performed under the auspices of the AEC. 

t Now at the Gustaf Werner Institute for Nuclear Chemistry, 
University of Uppsala, Uppsala, Sweden 

t Now at E. I. du Pont de Nemours and Company, Oak Ridge, 


Tennessee 


target by use of the Al’’(p, 3pm)Na™ reaction as de- 
scribed by Stevenson and Folger.' Energy degradation 
of a 340-Mev proton beam in passing through such a 
foil is negligible. 

Each thick target consisted of a stack of from four 
to six 0.01-inch iron foils, the dimensions of the stack 
being about 1?X}4 inches, the beam passing through 
the stack parallel to the }-inch dimension. The energy 
degradation undergone by a 340-Mev proton beam in 
3 inch of iron is calculated to be about 20 Mev.” The 
beam in this case was monitored by observing the yield 
of Fe™, previously calibrated against the Al?"(p, 3pn)Na™ 
reaction in thin target bombardments. 

The iron used was of high purity. A spectrographic 
analysis performed by Conway and Moore of this 
laboratory showed very slight amounts of a small 
number of impurities. These impurities are tabulated in 
Table I. 

Seven bombardments were made. Table II lists the 
data pertinent to each bombardment. 


B. Chemical Separations 


Usually 10 mg of each element to be isolated was 
added as carrier to the dissolving medium prior to 
addition of the target. The chemical methods used in 
the bombardments consisted of specific or group pre- 
cipitations or solvent extractions for each element 
sought, combined with precipitations of unwanted 
elements (added as carriers) by reagents not pre- 
cipitating the desired elements (so-called “scavenge” 
precipitations). The precise combinations of extrac- 
tions, specific precipitations, and scavenges used varied 
depending on which combinations of elements were to 
be isolated. However, the more important steps in the 
isolation and purification of the different elements are 
given below. The percentage recovery of the activities 
formed was determined gravimetrically by weighing 
the recovered carrier, complete exchange being assumed. 
The target was dissolved in approximately 12 NV HC] 
(bombardments FeP1 to FeP5) or in approximately 
3 N HNO; (bombardments FeP6 and FeP7). 


1P. C. Stevenson and R. L. Folger (unpublished work). 
2 Aron, Hoffman, and Williams, AEC Unclassified Document 
No. 663 (May 28, 1951). 
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NUCLEAR REACTIONS OF 


1. Cobalt 


Cobalt was precipitated from ammoniacal solution 
with hydrogen sulfide gas. The sulfide was dissolved in 
hydrochloric acid containing potassium chlorate, and 
cobalt was then precipitated by the use of potassium 
hydroxide. This precipitate was dissolved in acetic 
acid, and potassium nitrite was added to precipitate 
K;Co(NO:)s-H,O. This precipitate was washed, dried 
at 110°C on an aluminum dish, and weighed. In bom- 
bardments FeP1 and FeP2 an extraction of cobalt- 
thiocyanate complex into ethyl acetate was used as an 
additional purification step. 


2. Iron 


The principal step in the iron isolation was the extrac- 
tion of ferric chloride from 7.5 N HCl into isopropyl 
ether. The extraction is specific for iron in this region 
of the periodic table. The ether layer was washed three 
times with 7.5 NV HCl, then iron was re-extracted into 
water and ferric hydroxide precipitated by the addition 
of ammonium hydroxide. This precipitate was dissolved 
in 7.5 N HCl and the cycle repeated. The final ferric 
hydroxide precipitate was washed, dried, and ignited 
on a platinum dish to Fe,O; and weighed. In bombard- 


TABLE I. Spectrographic analysis of target iron. 


Impurity 


Amount, parts per million by weight 


As Not detected (< 100) 
Co 60 
Mn Not detected (< 100) 
Ni 150 
Cu <50 


ment FeP2 ferric-thiocyanate complex was also ex- 
tracted into ethyl acetate and re-extracted into aqueous 
ammonia. In bombardments FeP1 and FeP2 iron was 
precipitated as ferric phosphate from dilute hydro- 
chloric acid, washed, dried, and weighed as FePO,-H,0. 


3. Manganese 


Manganese was precipitated as manganese dioxide 
by potassium chlorate from a fuming nitric acid solu- 
tion. The precipitate was dissolved in hydrochloric acid 
containing hydrogen peroxide. Tartaric acid and small 
amounts of chromium, titanium, and vanadium were 
added and manganous sulfide was then precipitated 
from alkaline solution. The sulfide was dissolved in 
concentrated nitric acid and manganese dioxide was 
brought down from fuming nitric acid solution as 
before. The whole cycle was repeated once. The MnO, 
precipitate was then dried at 110°C and weighed. 


4. Chromium 


In bombardment FeP3 chromium was separated as 
the iodate from 1 N HCl (after removing titanium and 
iron). The iodate was destroyed by reduction with 
sulfur dioxide, and chromium was precipitated as the 
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Fic. 1. Assembly of the two types of targets used. 


hydroxide. The hydroxide was oxidized to chromate 
with basic peroxide solution, and the chromium was 
extracted as perchromic acid from dilute perchloric 
acid into amyl acetate. The amyl acetate layer was 
washed and chromium was re-extracted into aqueous 
ammonia. The perchromic acid extraction was repeated. 
Finally, chromium was precipitated from acetic acid 
solution as BaCrO,y, washed, dried at 110°C, and 
weighed. 

In bombardment FeP5 chromium was first brought 
down as barium chromate, then extracted into amy] 
acetate from a perchloric acid solution containing 
hydrogen peroxide. In bombardment FeP2 chromium 
was oxidized with potassium bromate in perchloric 
acid and then extracted into ether after cooling and 
addition of hydrogen peroxide. 


5. Vanadium 


Vanadium was separated as sulfide from ammoniacal 
solution. The sulfide was dissolved in concentrated 
nitric acid, scavenged with manganese dioxide, pre- 
cipitated with potassium chlorate and fuming nitric 
acid and then with yttrium hydroxide in ammoniacal 
solution. Vanadium sulfide was again precipitated. The 
sulfide was dissolved and the solution was buffered 
with sodium acetate-acetic acid. Chromium was then 
added to act as holdback and vanadium was oxidized 
by hydrogen peroxide. Lead vanadate was precipitated. 
The precipitate was dissolved in 2 VN HNOs, and lead 
was removed as the sulfide. The solution was then 
buffered with sodium acetate-acetic acid and oxidized 
and Pb(VO;)2 was again brought down. This was 
washed, dried at 100°C, and weighed. 


TABLE II. Summary of bombardments. 


Bombard- Duration of 
ment bombardment 
No. (min) 


Type of 


target Elements isolated 





Thin . Co 

Thin , Co, Cr 

Thin , Co, Cr, Mn, V 

Thick ‘e, Mn, Ca, Ti, Se 

Thick Fe, Co, Cr, Mn, Na, S, P, Ca 
Thin Fe, V, Sc, K, Si, Cl 

Thin . Ti, K, Cl, Si, Cr 
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6. Titanium 


For the separation of titanium the precipitation of 
titanium iodate from 6 N HNO; was used. The pre- 
cipitate was dissolved in hydrochloric acid containing 
sodium sulfite. Titanium was then precipitated as 
hydroxide with ammonia. The hydroxide was dissolved 
in 0.5 N HNO; and scavenged with yttrium oxalate. 
Tartaric acid was added and the solution made ammoni- 
acal to be scavenged with iron and manganese sulfides. 
The supernatant from the last scavenge was made 1 V 
in hydrochloric acid, and titanium was precipitated 
with cupferron. The precipitate was then metathesized 
to TiO,-H.O with ammonium hydroxide. The hydrous 
oxide was dissolved in hydrochloric acid and the 
iodate precipitated. The iodate was dissolved in hydro- 
chloric acid and sodium sulfite. Finally, titanium was 
precipitated as hydroxide with ammonia, washed, 
ignited to TiO», and weighed. 


7. Scandium 


Scandium was separated by precipitation with oxalic 
acid from 0.5 V HNO3. The precipitate was dissolved in 
concentrated nitric acid ; manganese carrier and fuming 
nitric acid were then added. Potassium chlorate was 
added to precipitate manganese dioxide and to destroy 
the oxalate. Scandium was precipitated as the hydroxide 
by adding ammonia gas to the supernatant. After two 


more oxalate-hydroxide cycles the scandium hydroxide 
was washed, ignited to Sc,0; on a platinum dish, and 


weighed 


&. Calcium 


Calcium was precipitated as calcium oxalate with 
oxalic acid (bombardment FeP4) or as calcium carbon- 
ate from alkaline solution. The calcium precipitates 
were dissolved in nitric acid (plus potassium chlorate 
in bombardment FeP4). The solution was made alkaline 
with ammonium hydroxide and scavenged with yttrium 
and titanium hydroxides, then with manganese dioxide 
(precipitated by hydrogen peroxide), and finally with 
cobalt sulfide. The supernatant was acidified with 
acetic acid, and calcium was precipitated with oxalic 
acid. The cycle was repeated twice. Finally, the calcium 
oxalate precipitate was washed, dried at 110°C, and 
weighed as CaC,.0O,-H,0. 


9, Potassium 


\fter the precipitation of most elements with am- 
monium hydroxide, potassium was left in solution. 
rhis supernatant was made about 0.1 N in acid, 
phosphate ion added, and then ferric ion in excess to 
bring down ferric phosphate. The solution was then 
made alkaline with ammonium hydroxide and scavenged 
twice with iron and titanium hydroxides, then twice 
with ehromium sulfide and with calcium carbonate or 
calcium oxalate. The solution was then acidified with 
hydrochloric acid and evaporated to dryness in a 
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porcelain casserole. The ammonium salts were removed 
by fuming over a Meker burner. The residue was dis- 
solved in water. Perchloric acid was added, the solution 
was heated to fuming, then cooled in an icebath, and 
absolute alcohol was added to precipitate potassium 
perchlorate. This was carefully washed with absolute 
alcohol to remove ammonium perchlorate and _ re- 
crystallized twice from perchloric acid. The precipitate 
was washed with alcohol, dried at 110°C, and weighed 
as KCIO,. 


10. Chlorine 


When chlorine was to be isolated, the carrier was 
added as solid, freshly prepared silver chloride, and the 
target was dissolved in dilute (~3 V) nitric acid. The 
exchange between chloride ion in the silver chloride 
precipitate and the radioactive chloride ion in the 
solution is supposed to be rapid and complete.’ After 
the target had completely dissolved, the silver chloride 
precipitate was separated. Silver chloride was then dis- 
solved in 5 N NH,OH and scavenged with ferric 
hydroxide. Potassium iodide was then added to pre- 
cipitate silver iodide, and after centrifuging, an excess 
of silver nitrate was added to remove iodide. The 
supernatant was acidified with nitric acid to precipitate 
silver chloride and the precipitate was washed, dried 
at 110°C, and weighed. 


11. Sulfur 


The sulfur carrier was added in the form of SO¢, 
and the target was dissolved in concentrated hydro- 
chloric and nitric acids. Barium sulfate was precipitated 
from 1 V HCI. This was converted to barium carbonate 
by boiling with 50 percent aqueous potassium carbonate 
solution for about 1 hour. The precipitate was discarded, 
and the supernatant was made 1 N in hydrochloric acid. 
Barium sulfate was precipitated by the addition of 
barium chloride solution. The procedure was repeated 
twice. Finally, the barium sulfate precipitate was 
washed, dried at 110°C, and weighed as BaSO,,. 


12, Phosphorus 


Phosphorus was added as PO,*, and the target was 
dissolved in hydrochloric and nitric acids. Phosphorus 
was then isolated by precipitation as ammonium phos- 
phomolybdate from 1 V HNO. The precipitate was 
dissolved in ammonium hydroxide, vanadium holdback 
agent was added, and magnesium ammonium phosphate 
was precipitated by the addition of magnesia mixture. 
The precipitate was dissolved in 1 NV HNO; and the 
cycle was repeated. Finally, phosphorus was precipi- 
tated as magnesium ammonium phosphate. This was 
washed, ignited on a platinum dish, and weighed as 
MgeP.0). 


3A. S. Newton, thesis, University of Michigan, Ann Arbor, 
Michigan (June, 1941), University Microfilm Service. 
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13. Silicon 


Silicon carrier was added as (NH,)2SiFs. After the 
target had dissolved, silica was brought down by the 
addition of boric acid and digestion with hot concen- 
trated sulfuric acid. The silica was carefully washed 
with warm diluted sulfuric acid, then it was dissolved 
in potassium hydroxide. The solution was scavenged 
with titanium hydroxide. Holdback agents of iron, 
cobalt, chromium, vanadium, and yttrium were added, 
and the mixture was acidified with hydrochloric acid. 
Silica was precipitated by digestion. The cycle was 
repeated. The precipitate was then washed, ignited on 
a platinum dish, and weighed as SiOy. 


14. Sodium 


In the procedure sodium was left in ammoniacal solu- 
tion. This solution was scavenged twice with iron and 
titanium hydroxides, with cobalt sulfide, and with 
calcium oxalate. The supernatant was acidified with 
hydrochloric acid and evaporated to dryness in a 
porcelain casserole. Ammonium salts were removed by 
fuming over a Meker burner. The residue was taken up 
in water, filtered, and zinc uranyl acetate was added to 
the cooled supernatant. The sodium zinc uranyl acetate 
precipitate was dissolved in alcohol saturated with 
hydrogen chloride gas and cooled. Sodium chloride 
precipitated. The precipitate was dissolved in a small 
amount of water, potassium holdback agent was added, 
and sodium zinc uranyl acetate was reprecipitated. The 
cycle was repeated once more. Finally, sodium chloride 
was washed with alcohol-hydrochloric acid, dried at 
110°C, and weighed. 

C. Counting Techniques 

The purified counting samples were transferred to 
weighed aluminum or platinum dishes and spread as 
uniformly as possible over the total area of the dish 
(~5 cm’). After suitable drying, the dishes were weighed 
again and the sample weight obtained by difference. 
The samples were then fixed in position on the dishes 
by evaporating dilute solutions of collodion or zapon 
on them, and the dishes were fastened to cardboard 
holders with Scotch tape, as shown in the diagram 
(Fig. 2). These holders were designed to fit in any one 
of five standard positions beneath the window of a 
chlorine-quenched Amperex Geiger-Miiller tube. The 
position selected for counting a given sample was as 
far from the counter window as convenient, the criterion 
being the desirability of securing a sufficiently large 
number of counts in a short counting time to give good 
statistical reliability to the calculated counting rate. 
Absorption curves were taken with the absorber as 
close as possible to the counter window and the sample 
as far away as possible in order to minimize scattering 
of radiation into the counter by the absorber.‘ 


4R. C. Gibbs, Chairman, Division of Mathematical and 
Physical Sciences, National Research Council, Nuclear Science 
Series, Preliminary Report No. 8, “Conference on Absolute 
8-Counting,” Papers 1 and 3 (October, 1950). 
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Fic. 2. Method used for mounting samples for counting. 


The observed counting rates were subjected to the 
following corrections: 


1. A correction for counts lost due to dead time of the counter 
tube (so-called coincidence correction). 

2. A correction for background activity. 

3. A geometric correction to the position in which the monitor 
sample was counted. This was determined empirically in each case. 

4. A correction for air and window absorption, determined by 
back-extrapolation of the observed aluminum absorption curve. 

5. A correction for backscattering from the sample dish. The 
figures used for beta-energies greater than 0.6 Mev were 1/1.22 
for aluminum dishes and 1/1.75 for platinum dishes, calculated 
from the saturation backscattering data of Burtt.® For beta- 
energies less than 0.6 Mev the backscattering was calculated from 
the data of Yaffe and Justus.® 

6. A factor for self-scattering and absorption by the sample 
material itself, estimated from the work of Malatesta.’ 

7. A factor for relative counting efficiency in the case of x-ray 
or gamma-activities. “Counting efficiency” is defined as the 
number of counts registered by the counter per particle (or 
photon) passing through the tube window. 

8. A factor to correct for the decay of the sample from the 
time of the end of the bombardment to the time of initial measure- 
ment of the activity. 


Ill. RESULTS 
A. New Chromium Isotope 


In the chromium decay curves a new activity was 
found after subtraction of the activity due to 26.5-day 
Cr'. This half-life was found to be 19 hours, 24 hours, 
and 23 hours in bombardments FeP2, FeP3, and FeP35. 
Owing to a very poor chemical yield in bombardment 
FeP2, however, the last two figures should be more 
accurate. Since the electrons from Cr®' can easily be 
blocked by a thin aluminum absorber (~30 mg/cm’), 
the growth and the decay of an isotope of a half-life 
of 16 days could be observed. In bombardment FeP5 
two sets of absorption measurements were made, one 
after about 15 hours and the other several days after 
the bombardment. These measurements showed the 
growth of an activity with beta-radiation of about 
0.7 Mev maximum energy. Furthermore, part of the 
purified chromium fraction from bombardment FeP5 


5B. P. Burtt, Nucleonics 5, 32 (1949). 


SL. Yaffe and K. M. Justus, 
(1949), Part V. 
7 L. Malatesta, private communication. 


J. Chem. Soc. (London) $341 
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TABLE III. Yield of cobalt isotopes. 


Experimental results 


Yield, mb 


orted in literature® 


Radiation Bomb. No 


FeP\ 
FeP2 
FeP3 
FeP5 


FeP3 
FeP5 


» Any previously reported data on half-lives or radiation characteristics 
taken from G Seaborg and I. Perlman, Revs. Modern Phys. 20, 585 
1948 


was left to decay for two weeks in the presence of 
inactive vanadium carrier. The vanadium was then 
separated chemically. This vanadium sample showed 
an activity with a half-life of 16.2 days and an energy 
of 0.78 Mev (determined from aluminum absorption 
measurements). The chromium isotope can from these 
experiments be assigned the mass number 48. Further- 
more, the counting efficiency of the isotope was deter- 
mined from the counting rate of its daughter to be 


TABLE IV. Yield of iron isotopes. 
n literature 


Tj Radiation 


Experimental results 
Bomb. No Yield, mb 
FeP1 
FeP2 
FeP3 
FeP4 
FeP5 
FeP6 
FeP7 


7.8 hr gs 


about 4 percent which indicates that it decays mainly 
by electron capture. 


B. Spallation Yields 
1. Cobalt 


It was assumed in determining the yield of Co®® that 
all long-lived activity was to be attributed to Co 
(see Table IIT). Co®* can only be formed from Fe*’ 
and Fe®**, and these isotopes are in low abundance in 
natural iron (together 2.5 percent). This yield of Co* is 
not corrected for any branching decay by electron 
capture 


rasce V. Yield of manganese isotopes. 


iterature Experimental results 
Bomb. Yield, 
No Ty mb 
FeP3 46.8 min 

FeP4 42.7 min 


Radiation 


FeP3 5.8 
FeP4 5.8 
FeP5 5.7 


days 

days 

days 
310 days FeP3 
FeP4 

2.72 hr 

2.43 hr 
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2. Iron 


In bombardments FeP4 and FeP5, Fe® was used as 
a monitor (see Table IV). The counting efficiency of 
the isotope was determined by observation of the 
growth of Mn®™ and by chemical separation of Mn®. 
The counting efficiency was thus determined to be 1.72 
for the equilibrium mixture. For Fe® only, it is 0.70 
which indicates that the parent isotope decays to the 
extent of about 30 percent by orbital electron capture. 


TABLE VI. Yield of chromium isotopes. 


Reported in literature Experimental results 
Mass Bomb. Yield, 
No Ty Radiation Nc 7 mb 


48 (Previously unreported FeP. 0.73 
0.91 
23 hr 0.75 


41.9 min 41 min 


40 min 
43 min 
(21 days 
27 days 
28 days 


3. Manganese 


In the determination of the yield of Mn* it was 
assumed that all the activity in the manganese fractions 
after the decay of Mn® consisted of Mn* (see Table V). 
The samples were observed for too short a time for a 
determination of the half-life. The figures for the yield 
are therefore uncertain. The counting efficiency of Mn* 
was assumed to be 10 percent (from Miller’s data).$ 


4. Chromium 


For Cr®! a counting efficiency of 3 percent has been 
assumed (see Table VI). This figure is very uncertain, 
and the yield may be in error by a factor of two. 


TABLE VII. Yield of vanadium isotopes. 


Reported in literature Experimental results 
Bomb 
Tj No 


Radiation 
33 min Br FeP3 


8*(58%), EC, 1 FeP3 16.0 days 
FeP6 16.1 days 


16 days 


600 days EC, FeP3 





Vanadium 


The yield for V* is only approximate since it was 
assumed that all activity after subtraction of 16-day V® 
consisted of V** (see Table VII). The counting efficiency 
for V** is assumed to be 1 percent. (Decays solely by 
orbital electron capture.) 


6. Titanium 


No long-lived titanium isotope was found (see 


Table VIII). 


~8D.R. Miller, AEC Declassified Document No. 2193 (August 6, 
1948). 
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7. Scandium 


The yield of Sc#™ was determined by counting 
through 222 mg/cm? aluminum absorber to block the 
radiations from Sc*? and Sc* (see Table IX). It was 
assumed that the decay by orbital electron capture of 
Sc* is negligible. The yield of Sc** is not corrected for 
possible decay by orbital electron capture. Sc and Sc* 
could not be separated in either bombardment nor 
could Sc? and Sc*® in bombardment FeP6. Owing to 
the difficulty in separating Sc‘? and Sc‘ in bombard- 


TABLE VIII. Yield of titanium isotopes. 
Experimental results 


Bomb. No Tj Yield, mb 


sO FeP4—o 3.13 br 3.31 
3.07 hr 


FeP7 4.05 


Reported in literature 
Mass No Tj Radiation 


Sos oa | 


3.08 hr Se | 


ment FeP4 the figures for the yields are uncertain. 
Sc** could not be detected. 


8. Calcium 


In FeP4 the decay of the calcium sample was ob- 
served for three months (see Table X). The decay 
follows a 152-day line fairly well. The absorption 
measurements made about two and one-half months 
after the bombardment (FeP5) indicated a 8~ energy 
of 0.3 Mev and no gamma-radiation. 


9. Potassium 


The reason for the large difference in the yield deter- 
minations in the two bombardments may be due to 
occlusion of perchloric acid by the precipitate in bom- 


TaBLeE IX. Yield of scandium isotopes 


Experimental results 


Bomb Vield, 

Ty Radiation No mb 
both FeP4 
3.92 hr FeP6 
FeP4 
FeP6 


Reported in literature 


43 and 44 
2.44 days 


FeP4 
FeP6 


85 days 


FeP4 3.5 days 


FeP4 44 hr 


bardment FeP6 (see Table XI). The higher figures for 
yield are therefore believed to be the more reliable. 


10. Chlorine 
The Cl* and Cl** activities were resolved by the 
use of a recording magnetic beta-spectrometer (see 
Table XII). The half-lives are obtained by the analysis 
of the data from this instrument, and they are not very 
accurate. 


OF IRON 


TABLE X. Yield of calcium isotopes. 


Experimental results 
Yield, 
Ty mb 
days) 0.54 
days) 0.58 


0.007 
0.006 


5.6 days 


5.8 days 
5 days 


11. Sulfur 


The sulfur decay was observed for about two months 
and showed a half-life fairly close to the reported one 
(see Table XIII). Aluminum absorption measurements 
showed a 8~ energy of 0.15 Mev. 

Tas_e XI. Yield of potassium isotopes 


mental results 
Mass No 
FeP6 
FeP7 


42 12.4 hr 


FeP6 
FeP7 


43 22.4 hr 


TABLE XII. Yield of chlorine isotopes, 


Experimental results 


». No Ty Yield, mb 


0.08 
0.14 


36 min 
27 min 


FeP6 
FeP7 


33 min 


0.13 
0.20 


FeP6 
FeP7 


45 min 
37 min 


38 min 


min 0.05 


0.04 


FeP6 55 
FeP7 58 min 


Tasie XIII. Yield of sulfur isotopes 


Experimental results 
Bomb. N Tj Yield, mb 
80 days 


FeP5 0.23 


12. Phosphorus 
TABLE XIV. Yield of phosphorus isotopes. 
Experimental! results 


Bomb. No. Ty Yield, mb 


n literature 


Radiation 


8 FePS 15.0days 0.044 


13. Silicon 


The half-life reported in literature seems to be too 
long. Both silicon samples were followed for a period of 
eight to ten half-lives, and both showed single com- 
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ponent decay with a half-life of 157 minutes (see 
Table XV). 


14. Sodium 


The yield of Na™ is uncertain because the decay was 
not followed long enough to establish the identity of 
the isotope with certainty (see Table XVI). 


IV. DISCUSSION 


A cursory examination of the data presented in 
Table XVII seems to show no obvious systematic trend 
in the yields except that, as would be expected from 


TABLE XV. Yield of silicon isotopes. 


iterature Experimental results 


Bomb. No T} Yield, mb 


FeP6 0.12 
0.125 


Ty Radiation 


157 min 
157 min 


170 min B 


previous work,®~ the nuclides formed in high yield are 
those which have atomic numbers only slightly below 
that of iron. The converse is not necessarily true, e.g., 
compare Cr**, 0.80 mb, with Sc#™, 2.60 mb. It is, how- 
ever, possible to correlate the various yields somewhat 
more closely. To a first approximaticn natural iron can 
be considered to consist entirely of the isotope Fe*® 
(91.6 percent).'* At the bombarding energies under con- 
sideration the formation of a compound nucleus is 
believed to be unlikely. Transmission of excitation 
energy from the bombarding particle to the target 
nucleus is believed to take place by single nucleon- 
nucleon collisions within the nucleus,'® the more ener- 
getic of the nucleons involved escaping from the nucleus. 
This will leave either Fe®* or Co®® in a highly excited 


laste XVI. Yield of sodium isotopes. 


literature 


Experimental results 


Bomb. No. Tj Yield, mb 


FeP5 15.1 hr 0.026 
FeP5 vee 0.021 


Tj Radiation 


14.9 hr 
2.6 hr 


B°,Y 
p",7 


state. Let us assume that these two species are formed 
in approximately equal abundance. Let us further 
assume either that protons and neutrons “boil off” with 
equal probability or that the most likely mode of 
dissipation of excitation energy is by emission of alpha- 
particles or deuterons with neutrons and protons boiling 
off with equal low probability. It can be seen that the 
most likely nuclide of a given mass to be formed by 


®R. E. Batzel, Phys. Rev. 79, 528 (1950) 

10H. H. Hopkins, Phys. Rev. 77, 717 (1950). 

1M. Lindner and I. Perlman, Phys. Rev. 78, 499 (1950). 

2 N. A. Bonner and W. C. Orr, Phys. Rev. 76, 140 (1949). 
13 Batzel, Miller, and Seaborg, Phys. Rev. 84, 671 (1951). 

4 J. R. White and A. E. Cameron, Phys. Rev. 74, 991 (1948). 
4% R. Serber, Phys. Rev. 72, 1114 (1947). 
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TABLE XVII. Summary of the yields observed 


Remarks 


No correction for orbital electron capture 


10 percent counting efficiency.* 
I - 


3 percent counting effic iency.> 
1 percent counting efficiency assumed. 


No correction for orbital electron capture. 


Uncertain 


Na” Approximate 


* See reference 8. 
>R. E. Batzel (private communication 


such a process must lie on a line represented on a 
plot of Z versus (A—Z) with a 45° (positive) slope 
passing through Co*’. Such nuclides are those such 
that Z=27—X, A=57—2X, where X=0, 1, 2, etc. 
This simple picture would, of course, have to be 
modified for heavier nuclides, where the neutrons out- 
number the protons appreciably. Some effects due to 
nuclear shell structure might also be observed. 

Figure 3 represents a portion of the “Chart of the 
Nuclides” in which the ordinate represents the atomic 
number (Z) and the abscissa, the number of neutrons 
(A—Z) of the nuclides shown. The nuclides predicted 
by this simple picture to be formed in high yield are 
then those lying along the diagonal line marked “I” in 
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Fic. 3. Systematic grouping of nuclides formed 
by spallation of Fe*. 
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Fic. 4. Cross section for formation of various spallation products 
of natural iron as a function of mass number. 


the figure; those next most probable by this model lie 
on the two lines marked “II,” and so on. A tabulation 
of the expected nuclides is given in Table XVIII 

If one plots formation cross section versus mass 
number, it is apparent that all the nuclides of a given 


group (see Table XVII) fall on the same smooth curve 
with almost no exceptions and furthermore, that the 
curves so obtained are quite closely parallel on a semi- 
logarithmic plot, as shown in Fig. 4. Since the curves 
are parallel on a semilogarithmic plot, the ratio of 
expected yields for two isobars on different curves is 
approximately constant. This fact enables us to draw 
from Fig. 4 an approximate distribution curve (Fig. 5) 
for the yields of various isobars of any given mass. 

A few isotopes do not fall on their proper curves, 
e.g., for curve II, Sc** is a little low. However, the 
counting efficiency of this isotope was not corrected for 
electron capture. Such a correction should indicate a 
higher value for the yield. Sc” belonging to curve III 
is also low. This yield is very uncertain, however. 

The yield of Ti* belonging to curve III is very high. 
This can be partially accounted for by considering that 
Fe is in a rather high abundance (5.9 percent) in 
natural iron. With help of the distribution curve from 
Fig. 5 the contribution to the yields from Fe™ has been 
estimated. It comes out to be 45 percent of the total 
yield for the isotopes Mn*, Cr**, V*7, Ti® but only 6 per- 
cent for Mn®, V*8, Sc. If the yields are corrected for 
this and also for the estimated contribution from Fe*’ 
and Fe’, Ti* falls below curve II even if it still seems 
to be high. 

The picture given above indicates why Fe™ is in 
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Fic. 5. The distribu- 
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such low yield. It also explains why Sc** (57 minute) 
could not be detected. It belongs to “curve” V and 
its yield is probably a factor of 100 lower than the yield 
of Sc (3.9 hour). It will therefore be completely masked 
by the latter isotope. Ti*' also belongs to “curve” V. 
It could not be detected. 

The yields of nuclides of mass 55 and above are not 
regular in this system. However, it is expected that 
these yields are low, since the nucleus is excited to a 
degree such that at least two or three nucleons may be 
expected to boil out. In this case the rarer, heavy 
isotopes of iron are expected to exert a disprop.ortion- 
ately large effect of a magnitude which is difficult to 
estimate. 


TABLE XVIII. A systematic grouping of measurable 
product nuclides. 


Nuclides 

Co*, Cr, vs, s*, Si® 

Co*, Mn*, Mn®, V*, Sc®, Sc#, K®, 
Cl*, P®, Na™ 

Co®, Mn*, Cr®, V%, Ti*, Sc”, Ca® 
K*, cr 

Fourth highest Mn*, Fe®, Cr, Cl*, Na® 

Fifth highest Ca“ 


Probability 


I Highest 
II Next highest 


Group 


Third highest 


From Fig. 4 the total reaction cross section of natural 
iron for high energy protons is estimated to be 340 mb. 
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The total cross section and the differential cross section for the inelastic scattering of neutrons are 
considered. It is assumed that the compound nucleus is sufficiently excited so that the statistical model may 
be applied. If the statistical model may be applied as well to the residual nucleus, it is shown that the 
angular distribution of the inelastically scattered neutrons is isotropic. If only a few levels of the target 
nucleus can be excited, the angular distribution is anisotropic. Tables are provided which permit the cal- 
culation of the angular distribution if the incident and emergent neutron angular momenta are less than 
or equal to 3h. Examples of the evaluation of total cross sections are given, providing examples of the 
sensitivity of the results to the quantum numbers of the excited state. 


I. INTRODUCTION 


HE inelastic scattering of neutrons is of interest 

not only for the theory of the passage of neutrons 
through matter but also because of the light it casts 
upon the properties of the target nucleus. For moderate 
neutron energies in which only a few levels are excited, 
the total cross section as well as the energy and angle 
distribution of the emergent neutrons is sensitive to 
the energy, angular momentum, and parity differences 
which exist between the ground state of the target 
nucleus and the states excited. When the neutron 
energy is sufficiently high, the measurements are no 
longer as sensitive to detailed properties of the excited 
states. It will be shown that the angular distribution of 
the emergent neutrons is then isotropic. However, the 
energy distribution is dependent strongly upon the 
density of energy levels of the target nucleus as a 
function of the energy of excitation. 

In this paper, which may be regarded as a sequel to 
one of Wolfenstein’s' on the same subject, the analysis 
required for the prediction of the relevant experimental 
quantities is performed. The discussion divides the 
inelastic processes into two categories according to the 
validity of the statistical model for the compound and 
residual nucleus. In category I we place those situations 
for which the statistical model may only be applied to 
the compound nucleus but not to the residual nucleus. 
This will occur whenever the neutron energy is so small 
that only a few levels can be excited and whenever the 
target nucleus is a middleweight or heavy nucleus, for 
then the density of levels in the compound nucleus is 
sufficiently great. In category II, we assume that the 
neutron energy is so large that many levels of the target 
nucleus are excited so that the statistical theory applies 
to both the compound and residual nuclei. The angular 
distribution of neutrons in category I is generally ani- 
sotropic. Tables are provided which permit a prediction 

* Research sponsored by Nuclear Development Associates under 
contract At(30-1)-862B. This paper is based on AEC Report 
NYO 636 

t Now at Physics Department, Boston University, Boston, 


Massachusetts 
1L. Wolfenstein, Phys. Rev. 82, 690 (1951) 


of this distribution when the orbital angular momenta 
of the incident or emergent neutrons is less than or equal 
to 3h. For neutrons in category II, we give a proof of 
the isotropy of the inelastically scattered neutrons. 
The familiar dependence of the energy distribution 
on level density may then be obtained. 

Our emphasis is on neutrons. However, the discussion 
is applicable with only minor changes for protons or 
alpha-particles either incident or emerging. 


II. GENERAL CONSIDERATIONS 


The general formulas upon which our discussion will 
be based have been given by Wolfenstein.! We shall 
restate them here for the purposes of fixing our notation 
and reviewing the simplifications which follow from the 
application of the statistical model to the compound 
nucleus. 

Notation.—Let the target nucleus have a spin of 
i (in units of A), the residual nucleus a spin of 7’, the 
initial and final orbital neutron angular momentum by 
land I’, respectively, the corresponding initial and final 
energies E and E£’. The spin of a level in the compound 
nucleus will be denoted by J. It is convenient to com- 
bine the neutron spin and the spin of the nucleus to 
form the channel spin j; and j,’ for the initial and final 
states: 


jrus=it}, f/12=0}. 


The spin of the compound nucleus J is formed by com- 
bining / and j or /’ and 7’. We shall drop the subscript 
on j and j’ employing the subscript only when it is 
necessary to sum over initial and final states. For a 
given J the values of / and /’ which may contribute to a 
reaction are given by 


J—j\<l<(J+j), |J-j’|<l'<(J+)’). 


The z axis will be taken along the direction of incident 
neutron so that the z component of its orbital angular 
momentum will be zero. The s component associated 
with the initial channel spin is m and is equal to the z 
component of J. The zs component of the angular mo- 
mentum of the emergent neutron is m’ so that the corre- 
sponding quantity for the final channel spin j’ is m—m’. 
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Parity must, of course, be preserved. Changes in 
parity will be carried by the neutron orbital angular 
momenta, even / and /’ corresponding to no change in 
parity whereas odd / and /’ introducing a parity change. 

Simplifications following from the statistical model.— 
We assume that, at the excitation energy of the com- 
pound nucleus, there are many energy levels of all 
types. More precisely, the energy resolution of the 
incident beam is broad enough so that many levels of 
the compound nucleus are excited. The corresponding 
wave functions are assumed to have a random phase 
so that when phase averages are performed all inter- 
ference terms will vanish. From the concept of the 
compound nucleus, it follows that it is then possible to 
divide the inelastic scattering process into two parts 
comprising (1) the formation of the compound nucleus 
and (2) the decay of the compound nucleus by particle 
emission. For the energy region under consideration 
we shall neglect the competition arising from gamma- 
ray emission and, except for the lightest nuclei, from 
charged particle emission. In a paper submitted for 
publication Margolis will consider the effects of gamma- 
ray competition. 

Application of the statistical model permits us, 
therefore, to neglect the interference among the various 
l’s which contribute to the formation of the compound 
nucleus as well as the interference ameng the /’’s which 
are involved in the decay of the compound nucleus. 
Hence we may write 


o(i/) => pr oll, ill’, 7’), (1) 
where 


o(l, iV, i’) =(1/2(2i+1)) Da. oll, fall’, js’). (2) 


Here o(/,i\/',i’) is the cross section for the process 
involving the indicated initial and final values of the 
neutron orbital angular momenta and spins of the 
target nucleus. On the other hand, o(/, ja|/’, js’) is the 
cross section for the process involving an initial and 
final channel spin j and j’s, respectively. 

A certain fraction of the neutrons with orbital 
angular momentum / which strike the nucleus, “‘stick,” 
and form a compound nucleus. The cross section for this 
process is denoted o,“”. It is often expressed in terms of 
the penetrabilities 7,(£) as follows: 


o() = (21+1) 4X27 (E). (3) 


The cross section for the formation of the compound 
nucleus of spin J by “2” neutrons will be given by o.“ 
multiplied by the probability that the incident neutron 
and target nucleus form a system of spin J. This prob- 
ability is equal to the square of the Clebsch-Gordan 
coefficient | (/j7; Om!|1j;Jm)|? so that the cross section 
in question is 


a. | (lj; Om|1j; Im) |? 
= (2/+-1)#X*T(E) | (lj; Om 17; Jm)|*. (4) 


To obtain the cross section for a particular inelastic 
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process we must multiply (4) by the relative probability 
of that process. This may be obtained from (4) through 
the use of the reciprocity theorem.’ The cross section 
a(l, j|\l’, j’| 8) for the production of neutrons of energy 
E’ of angular momentum /’, channel spin j’ and moving 
in a direction 3 turns out to be 


o(l, 7 |l', 7’! 8) 
Aj,(l, ill, 7’| 8) 
= wh?2(2/+1)7 (E)>. ——, (5) 
J 1+’ 7,(E,’)/Tr(E) 
Par 
The r index refers to possible channel spins, p to possible 
final neutron angular momenta, £,’ to possible final 
neutron energies. The prime on the summation indicates 
that the term for which p=/', E,’=E’, and j,/=7’' is 
omitted. The factor 4, is defined as 
A j(l, {0,7 | BP =Yom, m| (Lj; Om| Lj; Tm) 
x1, 73m’, m—m' |I'7'; Tm) |?| Vem (8, ¢)|*. (6) 
There is no dependence on ¢ in (7) because of the ab- 
solute value sign on Vy, . Note that Eq. (6) refers to 
the excitation of a single level of energy E’. 
The cross section o(/, j|l’, j!) may be obtained by 
integration and the sum rule 
Ym! (Lj; Om| 17; Im) |?=(2I+1)/(2/+1). (7) 


Hence 


o(l, j{l’, 7’) 


= x T(E (7 } v/( +>’ 
J Pia? 


a familiar expression.? At this point the 
a(l, j\l’, 7’) over j, j’, 1, and /’ may be readily indicated 


T(E’) 
)} 
T(E’) 


sum of 


obtaining o(7! 1’): 


wx? Ee 
o(il7’)= > T(E) 


» —s 
2(2i+1) 


€,17(2J +1) 


60 Tr (Ed)/Z 6.0 T(E) 


(9) 


where 


2 if both 7; and je 
1 if 7; or j2, not both 
0 if neither j; nor j2 


satisfy |J—1| <j: (J+J). (10) 


The prime in the sum (9) requires the omission of those 
terms in the sum for which E,’=E’, l’=1", and j” 
equal to either value of 7’. The sum over /’ is meant to 
include all values of the angular momentum of the 

2J. Blatt and V. F. Weisskopf, forthcoming book on nuclear 
theory. 
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Tas_e I. Values of initial and final angular momenta and of 
the spin of the compound nucleus, entering into calculation of 
o(i\i’) for the transition 0*-17*. 


J 





emergent neutrons which can lead to the particular 
excited state being considered. 

In these expressions the properties of the compound 
nucleus enters only in J and 7;. For J we make the 
statistical assumption that all J’s consistent with the 
conservation of angular momentum enters into the 
sum. The penetrabilities 7; have been computed on the 
bases of the schematic theory for nuclear cross section 
and will be given in a paper in preparation.’ The proper- 
ties of the residual nucleus occurs through the quantities 
E,/ and j’, and of course the parity. It should be borne 
in mind that the penetrabilities as given by the sche- 
matic theory are averages over resonances. For a given 
level in the residual nucleus there can be strong fluctua- 
tions from the average. 

Although (7) and (8) have been primarily developed 
for application to inelastic neutron scattering, it is 
clear that they may be employed to deal with inelastic 
scattering of other particles and for nuclear reactions 
provided, of course, that the assumptions underlying 
their derivation holds. The main change occurs in the 
factor common to both (7) and (8), 

T(E)T (E’)/> 1 E,'). 


a PT 


For T,(£) and 7, (E’) we must insert the penetrabilities 
of the incident and emergent particles. In the denomi- 
nator we must insert the penetrabilities for those par- 
are readily emitted by the compound 
nucleus. These particles are usually neutrons. Applica- 
tion to reactions involving charged particles will be 
presented in another paper. 


ticles which 


Ill. INELASTIC SCATTERING WITH EXCITATION 
OF FEW LEVELS 


We first consider the integrated cross section, o(7| 7’) 
(9). We shall be interested here in 
showing the sensitivity of o(i/7’) to the quantum 
numbers of the excited levels. 

Sufficiently close to threshold the energy dependence 
is given by T(E), since it is always possible for 
l’ to equal zero and since To(£) approaches zero less 
rapidly than 7)(£’), l'*0, as may be seen from the 


as given by Eq 


of o(7/ 1" 


§ Feshbach, Shapiro, and Weisskopf, to be published. 
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limiting form 
T(E’) ("'— 1)! (21’—1)!?? 
90 


x [x’Xo0/(Xo?+1’2) ](22’)?”, (11) 


where x’=k’R, k’=wave number of emergent neutron, 
R, the nuclear radius, and X> is a constant defined by 
Feshbach and Weisskopf.t Hence 7; (E’) goes to zero 
like E’“’t+), The additional angular momentum / 
required to make the transition from 7 to 7’ possible is 
furnished by the incident neutron. In general, the term 
T,(E) will not dominate the series for o(i| 7’) for long. 
This is true even when |i—i’| is small. As |i—7’| 
increases and the energy of the excited level decreases, 
the energy region in which the /’=0 term is dominant 
becomes smaller and smaller. As a consequence, the 
shape of the total cross section curve as a function of 
energy may be quite sensitive to |i—7’|. 

The results obtained for a typical example will now 
be exhibited. The cross section o(i!i’) was first calcu- 
lated for the case of a single excited level 0.5 Mev above 
the ground state, the latter having a spin i=0. Four 
assignments for the angular momentum and parity of 
the excited state were investigated: 0*, 0-, 1+, 1-, 
where the numeral! indicates the value of i, + means 
same parity as that of the ground state, and — means 
opposite parity. Angular momenta up to 3 were con- 
sidered. In Table I we list the values of /, I’, J, 6,1’, 
¢;,v’ for one case, 1*. The final expression for the 
cross section is 

it. oe 2T(E) 

OFF 1S ee sahiei oe 
I+-[T(E’)/{TAE)+TA(E’))} ] 
2 
+ re)| — — 
1+[7\(E)/2T\(E’)] 


| 
14-(7(E)/{2T(E)+TE)}] 


4 
+76] : ————_— 
1+[T.(E)/{To(E’)+2T(E’)}] 
6 
14+[7.(E)/2T(E’)] 
6 
+16] Det a ee 
14+(7E)/{T(E)+2TE))] 
I 
“A+(7(E)/2TAE’) IV 


The resulting values of o(7| 7’)/(wX?/2) for a nucleus of 
radius 8X10~-" cm are plotted in Fig. 1. We see that 
a(i|2’) is quite sensitive in magnitude though not in 


4H. Feshbach and V. F. Weisskopf, Phys. Rev. 76, 1550 (1949). 
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shape (for the |i—7’| is small) to the value of 7’ but not 
nearly as sensitive to the parity. On the same figures we 
have given the predicted o(i|i’) for i’=3, with a change 
in parity. We note the characteristic change in shape. 
In this case the /’=0 term dominates for E’S20 kev 
while for the cases where |i—i’| is small the /’=0 term 
is dominant up to E’ equal to 200 kev. The sensitivity 
of the shape of o(i|i’) to |i—7’| was first noted by 
Ebel.’ We again remark that the above calculations 
are based on averages as given by the schematic theory. 
Note also that gamma-ray competition may be im- 
portant for some of the terms in o(i/i’) close to 
threshold. 

Angular distribution Returning to Eq. (6) we see 
that the dependence of the cross section on angle enters 
through the factor 


A gl, j{U, 7’| 8) =Som, m’| (Lj; Om| 17; Tm) |? 


x | (U7; m’, m—m' |I'7’; Im)|?| Vem (8, g) |? (12) 


Most of this section will be concerned with the evalu- 
ation of this sum. Our results will maintain a separation 
of the quantum numbers of the initial and final state 
permitting the rajid evaluation for various assumptions 
for these numbers. We therefore expand the sum in (5) 
over m in a power series in m 


| U7’; m’, m—m' | l'7’; Im)|?| Yum (3, ¢)|? 


. 
=> m™*F,(J|l’, 7’|8), (13) 


n=0 


where the function F, is the coefficient of m?". Letting 


? 
Sall, 7|J)= d m?| (Lj; Om| 17; Im) |?, (14) 


m=) 
A, is written as follows: 
rv 


Axl, i, 719) =¥ sall, |IVFaI |", 7’| 8). 


n=0 


(15) 


The s, terms contain the dependence on the initial 
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Fic. 1. Total cross section for the inelastic scattering of neutrons 
by a target nucleus of zero spin. The results for four different 
possibilities for the spin and parity of the level excited are given, 
the energy of the excited level being taken as 0.5 Mev above the 
ground state. 

5A. Ebel, Massachusetts Institute of Technology thesis (un- 
published). 
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TABLE II. The factors s, in Eq. (15). The symbol C.F. stands 
for common factor. For example, s:(2, j|j+2) is [(27+5)/5] 


x Ci(g+3)/7]. 
C.F 
2j+3 

3 
2j+1 
3 


3j2+6j—2 


/ 


11j2+11j—15 


21 


372-5 


ji+4) 
9 
Pr3j-1 
3 


)(3j2+6j—2) 
35 ita 
3j*+6j3—3j+1 
: ses 
(j+1)(J—-1)(3j72—S) 


35 


) 


j5+3)(P2+3j-1) 
a 
5j*+20j3+10j?— 20j+6 
- 21 
9j'+18j?-- 16j2—25j+21 
21 
5j*— 20j?+21 
aes 
(j+1)(j—2)(j2—j—3) 


21 


J(G+4) (372+ 127—4) 
99 
5 j*+30j3-+30j?—45j+13 


33 


7724+14j—15 53j*4+212j?—30j2—484j7+315 


15 


165 


23j2+23j-66 39j'4+78j*— 190j?—229j+366 


p-j-3 
3 
(j+1)(j-3) 


9 


99 
53j!—348j2+610 
165 Xs 
5j'— 1073— 307?+35j+63 
intel 33 ad 
(j+1)(j—3)(3j2—6j—13) 


99 








quantum numbers / and j only, while F, contains the 
dependence on the quantum numbers of the final state. 
The functions s, are given in Table II for arbitrary 7 
and J for 1</<3. The functions F, are given in Table 
III for arbitrary J with 1</’/<2. The values of F, at 





| 
| 
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Tape Ill. The factors F, in Eq. (15). The symbol C.F. stands for common factor. For example, Fo(j’+1/1, 7’\ 9) is (1/(2j’+1)] 


j'| Vay |2+(7’+1)| Vio!) while F,(g’+1!1, 7’| 8) is —(3/4m)[(1/(2j’+1)(j’+1) Po. The functions | Yim |? 
of the absolute value of the normalized spherical harmonics and the Legendre polynomials of order /, respectively 


3/Rar) sin?d; | Vio!? is (3/43) cos*d. 


INan 
Angular 
lependence 


j+i 


0° and 90° are contained in Tables IV and V. For /’ 
equal to 0, Ay equals (2/+1)/[42(2/+1) ], independent 
of 3. For /=0, Ay=(2J+1)/[4x(2I’+1) ]. The case 
l’=3 may be included by employing the symmetry of 
our results between initial and final states, which we 
shall now discuss. 

Following Blatt and Biedenharn,® it is possible to 
show that 


¥ 1 (2L+-1)V(UL; 000)W (JIU; Lj) 


-V(UUL; 000)W (JIU; Lj’) PL(cosd)| . 


Che coefficients V and W have been defined by Racah.’ 
Blatt and Biedenharn introduce the coefficients 
Z(abcd;e f), which they have tabulated and in terms 
of which A, takes on a particularly simple appearance 


* J. Blatt and L. C. Biedenharn, Phys. Rev. 86, 399 (1952) 
G. Racah, Phys. Rev. 61, 186 (1942). 


and P; are the square 
V1;|? equals 


as follows: 
Ays(l, 7|V, 7’| 8) 


1 
= 1 ZW; jL)ZUIUVI; 7’L) Pi (cosd) |. 
4n(2/+-1) 
(16) 


From the general properties of V and W or of Z we may 
conclude that the summation index L takes on only 
even values and that 


L<min(2I, 21’, 2J), 


an observation which has been made by several 
authors.*:? Hence if / or /’ are zero or if J is either zero 
or 3, A, will be independent of #. The fact that L is 
even is of course obvious from the definition of Az. The 
symmetry between initial and final states may now be 

8C. N. Yang, Phys. Rev. 74, 764 (1948). 

*E. Eisner and R. G. Sachs, Phys. Rev. 72, 680 (1947); L. 
Wolfenstein and R. G. Sachs, Phys. Rev. 73, 528 (1948). 
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TaBLe IV. F,(J\/'j’|0) 


15 1 


Fa(J|1, 3”|0) 


(7'+2)(7’+1)) 


8m (2j’+1)(27’+3) 

15 1 

tr 7j'4 1)(j’+2 27’+1) 
5 1 
4x (2j’—1)(2j’+3 

15 1 

4 (j'+1)(j’—1)2j’4 1 
15 1 


8x (27’+1)(27’—1) 


stated: 
A j(I, j|U7’| 8) =[(2U’+1)/(2/+-1) JA (U7 [Uj 9). 
Because of the length of these calculations it was 


important to make a number of checks which were ob- 
tained from the following relations: 


(17) 


few | Fr, 7'| d)dQ= bn0- (18) 


(27+) F (JV, 7’| 8) is independent of 3. (19) 


dX. mF, (J |I', 7’|0) 
=[(21’+1)/4x]| (’7’; Om|1’7’; Im) | *. 
Ds sal, {/N=Da me. 


An example of the calculation of A , will now be given 
in order to make the use of the tables clear. We take 
A,(14/14|8) and therefore require Fo(}|1}|8) and 
F,(3| 14| 8), where J=7’+1, (27’+1)=2. Then 


Fo(3|1 
F\(3/1 


(20) 
(21) 


v) 243 Vio *], 


1 

2 

1 
> 


v) = 
The values of s,, J=j+1, are 


j’)(j’+1) 


(2j—2j’+1) 


i'G’-1) 


Hence 
A,(14| 14| 3) = (1/42) sin?d+ 3 cos*d — 4 P2(cosv) J. 


Once A, is available, sufficient data is available for 
the calculation of the angular distribution. We note 
that as a consequence of the statistical assumption for 
the compound nucleus that the predicted distributions 
are symmetrical about 90°. If either /=0 neutrons 
incoming or /’=0 neutrons outgoing or if the compound 
nuclear states with J =} form the most important com- 
ponents of cross section, then the distribution will be 
isotropic. This will generally be the case near threshold 
for then only /’/=0 neutrons have appreciable trans- 
mission factors. We can be certain of large anisotropy 
in the angular distribution only if the spin change 
between the initial and final levels is large as would 
occur in the excitation of isomeric levels. For smaller 
spin changes the anisotropy will be correspondingly 
smaller. In Fig. 2 we give an angular distribution in 
which a target nucleus i=0 is struck by neutrons having 
1-Mev energy. These excite a level at 0.5 Mev with i= 1 
and opposite in parity to the ground state. These 
angular distributions are essentially average results 
since fluctuations away from the schematic theory will 
affect them considerably. For this reason it is important 
to employ the parameters R and Xo which best fit the 
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TABLE V. F,(J|I'j'|#/2). 





8x 2j’+1 
3 
8x 
o4 


8x 2j’+1 


64x (2j’+1)(2j’+3) 
is 1 ; 
32m 2j’+1 
15 
32x (2j’—1)(2j’+3) 
1 
32x 2j’+1 
15 1 


64m (27’—1)(27’+1) 


total cross-section data, though this will not take care 
of fluctuations from level to level. 


IV. INELASTIC SCATTERING WHEN THE DENSITY OF 
LEVELS IN THE RESIDUAL NUCLEUS IS HIGH 


In this section the statistical hypothesis will be 
assumed for the residual as well as compound nucleus. 
Nuclear levels of all types are then so dense that they 
may be considered to form a continuous distribution. 
It is expected that this description will be valid for the 
heavier nuclei or for the middle-weight nuclei if the 
incident neutron energy is sufficiently great. 

Let then the number of levels having an energy 
between (E— EF’) (this is just the excitation energy) and 
(E—E’)+d(E—E’) be 


n(E— E’)d(E—E’) 


=[(2j’+1)/Dr(E—E’)d(E-E’), (22) 


where Dp(E—E’) is the distance between levels in the 
residual nucleus. The factor (2j’+1) implies that there 
are (27’+1)? levels at the energy (E—E’) with channel 
spin j’. One factor of (2j’+1) is already contained in 
the sum over m’ in Eqs. (6) and (7). We now pause to 
justify this factor, which was also assumed by Wolfen- 
stein.! 


372+5j'+4 


_ j'-1 


(11j-+11j’— 18) 


3j2+j'+2 


1 
2j7"°—6j’—11 
j'+1)(7'+2) 


2j2+10j’+3 


j'(j'+1)(7'+2) (7 +1)(i'+2) 


—5'2j'2+2j’—3) 9 
jG +1) jG +1) 


2j"—6j'—5 —3 
*G'+NG'-1) 7G'+0G'—1) 
27+10;’—3 3 
“G’=G’) G)G’—1 





The motion of any ensemble of particles may be 
broken up into three parts: motion of the center of mass, 
rotation about the center of mass, and “vibration’’ 
relative to the center of mass. The*rotation about the 
center of mass is just that of a rigid body” and carries 
the angular momentum of the system. The specification 
of this angular momentum requires three quantum 
numbers; the total angular momentum 7’, the projection 
of the angular momentum along both the figure axis 
of the system, and an arbitrary z axis which in the 
present problem is taken to be the direction of the 
incident particle. Hence a state of a given angular 
momentum has a (2j’+1)? degeneracy, since each of 
the projections has (27’+1) possibilities. 

Level density formula (22) leads rigorously to the 
conclusion that the angular distribution of the emergent 
neutrons is isotropic. This may be seen as follows.'! The 
final /’ is formed by adding j’ to a fixed J. In order for I’ 
to have all possible orientations it is necessary for the 
possible directions of j’ to cover the complete sphere 
with 7’ as radius. Since every vector j’ corresponds to a 
state of the final system with a given value of 7’, the 


10E. Kemble, Fundamental Principles of Quantum Mechanics 
(McGraw-Hill Book Company, Inc., New York, 1937). 
"We are indebted to V. F. Weisskopf for this discussion. 
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number of these states is quadratic in 7’. A proof of the 
angular isotropy has been given by Wolfenstein! but his 
proof is not as complete as the one that follows. 

We now insert expression (22) into the general for- 
mula (7). We shall obtain the energy distribution of 
the emergent neutrons as well as the isotropic angular 
distribution. The cross section o(E| E’, #) for inelastic 
scattering with the emergent neutron having an energy 
between E’ and E’+dE’ and a direction # in solid angle 
dQ is 


o(E| E’, 3)dE'dQ 


rx? 
=——— > (2/+1)T,(E)Tr(E£’) 
2(2i-+1) 007,403 


dE’dQ 


DAE—E') 


(27’+1)As(l, JU, 7’| 8) 
x ——————e 
7 T., Th) 


The sum” over j’ may be performed through the use 
of a relation due to Racah:? 


(Lj; mi, mj | lj; J, mitm;) |? 


2J 44 


(17; mi, —(mit+m,)| lJ; 7, —mj)\? 
= eed Seats . (23) 


o(E| E’)= fo E’, 3)dQ 


=m 
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8 


Fic. 2. Angular distribution of inelastically scattered neutrons 
by a target nucleus of zero spin. The excited level is assumed to 
have a spin of one opposite parity and an excitation energy of 
0.5 Mev, while the incident neutrons have an energy of 1.0 Mev. 


Therefore 


(27+ DAs, JV, 7’| 8) 
=> i,m, m'(27’+1)| (Lj; Om| Lj; Sm) |* 
x | (Uj; Im| U7’; m’, m—m’)|?| Vem |? 
(2TAL)S m, me | (Lj; Om| 17; Tm)|?| Vrm: |? 
XY | UT; m’, —m|l'T; 7’, m’—m) |? 


Hence 


¥ (27 +1) As, jl, 7’| 8) 
= (2J+1)2(2/’+1)/[49(2/+1)], (24) 


demonstrating the isotropy of the angular distribution 
which follows from the statistical assumption and 
energy level density (22). 

The energy distribution of the emergent neutrons 
may be readily obtained since in virtue of (24) the 
sums over j and J may be performed. We find that 


(XA(2) +1)T(E)) (Sv (2l’+1)T(E’)) De“ (E-E’) 


E 
ps area) f Ty (E")De-'(E—E" dE” 
0 


Since the cross section for the formation of the compound nucleus is 


o(E)= 9x? ¥(2I+1)T (EB), 


we may rewrite (25) as 


o(E| E’)=0.(E)— 


0 


E’c (E')Dr-(E—E’) 


ff B'(e"De-ME-B"\aB" 


The cross section ¢, as calculated by the schematic theory for nuclear cross sections are given in reference 
(3). Formula (26) has been discussed in many places in the literature.? 

We are greatly indebted to Professor V. F. Weisskopf for many helpful discussions. We would also like to 
thank Dr. H. Goldstein for this thorough criticism of the manuscript. 


"2 We are indebted to M. Gell-Mann for suggesting the use of Eq. (23). 
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The Fine Structure of Resonance Absorption of 
Mn** in a Rhombic Crystalline Field 


SUMAGAI, Kazuo Ono, Izvo HAYASHI, 
ind Technology, University of Tokyo, 
Received March 17, 1952 


’ [ ‘HE microwave resonance absorption of diluted salts of Mn* 
shows 


fine and hyperfine structures, and the theory and 


AND KenyrrO KAMBE* 
Tokyo, Japan 


Science 


very well where the crystalline field is axially 
tric as is the case of diluted MnSiF.-6H,0 in the paper of 
und Ingram,' to which we shall refer as B—I. But in the 
ited Mn(NH,)o(SO,)2-6H,O, where the crystalline field 
the analysis of the fine structure is not easy since two 
are located in a unit cell. For this case, 
retical cal given in B—I, but only up to the first 
order of perturbation for the rhombic part of the crystalline field. 
We have recently found by paramagnetic resonance that the 
diluted salt of Mn(CH;COO).-3H2O (monoclinic, a:b:¢= 1.5565: 
1: 1.8431, 8=105°34’)? contains one ion in a unit cell and that the 
crystalline The fine and hyperfine structures of 
determined for com- 


experiment agree 


rhombic 
theo 


nequivalent lons 


ulations are 


is rhombic. 
lines of this salt are easily 


field 
the resonance 
parison with theory 

K.K.) has calculated the fine structure up to the 
second order of perturbation by the Hamiltonian 


3/HS+D{s2- 1I+E(: 


as in B—I 
is in the 


One of us 


3S(S+ 


otations are the same Our results were, 


z-direction, 

H(+5 =H) F4D+4E*/Ho, 

H( +3 =H) F-2D—5FE*/Hp, 
-8E?/Ho, 


1/2, =H 


magnetic field 


3E cos20) 
+ {(D4 

Hy +(D—3E cos26) 
{(5/4)(D+E cos20)? 
Hy— (2(D+4 
where H v/g8, @ is the angle between static field and x axis, 
D and E are the symbols in Eq. (1) divided by g8, and H(5/2, 3/2) 
etc., express the positions of the centers of the six hyperfine struc- 
An expression for H(1/2, —1/2) in the z 
is also given in B—I, 


E cos20)?—32F° 


? sin?20}/Ho, 


4F? sin?20}/Ho, 
~—16F* sin?20}/Ho, 


E cos26)? 


ture lines, respec tively 


direction and it agrees with ours. 
In Table I, the successive separations of the experimental fine 
x, and y orientations, and the 
the xy axes. In the crystal the z and x axes of the 
field are the c and 6 axes of the crystal symmetry. 
| ind other capecnents in the xy-plane we de 
gauss and E=27 gauss 
tions, calculated up to second-order terms, using these values of 
Dand E£, are 
is quite 


structure lines are given for the z, 


nsector ol 
crystallir 
The successive separa 
given in Table I. The agreement between experiment 
satisfactory. The small differences may be ex 
taking into account the effect of the crystalline field 
of another symmetry which we have neglected 


and theory 


plained by 
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TABLE I. Successive separations structure lines for 


Mn(CH;sCOO): 


of the fine 
3H. 





F direction 


»bs. (gauss) cal 


bisector of the 
xy axes 


»bs.(cal obs.-cal 


208 220 


By using Eqs. (2) and (3) and the above-determined values of D 
and E, we can compute Ho from the experimental values of 
H(1/2, —1/2). The g-values computed from this H, are isotropic 
and nearly the same as for the fluosilicate.! 

The salt is diluted with Zn ions. The microwave wavelength is 
3.0 cm and the measurements are all at room temperature. The 
magnetic field is modulated by a small amount with 2.5 kc, and 
the crystal detector output is amplified and detected by a phase 
sensitive detector. The magnetic field is calibrated carefully by 
proton resonance. 

A more detailed report will appear in J. Phys. Soc. Japan. 
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The Lowest Excitation Level of Hg'** 
P. STAEHELIN 
deral Institute of Technology, Ziirich, Switze 
(Received May 26, 1952) 


Swiss Fe erland 


SYSTEMATICAL discussion of the lowest excitation levels 
in even-even nuclei has shown that the position of these 


A 


levels depends in a regular manner on the number of protons and 
neutrons, and that this regularity demonstrates a clear connection 
with shell structure." 

Only 
behavior 
contains 80 protons and 116 neutrons, a lowest level of 175 kev 


a few cases seemed to form exceptions from the regular 
The most striking one was Hg. For this nucleus, which 
was recently reported,? while an energy of about 400 kev is to be 
expected 

This discrepancy induced us to examine the 5.6-day 
which decays into Pt'®* and Hg! 


Rast, 
We used for our measurements 
an with percent 
resolution. The experimental technique is described in a paper by 
Humbel et al. The radioactive gold was produced at Amsterdam 
by bombarding platinum with deuterons 

Although we carefully the conversion lines of a 
175-kev transition, we could not detect any indication of such a 
line. Unfortunately a possible A-conversion line coincides ener 
getically with a much stronger M-conversion line of the long lived 
Au! So a separttion would be rather difficult. However, 
certainly should have observed the L-conversion line of 175 kev, 
even if it had only one-fifth of the reported intensity. 
lines of a 175-kev transition, we de 
tected L- and M- conversion electrons of an unknown transition 
with an energy (426+2) kev a half-life of about 5.6 days, 
which is equal to that of Au’ 


electron-electron-coincidence spectrometer 1.5 


searched for 


we 


Instead of the conversion 


and 
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From the number of coincidences (which depends upon the am- 
plitude discrimination of the pulses from a photomultiplier) we 
conclude that this new transition follows a 8-decay with a maxi- 
mum energy between 200 and 300 kev. This conclusion was con- 
firmed by direct observation of the 8-spectrum; the Fermi plot 
indicates a simple spectrum with an energy limit of (270+ 20) kev. 
From the intensity of the 8-spectrum the following conversion 
coefficients for the 426-kev transition are deduced : az =(7.0+2.5) 
10-3 and ayaryn) =(2.0+0.8) X 10-3. They are consistent with 
electric quadrupole radiation. 

The K-conversion electrons of the new 426-kev transition have 
nearly the same energy as the L-conversion electrons which arise 
from the 354-kev radiation in the Pt-decay branch of Au’. 
For that reason the K-conversion line could not be separated in 
the spectrum of the single counts, but it was revealed in the 
spectrum of coincidences. Here the intensity ratio for the two lines 
is more favorable, since every 426-kev transition immediately 
follows a 8-ray, while the 354-kev radiation is only partly in coin- 
cidence with the weakly converted 332-kev radiation and a few 
Auger electrons. The measured energy difference of K- and L-shell 
conversion electrons confirms that the 426-kev transition occurs in 
the Hg-decay branch. 

A detailed report and new data for the Pt-decay branch of 
Au! will be published in Helvetica Physica Acta. We are indebted 
to Professor C. J. Bakker at Amsterdam for preparation of the 
radioactive samples, and to Professor P. Preiswerk for many 
helpful discussions. 

1 P, Staehelin and P. Preiswerk, Helv. Phys. Acta 24, 623 (1951). 


? Steffen, Huber, and Humbel, Helv. Phys. Acta 22, 167 (1949). 
3 Huber, Humbel, Schneider, and de-Shalit, Helv. Phys. Acta 25, 3 (1952). 


Regular Meson Potentials in Low Energy 
Proton-Proton Scattering* 
H. E. Hart anv R. D. HatcHer 
New York University, New York, New York 
(Received April 8, 1952) 


LTHOUGH low energy proton-proton scattering can be ex- 

plained quite well by a two-parameter system involving 
either a boundary condition on the wave function at a finite dis- 
tance! or by means of potentials,?* there exists a discrepancy be- 
tween the mass of the meson used in the static approximation of 
meson theories; as, for example, that of Mgller and Rosenfeld, 
by fitting to the experimental scattering results and the directly 
measured mass of the x-mesons believed largely responsible for 
nuclear forces. In using a potential of the form 
¢ Crv 


“. (1) 
r rfa 

Yovits, Smith, Hull, Bengston, and Breit’ obtained a mass of 
m=h/ac=333+2 electron masses, whereas the masses of the 
xt, x, and w® mesons are 277.4+1.1, 276.1+1.3, 264.643.2 m, 
respectively.*® The accuracy in fitting the data is quite high and it 
seems that something additional is needed to explain the differ- 
ence. The neutron-proton system seems to give a triplet inter- 
action agreeing with the mass of meson theory, but the error is 
quite large in the singlet case. A rough estimate of relativistic 
effects’ for energies up to 4 Mev indicates that they may cause 
as much as a 2 percent decrease in the mass. Cutoffs by a straight 
line parallel to the axis at r=h/Mc where M is the proton mass 
indicate a meson mass slightly higher, and cutoffs at larger r’s 
would make the mass even higher. 

We have investigated the scattering up to 3 Mev, where it is to 
be expected effects of relativity would be least and angular 
momenta other than L=0 are not significant, by means of a poten- 
tial form which satisfies certain basic requirements. We require 
that between protons the potential should be (1) asymptotically 
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equal to the Coulomb potential, (2) finite everywhere, (3) derivable 
from the static approximation of a relativistically invariant meson 
theory. Condition (2) was imposed because the infinities asso- 
ciated with the Coulomb and meson potentials can have little 
physical significance. Condition (3) we required so that there would 
be some means of comparing the potential with theory. 
The potential chosen for calculation, 
Cele 


gear ad © ao=e?/mc, (2) 


fe 
(1—e-*/ee)5 —-— 


which is a modification of (1) wherein the comparison of mass 
values is still possible, may easily be seen to satisfy the postulated 
requirements. We can consider (2) as consisting of a modified 
Coulomb term 

e/r—eet40/r (3) 
and a modified meson term 


Cee Ce ria*+r/aq) 

—s (4) 

r/a r/a 
The exponential terms may then be considered as static meson 
potentials corresponding to different masses. Equation (2) could 
be easily generalized to bring in arbitrary meson masses so that 
the change in potential compared to (1) could be explained as 
being due to heavier mesons which introduce an interaction at 
short distances similar to that of Enatsn.* So as not to introduce a 
large number of parameters, however, We have restricted ourselves 
to C, related to the strength of the main meson term, and a, con- 
nected to the main meson mass. 

The procedure used in relating the potential parameters to 
scattering results is somewhat similar to that of Breit and Hatcher.” 
Interior solutions were calculated out to r=3e*/mce* by numerical 
integration and matched there to pure Coulomb solutions calcu- 
lated from the formulas of Yost, Wheeler, and Breit® for a range of 
values of C and a. Values were obtained for the phase shifts and to 
test the error in neglecting the meson tails several calculations 
were performed out to 6e?/mc* where the phase shifts seemed to 
converge. To estimate analytically the error introduced, a modi- 
fication of the Born approximation was employed which will be 
reported on in a forthcoming publication. Our results show that 
for a value of a corresponding to a meson mass of 274m agreement 
is obtained with experimental results. It is seen then that this 
theory is a possible explanation of the meson mass disagreement. 

It is to be noted that other explanations of the discrepancy have 
recently appeared. Jastrow® has employed a repulsive core with 
some success, and Breit and Yovits'® have suggested an internal 
excitation of the two-particle system which would lead to a 
possible change of about 10 percent. 

* This work supported by the ONR. 

1G, Breit and W. G. Bouricius, Phys. Rev. 75, 1029 (1949). 

2J. D. Jackson and J. M. Blatt, Revs. Modern Phys. 22, 77 (1950) 

* Yovits, Smith, Hull, Bengston, and Breit, Phys. Rev. 85, 540 (1952). 

‘ Barkas, Smith, and Gardner, Phys. Rev. 82, 102 (1951) 

5 Panofsky, Aamodt, and Hadley, Phys. Rev. 81, 565 (1951). 

*E. E. Salpeter, Phys. Rev. 82, 60 (1951) 

7G. Breit and R. D. Hatcher, Phys. Rev. 78, 110 (1950). 

*H. Enatsu, Phys. Rev. 85, 483 (1952). 

* Yost, Wheeler, and Breit, Phys. Rev. 49, 174 (1936). 

1G. Breit and M. Yovits, Phys. Rev. 81, 416 (1951); G. Breit, Phys. Rev 
84, 1053 (1951 


Inelastic Scattering Resulting in 
Short-Lived Isomers 
O. Hitrmarr 
Physics Department, Massachusetts Institute of Technology, 
Cambridge, Massachusetts 
(Received May 28, 1952) 


HE angular distribution of the y-radiation that follows an 

inelastic scattering process may either provide information 

concerning spin and parity of the involved levels, or if these data 
are known, prove the applicability of a certain nuclear model. 
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We assume that the target nucleus is heavy enough to remain 
at rest in the center-of-mass system. The z-axis is taken in the 
direction of the incoming particle. Then the y-angular distribution, 
with the outgoing particle unobserved, is given by 
W(d)= LY (—)te te’ thanLathst( 27,4 -1)4(2i3’+1)4 
LL’ 

1)~'e,(LiLy’)e,(L3L3’) 
xu bet v)W(LsisLs'ts’, igv) 
x SL 


Lyiohy ie’, tev) Wi 


Lyi, ""* *SLa'ig’ Lyin" 2 Tig ig? Tig tg’ Ls’) P,(cosd). 


The numbers 7; to i, mean the level spins of the target nucleus, 
the compound nucleus, the residual nucleus of the scattering 
process, and the final nucleus which later may coincide with i, 
except for its orientation. The L’s are the total angular momenta 
of the incoming and the outgoing particle and the y-radiation. 
The S-matrix elements are the radial parts of the probability 
amplitudes of the inelastic scattering, i.e., they are independent of 
magnetic quantum numbers. The relative probability of the 
y-radiation is signified by Ti4,i;““. The W’s are the Racah coeffi- 
cients.':* The c,’s are defined by 


c,(LL) = 2 —)L’-*(LL’— pp! v9), 


where y is the z-projection of the particle spin and (LL’— yy! v0) 
is a Clebsch-Gordan coefficient. The triangular relations of the 
Racah coefficients restrict the degree of the Legendre polynomials 
P,(cosd) to values <(L +L’, i2+i2’, is+i;’, L3+L,’). 

The given expression for W(#) describes the process with full 
generality. Without making further assumptions about the levels 
involved and the nature of the transitions, it cannot be simplified 
any further. In the case when the inelastic scattering process re- 
sults in a short-lived isomer’ with mass number > 100, two essen- 
tial simplifications seem to be possible. The y-transition will, in 
general, be a pure multipole. Therefore, the product of the radia- 
tive transition probabilities Ti,,i;4" can be dropped as a common 
factor. Furthermore, the statistical assumption‘ may be made for 
the compound nucleus of the scattering process which cancels 
interference terms and replaces the product of the S-matrix ele- 
ments by the transmission for the incoming particle. Using channel 
spins for the scattering process, we get then for the y-angular 
distribution 


We(d)= = "871, (E)(2i24+ 1)2(2h+1)2(22. +1) 


x (11,00) WO) (L3L3—11| 00)W (Litaliie, jv) 
X W (ie jsi2ja, lev) W (LaisL sts, igv) P,(cosd), 


where E is the energy of the incoming particle and 71,(Z) is its 
transmission.* 

Since odd Legendre polynomials in W() arise from interference 
terms, the first requirement for the applicability of the formalism 
is the symmetry of the angular distribution. 

We assume that the inelastic scattering that leads to the isomeric 
states listed below is neutron scattering. Then the coefficients for 
the Legendre polynomials of the angular distribution are given in 
Table I. Proton scattering or scattering of other particles would 
express itself in changed transmissions 71,(£). 


TABLE | he coefficients of the y-angular distribution We(d) =Po 
‘ +asPa(cosd). E is the energy of the incoming neutron; #2: and 
the target and the final nucleus; #3 is the one of 


+a2P2(cosd 
ia are the spin n 
the isomeri 


imbers of 


0.071 
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The energy of the incoming neutron was chosen to be about 
80 kev above the threshold. This means that /, is restricted to the 
values 0 and 1. Higher energies would quickly increase the number 
of /-values and would complicate the computation of W2(#) 
considerably. 

Since the spin and parity assignments are well established by 
other experiments, an experimental check of the given angular 
distributions would show how well the statistical model accounts 
for the given situation. 

The author wishes to thank Professor Feshbach sincerely for 
suggesting this problem. 

1G. Racah, Phys. Rev. 62, 438 (1942). 

? Biedenharn, Arfken, and Rose, Phys. Rev. 83, 586 (1951). 


3M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951). 
4H. Feshbach and V. F. Weisskopf, Phys. Rev. 76, 1550 (1949). 


Internal Absorption of Fluorescent Light 
in Large Plastic Scintillators* 
C. N. CHou 
Department of Physics, University of Chicago, Chicago, Illinois 
(Received June 2, 1952) 


HE preparation and performance of comparatively small 
plastic scintillators have been reported by several authors.'~* 

We have made some plastic scintillators of large dimensions by 
impregnating styrene monomer with various fluorescent substances 


TABLE I, Pulse sizes (in arbitrary units) observed with a Co source. 


Distance of the path of radia 
tion through the sample 
from the surface of the 

photomultiplier 
10 cm 20 cm 


Phosphor 
Anthracene in polystyrene 0.5 
p-terpheny! in polystyrene 1.4 0.8 0.5 
Phenylcyclohexane solution 1.6 1.5 


before polymerization. No catalyst was used in the process. In a 
series of experiments, the samples had the form of a cylindrical 
rod 3.5 cm in diameter and 20 cm long. The pulse sizes were ob- 
served in an oscilloscope from the output of a 5819 photomulti- 
plier attached to one end of the rod. Except for this end, the rod 
was wrapped with 0.133-mm thick aluminum foil as a reflecting 
surface in order to improve light collection. A narrow beam of 
y-ray from a Co™ source passed through the rod perpendicularly 
to its axis at various distances from the surface of the photo- 
multiplier. The results are summarized in Table I. Cosmic rays 
from a coincident counter telescope and a soft x-ray beam from a 
dental machine were also used as sources of irradiation and gave 
similar results. From the table we can see that there is little in- 
ternal absorption of fluorescent light in the cases of a and c, while 
b shows considerable absorption at greater lengths. The concentra- 
tion of the anthracene in polystyrene was about 3 percent. No 
great difference in internal absorption was observed in varying the 
concentration from 2-5 percent. The concentration of p-terpheny]l 
in polystyrene was about 2 percent. The addition of about 0.01 
percent diphenylhexatriene made no significant difference in the 
large internal absorption as shown in Table I. When the concentra- 
tion of p-terphenyl was raised to 4 percent, some part of the 
plastic became less transparent in appearance. In the table the 
results for liquid phenylcyclohexane solution (plus 0.3 percent 
p-terphenyl and 0.001 percent diphenylhexatriene) of the same 
dimensions as the plastic rods are also included. An anthracene 
crystal 3 cm in diameter and 3.3 cm in length was also used and 
gave a pulse size of 5.4 (in the same units as used in Table I). A 
plastic scintillator consisting of 3 percent anthracene in poly- 
styrene, 4.1 cm in diameter and 30 cm long (this is the maximum 
length that has been investigated), showed relatively small ab- 
sorption (less than 15 percent) of the light output throughout the 
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whole length. This makes it possible to use scintillators of this 
kind (a) in cosmic-ray telescopes, (b) for triggering cloud chambers, 
and (c) for locating weak radioactive sources, etc. It might be 
mentioned that a sample of 2 percent pyrene in polystyrene was 
found to be comparable in performance to anthracene in poly- 
styrene for small thicknesses of the scintillator. However, it 
showed greater internal absorption at greater lengths. 

The author wishes to express his sincere thanks to Professor 
Marcel Schein for the hospitality extended to him to work in the 
Cosmic Ray Laboratory. He also thanks the Department of State 
for a grant. 

* Assisted by the joint program of ONR and AEC 

1M. G. Schor and F. L. Torney, Phys. Rev. 80, 474 (1950). 


2M. G. Schor and E. C. Farmer, Phys. Rev. $1, 891 (1951). 
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Relative Yields of Photonuclear Reactions 
L. S. Epwarps AND F. A. MacMILLAN 
Synchrotron Laboratory, Queen's University, Kingston, Onterio 
(Received June 2, 1952 


ELATIVE yields for 41 photonuclear reactions have been 

measured by the method of radioactive end-products. The 
yields were defined, following Perlman and Friedlander,' as “‘yield 
=saturation activity of product per milligram atom of parent 
isotope, divided by saturation activity of monitoring reaction.” 

The materials, in the form of thin metal ioils, were irradiated 
in the x-ray beam from the 70-Mev Queen’s synchrotron. Each 
foil was sandwiched between two thin polystyrene sheets, which 
monitored the exposure through the C(y, )C" reaction. Activi- 
ties of the foils and monitors were measured by a thin end-window 
G-M tube in a standard geometry. The chemical purity of all 
samples was checked by spectrographic analysis. Some materials 
were used as simple compounds in powder form. Yields determined 
in the powder and foil arrangements were related by observing the 
C"(y,)C" reaction in powdered and solid graphite and the 
In'!5(y, m)In"* reaction in indium sesqui-oxide and indium foil. 
Short-lived activities were investigated with an apparatus which 
dropped the sample to a well-shielded counter below the x-ray 
beam. 

Saturation activities were corrected for self-absorption of 
8-rays in the sample, absorption in the counter end-window, for 
alternative modes of decay such as K-capture, and for counts due 
to nuclear y-rays, internal conversion electrons, etc. An estima- 
tion of the accuracy of the yields is sometimes very difficult due 
to the varied factors affecting each result. By giving careful at- 
tention to good monitoring, thorough determination of all activi- 
ties present, reproduction of geometry, and accurate analysis for 
saturation activities, the standard deviation from the mean for 
individual runs was reduced to less than +3 percent (often for foil 
weights differing by as much as a factor of six). As each reported 
yield is the result of about eight experiments, the yield values 
should be accurate to about +2 percent. However, allowance must 
be made for possible large errors in individual cases due to poor 
corrections for K-capture, etc. 

73 reactions were identified in these 22 elements; uncertainties 
or complications in decay schemes confined yield calculations to 44 
of them. These yields are listed in Table I. 

The definition of yield given above leads to the following ex- 
pression for the relative yields Y; and V2 of two reactions: 

Yi ?Ri fodE 

Y, PR, SodE 
where ?R represents the relative number of photons/Mev at the 
reaction resonance energy in the x-ray spectrum, and f/cdE is the 
integrated cross section of the reaction. A determination of the 
x-ray spectrum of this thick-target synchrotron, recently made by 
McDiarmid? using emulsion techniques, indicated that the photon 


, 
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Taste I. Relative yields and integrated cross sections. 


Calculated Previous 
values values 
SodE SadE 
(Mev- (Mev- 


Relative 
1 barns) barns) 


Half-life yield 


Reaction 


0.100 0.0478.» 
0.035 
0.400 
0.382 
0.152 
0.170 
0.123 
0.162 


0.047 
0.017 
0.18 
0.11 
0.072 
0.080 
0.058 
0.076 
0.44 
0.39 


Cy, n)Cu 
N'#(y, n)N@ 
O'My, wOU sec 
FiM(y, 2) Fis min 
Mge*(y, 2)Mg™ A sec 

Al? (y, 2) Al sec 
CB4(y, 2) Cl min 
K*%(y, 2) K™ min 
Ti(y, n) Ti*® hr 0.925 
Fe*(y, »)Fe® min 0.836 
Ni®*(-y, 2) Ni*? . hr 0.497 
Cu®(y, 2) Cu® min 37 

Cu(y, 2)\Cu® 9 br 

Zn(y, n)Zn®™ min 

Nb*"(y, 2) Nb® day, 21.6 hr 
Mo*(y, 2) Mo* 
Mo!™(y, ») Mo* 
Rh!®(y, 2) Rh? 
Pd¥%y, 2) Pdi 
Ag"®’(y, n)Agi* 
Agi*(y, 2) Agi 
In!!4(y, n) Int 

Pti*8(y, n) Pete? 

Au!*"(y, n) Aut 
Mg(y, p) Na® 

Mg*(y, )Na™ 

Mg**(y, pn) Na™ hr 
Ti*(y, p)Sc*? 3.4 day 
Ti™(y, p)Sc* min 
Fe*(y, p)Mn* hr 

Ni®(y, p)Co® 7 hr 

Zn*(y, p)Cu® 58 hr 

Mo*(y, p) Nb*” min 
Pd*(y, p) Rh? min 


20.5 min 
0.1 min 


0.42¢ 
0.33¢ 
0.63%. 
1.28.4 
0.83¢ 


einem 


NbN SSRIS 


ow 


day, 14 hr 
sec 


Fe*(y, pn) Mn® min 
Zn“(y, pn) Cu® min 
Zn(y, pn)Cu® hr 

Mo"(y, pn) Nb*® hr 0.29 
0.073 
0.034 


Cu®(y, 2n)Cu® 3.4 hr 
Zn“(y, 2n)Zn® hr 0.073 


0.00476 
0.0050 


AP7(y, 2p) Na* : sec 
Rh!®(y, 2p) Tc™™ min 


0.0022 
0.0024 


0.0065 
0.0047 


0.0031 
0.0022 


AP"(y 
Coy, 


2pn)Na™ hr 
2pn)Mn* 7 hr 





Independent absolute determinations 
> Haslam, Johns, and Horsley, Phys. Rev 


82, 270 (1951). 
¢L. Katz et al., Phys 
4B. C. Diven and G 


Rev. 82, 271 (1951). 
M. Almy, Phys. Rev 


80, 407 (1950). 

spectrum is essentially flat in the region 10-30 Mev. Since this 
range includes the resonance energies of the common photo 
nuclear reactions, the quantities °R; should then be equal and the 
yields directly proportional to integrated cross sections. Assuming 
this to be the case, the value of /“cdE=0.047 Mev barns for the 
C2(-y, n)C" reaction, 2s measured by Haslam, Johns, and Horsley,’ 
was used to calculate cross sections for all reactions (see Table I). 
Use of this reference standard and of the empirical spectrum in- 
troduces an added probable error of roughly +15 percent in the 
absolute values of the cross sections. The good agreement of our 
values with the best independently measured cross sections 
(column 6, Table I) is additional evidence for the flat photon 
spectrum. 

A striking feature of these results is that (y, pm) yields, pre 
viously considered to be small,‘ are of the same order as (y, p) 
yields; similarly, (y, 2pm) yields are of the same order as (vy, 2) 
yields. 

A more detailed account of these experiments will be published 
in the near future. The work was carried out at the suggestion of 
Dr. J. A. Gray, and grateful acknowledgment is made for his 
interest and advice throughout; also to the National Research 
Council of Canada and the Ontario Research Council for bursaries 
held by the authors. 

1M. L. Perlman and G. Friedlander, Phys. Rev. 74, 442 (1948) 

21. B. McDiarmid (to be published). 


? Haslam, Johns, and Horsley, Phys. Rev. 82, 270 (1951). 
4A. G. W. Cameron, Phys. Rev. 82, 272 (1951). 
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Angular Correlation in the Reaction 
B"(p3 v1, 72)Ct 
HuBBARD, Jr.,* Epwarp B. NELSON 
AND JAMES A. JACOBS 
The State University of lowa, lowa City, Iowa 
Received June 2, 1952) 


THomas P 


HICK targets of natural boron have been bombarded with 
170-kev protons from the kevatron! at the State University 
of Iowa. The excited state of C" resulting from this bombardment 
decays among other ways by the successive emission of 11.8- and 
4.5-Mev gamma-rays. The angular correlation of these gamma- 
rays and the angular distribution of the 11.8-Mev gamma-ray 
has been measured. RCA 5819 photomultiplier tubes and NaI(Tl) 
scintillation crystals were used as the gamma-ray detectors. 

The angular distribution of the 11.8-Mev gamma-ray was found 
to be proportional to 1+(0.23+0.04) cos*#@. This implies that 
p-wave protons are predominant in the formation of the compound 
nucleus. Thus, the triple angular correlation theory of Biedenharn, 
Arfken, and Rose? is applicable. 

The angular correlation of the successive gamma-rays was 
measured in two counting geometries. In the first geometry the 
4.5-Mev gamma-ray was counted parallel to the proton beam and 
the 11.8-Mev gamma-ray at an angle @ with respect to the proton 
beam. The resulting angular correlation function was found to be 
proportional to 1+(0.39+0.15) cos*#@. In the second geometry the 
4.5-Mev gamma-ray was counted at right angles to the proton 
beam and the 11.8-Mev gamma-ray at an angle @ with respect to 
the proton beam and in the plane defined by the fixed counter and 
the proton beam. The resulting angular correlation was found to 
be proportional to 1—(0.2+0 1) cos?. 

The spins of the proton, the ground state of B", and the 
ground state of C” are known’ to be 1/2, 3/2, and 0, respectively. 
The spin? of the 16.3-Mev excited state of C™ is 2 since this state 
decays* by both gamma-ray emission and alpha-particle emission. 
This leaves only the spin of the 4.5-Mev excited state of C® and 
the relative angular momenta of the two gamma-rays unknown. 
The three independent measurements on the gamma-rays (the 
11.8-Mev gamma-ray angular distribution and the angular corre 
lation with two geometries) should then give experimental values 
for these unknown quantities. Using the theory of Biedenharn, 
Arfken, and Rose,? Professor J. M. Jauch of this department has 
shown that the above measurements are consistent with the spin 
of the 4.5-Mev excited state of C" being 2, the 11.8-Mev gamma- 
ray being dipole radiation, and the 4.5-Mev gamma-ray being 
quadrupole radiation. This is in agreement with Haefner’s® 
analysis of the alpha-particle model of C®. 

1 in part by the AEC 
sa, Oklahoma 
796 (1950 
Rev. 83, 586 (1951). 
vs. Modern Phys. 22, 64 
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Modern Phys. 23, 228 
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High Energy Nuclear Collisions and 
the Fermi Model 

H. MeEsset 

{delaide, 

Received June 3, 


AND H. S. GREEN 
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W E have recently! considered the question of correlating the 
differential cross section for inelastic nucleon-nucleon 
collisions with experimental data on the angular and radial spread 
of the nucleon component of the cosmic radiation. Since our re- 
sults were communicated, other results? have been published 
which bear on this topic, from a different point of view. It appears 
to us of great interest to compare the conclusions thus reached by 
independent methods. 
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Our results showed that neither the Fermi-model,’ nor an 
alternative model‘ with a differential cross section quasi-isotropic 
in the center-of-mass coordinates, could explain the relatively 
small angular and radial spreads*~® of the nucleon component of 
the cosmic radiation in the atmosphere. By a detailed mathe- 
matical analysis of the cascade processes in the nucleus and the 
atmosphere, we found that theory could be reconciled with ex- 
periment only by supposing that the scattered nucleons in nuclear 
collisions are confined to a much narrower cone than that required 
by the relativistic transformation. Moreover, the differential cross 
section must decrease something like exponentially from the 
forward direction to ensure that not too many particles escape at 
wide angles. 

Hazen, Heineman, and Lennox? have attempted to compare the 
predictions of the Fermi-model with experimental] data. They 
considered nucleon-nucleus collisions, but they did not employ a 
quantitative cascade theory, with the result that their numerical 
comparisons were of a qualitative nature only. Nevertheless, their 
conclusions do not differ essentially from our own. Under the most 
favorable conditions that they could envisage, there remained a 
discrepancy of almost an order of magnitude between the half 
width predicted by the Fermi-model and that required by ex- 
periment. 

This discrepancy would have been increased if the moments of 
the angular distribution had been considered instead of the num- 
ber of particles within a given angle. The singularities of the Fermi 
distribution at 0° and 180° in the center-of-mass frame are of a 
very weak type which results in moments not very different from 
those of a quasi-isotropic distribution.‘ 

Hazen et al. were concerned to a greater extent with the mesons 
than the nuclecns that are generated in nuclear encounters. 
However, it is obvious that the distributions in the atmosphere of 
the two components cannot be very different. 

There is thus an increasing amount of evidence that neither the 
quasi-isotropic distribution* nor the Fermi distribution can even 
approximately describe the facts and that some unknown process 
is in operation at very high energies, which results in an intense 
concentration of the particles scattered in nuclear collisions in the 
forward and backward directions. 

1H. Messel and H. S. Green, Phys. Rev. 

? Hazen, Heineman, and Lennox, Phys. Rev. 86, 

+E. Fermi, Phys. Rev. 81, 683 (1951). 

4H.S. Green and H. Messel, Proc. Phys. Soc. (London) A64, 1083 (1951). 

§ Cocconi, Cocconi Tongiorgi, and Griesen, Phys. Rev. 76, 1020 (1949). 

* Eidus, Alymova, and Videnskii, Dokl. Akad. Nauk (S.S.S.R.) 75, 669 
(1950). 

7 Vernov, Grigorov, and Charaklchyan, Izvest. Akad 
Ser. Fiz., 14, 51 (1950). 

g . Blinova, Videnskii, and Suvorov, Dokl. 
74, 477 (1950). 
§G. M. Branch, Phys. Rev. 84, 147 (1951). 
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Measurement of Short Beta-Decay Lifetimes* 
R. B. Hott,t R. N. THorn, ano R. W. WaANtIEK 
Cyclotron Laboratory, Harvard University, Cambridge, Massachusetts 
(Received May 28, 1952 


NEW method for measuring the lifetimes of isotopes has 

been developed. The isotopes are produced in the bombard- 
ment of various targets by the internal proton beam of the Har 
vard FM cyclotron. The decay particles are detected by a crystal, 
Lucite probe, and photomultiplier arrangement. The target is 
located in the median plane about four inches directly below the 
detecting crystal. Many of the decay particles follow helical paths 
in the magnetic field through an opening cut in a one-inch thick 
brass cap shielding the anthracene crystal. An eight-foot long 
Lucite probe enclosed in a vacuum-tight tube collects the light 
flashes and conveys them to a RCA 5819 photomultiplier located 
outside the vacuum tank. The signal is fed from the photo- 
multiplier to a cathode follower and from there to a linear ampli- 
fier in the control room. The pulses from the discriminator output 
go into an integrating circuit ; the resulting current is registered on 
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linear roll paper by a fast recorder. All circuits are left on con- 
tinuously. The target is irradiated, the cyclotron is turned off, 
and the excitation is observed immediately. 

With this arrangement measurements were taken using a one- 
sixteenth-inch thick carbon plate as a target. Runs were made at 
twelve different proton energies chosen in the range between 20 
and 110 Mev by varying the distance of the target from the center 
of the cyclotron tank. Owing to the occurrence of simple and 
spallation reactions, a variety of modes of disintegration was ob- 
served. By pulse-height analysis and varying the time of irradia 
tion, additional discrimination was obtained. Previously known 
lifetimes as well as some new ones appeared with great consistency 
over various bombarding energies. 

The first part of our investigation was aimed at the detection of 
the Li® isotope. The activity has been first tentatively reported by 
Gardner et al. on the basis of the detection of delayed neutrons 
produced according to the following scheme :! 


Li*>(Be*)*+8, (Be*)*—Be*+n, and Be*—2a. 


The half-life obtained was 1684 msec. 

By this first direct detection of the beta-decay particles a half- 
life of 170+5 msec has been obtained, thereby corroborating the 
California results. The spallation reaction leading to Li’ is 
C"(p, 4p)Li®, with a threshold energy of about 47.5 Mev in the 
laboratory system. 

We wish to thank Mr. R. Brown and Mr. M. Hurley for their 
help in evaluating the large number of decay curves. 

* This work has been supported by the OLTR. 

Now at the Scientific Specialties Corporation, Cambridge, Massa- 


chusetts. 
! Gardner, Knable, and Moyer, Phys. Rev. 83, 1054 (1951). 


Atomic Beam Resonance Method for Excited States 
I. I. Rast 
Columbia University, New York, New York 
(Received June 4, 1952) 


HUS far, only long-lived or metastable states of atoms or 
molecules have been studied by molecular beam resonance 
methods. The purpose of this letter is to indicate that excited 
atomic or molecular levels are accessible to experimental methods 
quite similar to those which have been used for the ground states." 
There is the inevitable loss in precision which arises from the fact 
that excited states have lifetimes of the order of 10~* sec, which 
brings with it an inevitable line width of approximately 10 mega- 
cycles. It will, therefore, be difficult to measure hyperfine struc- 
ture intervals to a higher accuracy than a fraction of a megacycle. 
In essence, this new method is similar to the original investiga- 
tions. However, in addition to the radio frequency field, the region 
of the “‘C” field is also illuminated with radiation of the principal 
series of the atoms under investigation. This resonance radiation 
brings a substantial fraction of the atoms into an upper level in 
which they have a lifetime of about 10-* sec. When they re- 
turn to the lower state by radiation there is a preference for the 
original hyperfine structure state from which they started, as 
can be shown by a simple calculation. The application of an rf 
field of sufficient amplitude and of appropriate resonance fre- 
quency causes transitions among the upper hyperfine structure or 
magnetic levels and “scrambles” the population in the upper state. 
Since the atoms are essentially “tagged” atoms by the deflection 
which they have suffered in the “A” field this scrambling will 
cause a change in refocused intensity at the detection. 

To reduce background, the “A” and “B”’ fields are so arranged 
as to produce equal deflections and of the same sign at the detec- 
tor. In this way only very few atoms reach the detector. How 
ever, when the beam is illuminated with the optical radiation, 
some of the atoms which have absorbed this radiation come down 
to the ground state with moments pointing in a direction opposite 
to the original and are, therefore, focused onto the detector by the 
“B” field. When the rf is resonant, this beam intensity is changed. 
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By the interposition of slits or obstacles right after the “A” or 
after the “B” field, or both, one can select certain specific states 
which are to be subjected to the optical excitation, or shut out 
atoms which have undergone specific transitions, procedures 
which should prove to be helpful in the interpretation of results, 
or in the resolution of overlapping lines. 

These general methods are capable of wide extension. To men- 
tion a few, it should be possible to study isotope shifts by these 
methods by illuminating with the line of one isotope and, by 
means of magnetic or electric fields, moving the line of the other 
isotope into a frequency region which can absorb this radiation; 
it should be possible to produce atomic states which are too high 
for temperature excitation by illuminating the ground state with 
appropriate radiation and studying the atoms which fall into this 
upper state; double optical excitation can make accessible states 
other than those which can be reached by absorption of the series 
alone. 

The method here suggested is related to the methods which use 
the depolarization of resonance radiation.? Our present method, 
however, has the general advantages which atomic and molecular 
beam methods have of greater simplicity and control of the de- 
tails of the complicated processes which are involved when a 
multiplicity of states exists as in hyperfine structure, as well as a 
better ratio of signal to noise. 

This method is being applied to the study of the alkalis, par 
ticularly Rb in the first P level. It has already been found quite 
easy to cause 20 percent of the atoms to make transitions by op 
tical excitation with a very simple source of resonant radiation. 

Further details will be published in a later paper. 

! Kellog, Rabi, and Zacharias, Phys. Rev. 50, 472 (1936); Rabi, Millman, 
Kusch, and Zacharias, Phys. Rev. 55, 526 (1939); Kusch, Millman, and 
Rabi, Phys. Rev. 57, 765 (1940). 

2E. Fermi and F. Rasetti, Nature 115, 764 (1925); Z. Physik 33, 246 
(1925); F. Bitter, Phys. Rev. 76, 833 (1949); J. Brossel and A. Kastler, 
Compt. rend. 229, 1213 (1949); M. L. Pryce, Phys. Rev. 77, 136 (1949); 
Brossel, Sagalyn, and Bitter, Phys. Rev. 79, 196, 225 (1950); F. Bitter and 


J. Brossel, Phys. Rev. 85, 1051 (1952); J. Brossel and F. Bitter, Phys. Rev 
86, 308 (1952) 


The Directional Correlation of the 
Ni® y-y Cascade 


H. Agpput, H. FRAVENFELDER,* E. HEER, AND R. RUETSCHI 
Swiss Federal Institute of Technology, Zirich, Switzerland 
(Received May 26, 1952) 


HE directional correlation of the y-y cascade of Ni® was 

first investigated by Brady and Deutsch,' who report their 
measurements to be consistent with the correlation function W (6) 
for the cascade 4(£2)2(E2)0: W(@) =1+-4 cos*é+ (1/24) cos*#; an- 
isotropy A=[W(180°)/W (90°) ]—1=0.167. The assignment of 
the radiation type, £2, stems from the measurement of the direc- 
tion-polarization correlation? and from the determination of the 
internal conversion coefficients.? The conclusions of Brady and 
Deutsch were confirmed by several other investigators.*7 

Using the apparatus described in a forthcoming paper,*® we 
remeasured the directional correiation of the Ni®-cascade. The 
scintillation counters were shielded with lead (0.5 cm in front, 
1.0 cm laterally) against scattered quanta and annihilation radia 
tion from internal pair production. The scattering correction for 
the anisotropy, calculated and tested experimentally with Fe* 
y-rays,’ amounts to less than 0.003. 

The measurements made with the radioactive source consisting 
of a spherical piece of pile-irradiated metallic cobalt (diameter 
~0.02 cm) yield an anisotropy A=0.148+0.003. Additional 
measurements with sources prepared chemically [CoSQ,, solid 
and in solutions; K,Co(CN).], with the double stream method 
(imbedding materials Ag and Ni), and by electrolysis on a thin 
Ag wire, are all consistent with this value of the anisotropy. The 
weighted mean value of the anisotropy, taking into account all 
measurements, is A =0.148+-0.002. (Inspection of the investiga- 
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tions'* 57 shows that the values and curves reported there are also 
consistent with this value of the anisotropy.) 

Our experimental value for the anisotropy differs from the 
theoretical value for the cascade 4(2)2(2)0: A teor= 0.167. To ex- 
plain the discrepancy, we considered two possibilities : 

1. The assignment 4(£2)2(£2)0 is wrong. We tried to fit all 
experimental data together with our value of A by assuming other 
spin- and parity-assignments and by taking into account mixtures 
of different multipole radiations. No other assignment, however, 
seems compatible with all known facts. 

2. The directional correlation is influenced by the electron 
shell..°" To test this assumption, we applied an external 
magnetic field H in the direction of the fixed counter. According 
to Goertzel," such a field should restore the undisturbed correla- 
tion if the field strength H satisfies the relation nh >>hw, where u 
and Av=w/2re are the magnetic moment and the hyperfine 
splitting of the atom if the nucleus is in the intermediate level. 
(Goertzel’s statement is only valid for magnetic interactions. We 
assume, however, that other interactions are too weak to have an 
appreciable effect.) The directional correlation of Ni® remains, 
however, unchanged for field strengths H up to 8000 oersted 
(corresponding to inner fields of ~15,000 gauss in the metallic 
lhis allows an estimate of the lifetime T of the interme- 
diate nuclear state. The existence of an attenuation by the shell 
implies w7~1. The failure of the external magnetic field H to 
restore the directional correlation means hw~ pH. These two condi- 
tions (with u~pobr) give an upper limit for 7: TS10~" sec. If 
one assumes further an upper limit for the magnitude of the hyper- 
fine splitting, Ay<1¢m™, one gets T~10~™ sec. This value for the 
lifetime of the first excited state of Ni® is in essential agreement 
with the value calculated from the Weisskopf formula” for an 
electric quadrupole transition. 

From the present experiments it is, however, impossible to 
decide if the discrepancy between theoretical and experimental 
anisotropy is caused by the influence of the electron shell or if 
other effects have to be considered. Before definite conclusions 
can be drawn, the measurements have to be repeated with stronger 
external magnetic fields. The precise determination of the direc- 
tional correlation of other 4(£2)2(£2)0 cascades would perhaps 
also give more information. 

We wish to thank Professor P. Scherrer for his continued in- 
terest, Dr. M. R. Schafroth and Mr. K. Alder for many valuable 
discussions, and Mr. R. Hiltbrunner for his assistance during the 
measurements. 
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Superconductivity in the Cobalt-Silicon System 
B. T. MATTHIAS 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received June 4, 1952 
COBALT-SILICON melt with 75 atomic percent Si has 
been found to become superconducting at 1.33°K. This was 


A 


determined both by measuring the magnetic flux change and by 
observing the Meissner effect. The bulk properties thus obtained 
indicate that about half of the sample becomes superconducting. 
X-ray analysis' shows two phases: pure silicon and CoSi: in roughly 
equal proportions. 
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Whereas it has been impossible to detect superconductivity at 
temperatures above 1.27°K in pure CoSiz, measurements on melts 
with more than 75 atomic percent Si indicate, from the volume of 
the sample which becomes superconducting, that CoSi, is the 
superconducting phase. This suggests that the transition tem- 
perature in CoSiz has been slightly raised in our samples by the 
strain resulting from its rapid crystallization into the CoSiz in an 
excess of silicon. This suggestion is further supported by the fact 
that annealing a melt with 75 atomic percent Si lowered the 
transition temperature. 

As cobalt is ferromagnetic and silicon is a semiconductor at 
best, the probability is low that either element is a superconductor, 
even at the lowest temperatures. Superconducting compounds of 
nonsuperconducting elements have thus far been limited to some 
borides, carbides, nitrides of molybdenum and tungsten, CuS, and 
a large number of Bi-compounds. In the periodic system, however, 
Mo, W, Cu, and Bi are very close to the two groups of super- 
conducting elements. This has given rise to the hypothesis? that 
superconducting elements or compounds are essentially confined 
to these two regions in the periodic table. The present example 
indicates that this hypothesis is not reliable. 

1IT want to thank Dr. E. A. Wood and Professor W. H. Zachariasen for 


their help and advice in this analysis 
2 I. Matthias and J. K. Hulm, Phys. Rev. (to be published) 


A Quantitative Determination of the Abundance of 
Telluric CO above Columbus, Ohio* 


J. H. SHaw anp J. N. Howarp 
Department of Physics and Astronomy, Ohio State University, 
Columbus, Ohio 
(Received Apri! 9, 1952) 


INES of the 0-1 absorption band of CO at 4.74 have been 

observed in solar spectra recorded at Columbus, Ohio,'? 
and at the Jungfraujoch, Switzerland,*‘ and it has been shown that 
the absorption is of telluric origin. However, recent measurements 
made by Goldberg, McMath, Mohler, and Pierce'® at Lake 
Angelus, Michigan, and Mt. Wilson, California, who have studied 
the solar spectrum in the CO overtone region at 2.34, have so far 
failed to reveal any absorption which can be ascribed to telluric 
CO. Thus, estimates of the average amount of telluric CO above 
these various geographic locations vary very widely, and in addi- 
tion daily variations in the amount of CO present has also been 
reported. 

In order to make an accurate measurement of the amount of 
atmospheric CO above Columbus, Ohio, observations on the line 
R(2) of the’fundamental band of CO in the solar spectrum were 
made on several days during January and February, 1952. The 
region of the solar spectrum studied is shown in Fig. 1, and it is 
seen that the R(2) line, marked with an arrow, appears to be free 
of other strong interfering lines. Measurements of the total ab- 
sorption of this line for various solar altitudes are shown in Fig. 2. 


Fic. 1, The solar spectrum near 4.7y. 
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Fic. 2. Curve of growth of line R(2) of the CO fundamental band 


The scatter of the points is due in part to experimental error, but 
it may also be due to variations in the amount of CO. 

If laboratory data are available it is possible to calculate the 
amount of atmospheric CO from the curve shown in Fig. 2, as- 
suming that the CO is uniformly distributed in a suitable model 
atmosphere. Goldberg’ has described in detail how such a calcula- 
tion can be performed, and we have made the necessary laboratory 
studies. Our measurements indicate that the average amount of 
telluric CO above Columbus, Ohio on the days when spectra were 
obtained was 0.09 atmos-cm per air mass. This is somewhat less 
than the amount suggested by Goldberg et al.* from an inspection 
of our published tracings.? 

The solar spectrum from 4.5 to 5y is being remapped using 
considerably higher resolution than previously reported, and a 
large number of new lines have been observed. Many of these 
lines are weak and do not vary in intensity with solar altitude, a 
result which indicates that they are of solar origin. The frequen- 
cies of most of these solar lines agree well with the calculated 
frequencies of lines of CO bands near 5y due to solar CO recently 
predicted by Goldberg et al. These calculated frequencies were 
obtained from the improved constants of the CO molecule pub- 
lished by Plyler, Benedict, and Silverman.® 

It should be noted here that, if one assumes the amount of 
solar CO estimated by Goldberg ef al., it can be shown that the 
solar contribution to the observed absorption of the line R(2) is 
negligible compared with the telluric absorption. 

* Supported in part by acontract between the Geophysics Research 
Division of the Air Force Cambridge Research Center and the Ohio State 
University Research Foundation. 
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Second Sound in He*’— He‘ Mixtures* 
P. J. Price 
Department of Chemistry, Duke University, Durham, North Carolina 
(Received June 2, 1952 


HE hydrodynamics of superfluid mixtures of He*® and Het 

has been worked out on the assumptions: (a) that the two- 

fluid dynamics still applies; and (b) that the He* atoms have the 
average velocity v,, i.e., move entirely with the normal fluid. The 
acceleration of the superfluid is then given by the gradient, not of 
the Gibbs function, but of the chemical potential of the Het 
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component. For large concentrations of He’, an appreciable coup- 
ling of the temperature and pressure waves is predicted. If we 
make use of Henry’s law! for the partial vapor pressures p; and 
ps, then for small concentrations X the general formula for the 
velocity “2 of second sound reduces to 


2 (2 (T kX d » 2, ATX) 

a6 (=) e[S@+:, = men] +, =f (1) 
where C=C(X), pn=pn(X), etc., and ay=(pyo—ps)/peX. This 
result reduces to Pomeranchuk’s? if we set a,=1, that is, assume 
perfect ideality of the solution. However, analysis of the experi- 
mental values! of vapor pressures shows this assumption to be far 
from the truth. Using these data, and those of Lynton and Fair- 
bank? for u2(X), we find that for X=5.8X10~* the effect of the 
He’ on p, may be represented, from 1.3° to 1.6°, by the formula 


n(X) n(0) (0 = 
p od Fe 4 Pat (5.)% 
p(X) p(0) ~~ p(O) \m, 


where 4=5.7m,. The mixture evidently behaves in this tempera- 
ture range as though five He* atoms were “condensed” on each 
He’ atom, and the rest of the liquid were unaffected. A detailed 
account of the theory will be published in due course. 


* Under contract with the ONR 
1H. S. Sommers, Jr. (to be published). (Kindly communicated, in ad 
bs of publication, by the author to Professor 1. London.) 
. Pomeranchuk, J. Exptl. Theor. Phys. (U.S.S.R.) 19, 42 (1949). 
A. Lynton and H. A. Fairbank, Phys. Rev. 80, 1043 (1950). 


Interpretation of the Long-Range Protons from the 
Deuteron Bombardment of Be’ 
W. W. True anp L. Digesenpruck 
Department of Physics, University of Rhode Island, 
Kingston, Rhode Island 
(Received June 4, 1952) 


HE experimental curves of the angular distribution of the 

long-range protons resulting from the deuteron bombard- 

ment of Be® at energies from 1.00 Mev to 2.20 Mev have been 

obtained by Canavan.' Analysis of the curves into a cosine power 

series or a series of Legendre polynomials shows that they can be 

fitted within experimental error only by employing both even and 
odd power terms and by including the sixth power. 

The assumption of deuteron penetration and compound nucleus 
formation results in four spin states with negative parity and five 
spin states with positive parity which are possible for the com- 
pound nucleus, if no values of orbital angular momentum quantum 
number higher than 4 are included for the initial and final systems 
and the following properties are assumed : 


sBe*®: J=3/2, odd parity 


sBe”: J=0, even parity. 


At least two states of the compound nucleus must be considered 
and the number of combinations which give the necessary com- 
plexity of the angular distribution curves is severely limited by the 
requirement that the quantum numbers of the orbital angular 
momenta of the initial state, the spins of the compound state, 
and the orbital angular momenta of the final state each add at 
least to six.? 

Calculation of the barrier penetration factors for the orbital 
angular momenta involved shows that the ratio of the factors for 
the terms giving the higher complexity to those giving the lower 
complexity is of the order 10~* or 10~ in the lower energy region. 
In order to obtain the necessary complexity in the final anguiar 
distribution it is, therefore, necessary to assume that the other 
factors of the term, which essentially involve the matrix elements 
of the interaction of the incoming and outgoing nucleons with the 
nucleus, differ in an inverse ratio. The assumption that there 
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Fic. 1. Comparison of long range proton differential cross section from 
Be%(d, p) Be with calculated stripping curve for /» =1. 


are such unusually large ratios of the matrix elements to com- 
pensate for the decreased penetrability of the necessary higher 
orbital angular momenta can be avoided by considering the 
possibility of a stripping process for the deuteron. In a stripping 
process neither the incoming deuteron nor the outgoing proton 
need penetrate as far into the potential barrier, and higher orbital 
angular momenta can participate. 

The angular distribution of the protons from a deuteron strip- 
pring process has been calculated by Butler® neglecting the effects 
of the Coulomb potential. The distribution obtained depends, in 
addition to the energies involved, on the angular momentum /, 
which the absorbed neutron adds to the initial nucleus. The alpha- 
particle model for the Be nuclei under consideration has recently 
been discussed by Haefner,* and provides the assumption that the 
angular momentum quantum number of the additional neutron 
which is added to Be?® to give Be" in this reaction must be 1, since 
this, together with the neutron spin, provides for the change from 
spin 3/2 to 0 and for the parity change. Calculation of the proton 
angular distribution curves by Butler’s methods for the values of 
the energy and Q involved, and for /,=1, gives curves which have 
a characteristic maximum at a small forward angle and agree well 
with the initial peak observed in the curves obtained by Canavan. 
Using an arbitrary constant multiplicative factor the calculated 
stripping curve can be subtracted from the experimental points 
and the resulting smooth remainder curve shows a marked decrease 
in complexity from the sixth to the fourth power of the cosine. 
Figure 1 shows a comparison between the curve obtained by adding 
the calculated stripping curve to the smoothed-out remainder 
curve, designated as Total Differential Cross Section, and the 
experimental points. The agreement is good and it may be noted 
that the maximum of the experimental curve is shifted towards 
larger angles by a few degrees. 

A recent investigation of the same reaction by Black® at much 
higher energies confirms the result that the angular momentum 
quantum number of the added neutron is 1 and also shows a shift 
between the calculated and observed maxima which may be in- 
terpreted as the effect of the Coulomb repulsion neglected in the 
calculations. It may, therefore, be concluded that the forward 
peak observed in the angular distributions even at low energies 
is due to the stripping reaction and that the remaining curve, 
which represents a sum of a term referring only to compound 
nucleus formation and one due to interference between compound 
nucleus formation and stripping, is lowered in complexity and 
therefore not as severely affected by penetrability difficulties. 

1F. L. Canavan, S. J., thesis, Catholic University of America (1952); 
P hys Rev. 87, 136 ( 1952). 

2 L. Diesendruck, . 
Phys. Rev. 74, 764 (1948), 

7S. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951). 

4R. R. Haefner, Revs. Modern Phys. 23, 228 (1951) 

$C. F. Black, Phys. Rev. 87, 205 (1952). The value /, =0 for the ground 


state of the Be*(d, p) Be! reaction given in this abstract is a misprint 
Private communication confirms that Ja =1 is the correct result. 


Johns Hopkins University (1950); C. N. Vang. 
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Neutrons from Deuteron Bombardment of N"' 
Wituiam B. Rose AND Emmett L. Hupspetu, 
University of Texas, Austin, Texas, 

AND 

. P. HEYDENBURG, 


Department of PB Magnetism, Carnegie Institution of 
Vashington, Washington, D 


(Received May 12, 1952) 


HE neutron spectrum from the reaction N“(d, )O"* has been 
recently studied by Gibson and Livesey,! who found only 
one group of neutrons from this reaction at a bombarding energy 
of 930 kev. Earlier work** had led to the conclusion that two 
groups of neutrons were emitted in this reaction, corresponding 
to Q-values of 5.1 and 1.1 Mev. Subsequently, it was concluded by 
Hudspeth and Swann‘ that the low energy group reported by 
them was actually produced by deuteron bombardment of alumi- 
num, and the neutrons from N"*(d, m)O' were found to be asso- 
ciated with only one Q-value for Q greater than a few tenths of a 
Mev. The value of this reaction as a source of neutrons inter- 
mediate in energy to those produced in the d—d and d—# reactions 
has been emphasized.® 

We have now made a more complete study of this reaction, 
utilizing the statitron at the Carnegie Institution of Washington. 
Targets of NH,NO; of thickness about 300 kev were bombarded 
with deuterons for approximately 15,000 microcoulombs at 1.7 
Mev. The neutrons produced in the reaction were recorded in 
Ilford C-2 photographic emulsions, which were placed at 0° and 
at 90° to the bombarding beam. The plates were developed and 
analyzed with a microscope in the conventional manner; all 
recoil proton tracks within 12° of the direction of the neutrons 
emitted by the target were counted. Corrections were applied for 
the variation of the n—p) cross section with energy, for the 
probability that tracks remain in the emulsion over their entire 
lengths, and for inverse square decrease of track density with 
distance from target. The resulting data are shown in Fig. 1. 
The errors indicated are probable errors based on number of 
tracks observed in the corresponding energy interval. 

It is believed that two groups of neutrons were observed at our 
bombarding energy which may be ascribed to N'(d, n). These 
correspond to Q-values of approximately 5.1 and 0.2 Mev, indi- 
cating an excited state in O'* at approximately 4.9 Mev. (The 
lowest excited level in the mirror nucleus N" is at 5.5 Mev.) The 
low energy group which we found would not have been observed 
by Gibson and Livesey! at their bombarding voltage. 

The lowest energy group found at both 0° and 90° is thought to 
come from the reaction C(d, n), since this is the expected energy 
of the neutrons from this reaction and since carbon is apparently 
a universal contaminant in such systems. In a separate experi- 
ment, we checked this point by bombarding a pure carbon target 
of known thickness and observing the density of recoil proton 
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Fic. 1. Neutron groups observed from bombardment of NHs«NOs. The 
groups marked C, N, and D are thought to arise from d—» reactions in 
carbon, nitrogen, and deuterium, respectively. 
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tracks produced in photographic plates; the N™ activity of the 
bombarded target was also quantitatively followed. When targets 
of NH,NO; were bombarded, the N® activity (produced by bom- 
bardment of carbon contaminant) was again followed. The 
activity found in the latter case was in satisfactory correspondence 
to the density of the proton recoil tracks in the lowest energy 
group shown at 0° and at 90° in Fig. 1. We therefore conclude that 
our assumptions are correct regarding carbon. 

A group of tracks was also observed with maximum energy of 
4.5 Mev in plates placed at 0° and at approximately 3.0 Mev in 
plates at 90°. These apparently represent neutrons which come 
from the d—d reaction. A deuterium target is of course built up 
during bombardment, but absorption of deuterium on the surface 
of the silver plate is probably more important. The “effective 
bombarding voltage” can be computed by assuming the 4.5-Mev 
group in the 0° plate does arise from d—d; this implies an effective 
bombarding voltage of 1.3 Mev (which is nearly equal to our bom- 
barding voltage less the target thickness). Using this value, one 
may compute the energy of the neutrons from d—d which should 
be observed at 90°; this is 2.8 Mev, in satisfactory agreement with 
our observations at this angle. The error associated with the num- 
ber of tracks which we observed in this region make angular dis 
tribution comparisons of little value. 

We conclude that the Q-values associated with N'(d, m) are 
5.1 and 0.2 Mev, and that no other Q-value which leads to neutron 
yields of more than about 5 percent of the yield corresponding to 
Q=5.1 Mev is present. 

Frequent changing of the easily prepared NH,NO; targets would 
probably enable one to reduce considerably the neutron yield from 
both carbon and deuterium. Further studies regarding yield and 
angular distribution are planned with the statitron at the Uni 
versity of Texas. 

t Assisted by the AEC. 
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(1948). 

Stephens, Djanab, and Bonner, Phys. Rev. 52, 1079 (1937) 

4 E. L. Hudspeth and C, P. Swann, Phys. Rev. 76, 464 (1949) 

‘Unpublished progress report from Bartol Research Foundation to 


ONR (1949) 
5 Hanson, Taschek, and Williams, Revs. Modern Phys. 21, 635 


Phys. Soc. (London) 60, 523 


1949) 


The Reactions p+d—=*+H’ and p+d—="+He'f 


M. RUDERMAN 
Radiation Laboratory, Department of Physics, University of 
California, Berkeley, California 
Received June 2, 1952) 


HE production of positive and neutral mesons from the 
bombardment of deuterons by protons is a sensitive test of 
the charge independence hypothesis. 

The isotopic spin of a nucleon (p, m) is 1/2; that of the meson 
(xt, r°, x) is 1. Charge independence is the assumption that the 
total isotopic spin is conserved so that all matrix elements are 
invariant to rotations in isotopic spin space. An immediate conse 
quence is the charge independence of nuclear forces. Further 
consequences have been derived by various authors.! 

The total isotopic spin of a deuteron is 0. Therefore, the initial 
state p+d is (J =}, m= }4)=W;}. For the reaction p+d—+deuteron 
(To°)+nucleon (U;%)+meson (V;°), in order that the final state 
transforms like W,', we have 

WT V UU IV + VU) (1) 
It follows that (as has been pointed out by Garwin*) 


da(p+d—p+d-+ w°) /da(p+d—-n+d+xr*) =1/2. (2) 
The isotopic spin of (H®, He*) is assumed to be 1/2, which is the 
same as the (p, d) system. Consequently,’ 
do(p+d—He'+ x°) /da(p+d—H?+ 2*) = 1/2. (3) 
A measurement of the ratio (3), which involves the ratio of H® to 
He’ at any energy and angle, seems more feasible. 
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The cross section and angular distribution for the reactions (3) 
involve a more detailed description of meson production than is 
available at present. The gross features can be extracted from the 
known cross section for p+p—>x*+d. The smallness of the x 
yield from p+d at 90°* and »+C at 0°* implies that almost all 
of the x* production in p—d collisions arises from p—p rather 
than p—n interactions. 

With 345-Mev incident protons the r-meson will have 90 Mev 
in the center-of-mass system, and the triton will have 15 Mev. 
The exchange of momentum between the two protons engaged in 
the meson production will be about two times as large as the 
relative momentum between the two deuterium nucleons. This is 
because a triton will be produced only when, in the center-of-mass 
system, the incident and struck protons have roughtly opposite 
momenta, while the neutron that does not participate in the 
collision directly is almost at rest. The differences in the momen- 
tum transfer and hence in distance of approach imply that the 
incident proton interacts more strongly with the proton of deu- 
terium than either proton interacts with the neutron. Since the 
final proton and neutron of the triton that participated directly in 
the production are so close, we can approximate the relevant 
triton wave function in terms of the deuteron wave function: 


My+x 
¥1 %1—*2, %——> ~ 


where | and 3 are neutron coordinates. yr is chosen appropriately 
antisymmetrized in spin and space coordinates 1, 3 in accordance 
with the exclusion principle. The ratio 


¥p(%1— x2) 
(0 —yr(0, xs— 211), (4) 
vol) 


¥7(0, x)/¥v(0) 


5x 10°3°cm2 
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Fic. 1. Differential cross section for meson in the center-of-mass system 
for p+d-+H*+-x* with 345-Mev incident protons 
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should be evaluated for d-states between 1 and 2 since the pre- 
dominantly cos*@ angular distribution from the (p+ p-—>x*++d) 
interaction shows that the final nucleons are mostly in d-states. 
In the calculations, s-state wave functions were used for sim- 
plicity in view of the crude nature of other approximations. 

If one assumes that the deuterium neutron does not influence 
the production except for the momentum distribution it gives to 
the deuterium proton® and the interactions among the three nu- 


cleons in a triton, the cross section (p+ dH x*) can be esti- 
mated in terms of 2 ae tP>x*+D) as 
| fag42.2) cxf #8) vote 2 
Poe b dx (0) ill x ¥o(2)| E.+Er 
x [Sot poet Deer Eo?) 





(5) 


E is the total energy in the center-of-mass system including rest 

mass; k is the momentum of the incident proton in the center of 

mass system; q is the meson momentum. The quantities in the 

bracket are evaluated at that energy which gives mesons of 

momentum q. The factor 1/3 arises from the various spin sums. 
We choose for the spatial part of the wave functions: 


e*"—e-7" (By(B+7) 
¥o)=-————— (Fa :) (6) 
and? 
¥7(0, r) = (a8/8x)e“", (7) 


with y=68, 8=0.32/A, a=1.6/A, A=1.4X 10-8 cm. 

The differential cross section in the center-of-mass system for 
345-Mev incident protons is given in Fig. 1. o(p+p->x*+D) for 
90-Mev center-of-mass mesons was extrapolated from detailed 
balancing on lower energy m absorption® to be about 6.4(0.07 
+cos*#) X 10-8 cm? sterad™, which is 20 times o(p+p—>x*+D) 
for 345-Mev incident protons. Although this estimate is uncer- 
tain the very large increase of this cross section with meson energy, 
which is certainly present, makes o(p+d—+H'+ x*) fairly large, 
approximately 1.3 10~** cm’. 


! This work was performed under the auspices of the AEC. 
1K. Watson, Phys. Rev. 85, 842 (1952). 

?R. L. Garwin, Phys. Rev. 85, 1045 (1952). 

*Since the completion of this work, this result has been published by 
A. M. L. Messiah, Phys. Rev. 86, 430 (1952). 

* Passman, Block, and Havens, Phys. Rev. 85, 370 (1952). 

§W. Dudziak, private communication. 

* The use of an impulse approximation is better here than in the deu 
terium pick-up calculations [G. F. Chew and M. L. Goldberger. Phys. Rev. 
77, 470 (1950)], where the momentum transfer between the incident and 
struck nucleon is about equal to the internal momentum that the struck 
deuteron must have for pick-up to be probable. 

Frohlich, Huang, and Sneddon, Proc. Roy. Soc. (London) A191, 61 
(1947 
* Durbin, Loar, and Steinberger, Phys. Rev. 84, 581 (1951). 





Some Observations on the Gamma-Radiation 
from Polonium 
R. W. Prince, H. W. Taytor, AND S, STANDIL 
Physics Department, University of Manitoba, Winnipeg, Canada 
(Received May 12, 1952) 


HE gamma-radiation from polonium has been the object of a 

number of recent investigations,'~> but the present under- 
standing of the situation is far from satisfactory. This is par- 
ticularly so with regard to the soft radiation of energy about 80 
kev, thought by Zajac et al.* to be nuclear in origin. Grace et al.* 
have recently found evidence that this component seems to be 
almost entirely the x-radiation of lead following the internal 
conversion of the well-established hard component at 800 kev, 
and have estimated the internal conversion coefficient by a study 
of the internal conversion electrons involved as being 6.7 percent. 
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Fic. 1. Pulse-height distribution for the gamma-radiation 
from polonium 210. 


With this interpretation the measurements of Zajac et al. would 
have given a value close to 100 percent. Further information comes 
from Alburger and Friedlander,‘ who investigated the secondary 
electrons with a beta-ray spectrometer and concluded that the 
conversion coefficient must lie in the range 1 to 5 percent. De 
Benedetti and Minton, as a result of alpha-gamma angular corre- 
lation experiments, have shown that the 800-kev component is 
probably £2, and thus imply that the conversion coefficient is less 
than 1 percent. 

In an attempt to clarify this confusing situation certain observa- 
tions have been made on the radiations involved, using a coinci- 
dence scintillation spectrometer and a weak source of polonium 
in solution from which all traces of Ra and RaD had been re- 
moved. Single channel pulse height distribution analysis (Fig. 1) 
gave a value of 80415 kev for the energy of the hard component, 
considerably above the Siegbahn value of 773 kev, but in excellent 
agreement with the Alburger and Friedlander va!ue of 800-+6 kev 
obtained with a beta-ray spectrometer. Several standard gamma- 
ray energies were used for purposes of calibration, and the value 
of 804 kev is a mean for a number of experiments. The calibration 
source used for the Fig. 1 distribution was a Ra contaminated Po 
source, so that a residue of the Po line can be seen in the calibra- 
tion curve. No evidence could be found to suggest the presence of 
any other component in the gamma-radiation from Po in the 
range 100 kev to 2 Mev. 

Single channel analysis of the soft component failed to reveal 
any structure because of the limited resolution available at this 
energy in a scintillation spectrometer, but careful measurements 
relative to the J"! 80.1-kev gamma-ray gave an average energy of 
77+2 kev (see Fig. 1). This result is the mean of a number of de- 
terminations made with a five-channel kicksorter and also by 
means of the now conventional photographic storage methods 
employing a cathode-ray oscillograph. The value is not in disagree- 
ment with the observations of Grace e/ al., for, although the mean 
energy is significantly above the value of 73 kev given by them 
for the main component, it agrees well with the conclusions of 
their critical absorption experiments that one-third of the radia- 
tion has an energy higher than 76.5 kev, and most of this is higher 
in energy than 78.6 kev. On the other hand, the value obtained in 
this investigation disagrees with the conclusion of Zajac et al. 
that no significant component of the soft radiation lies between 
69.4 and 80.7 kev. 

An estimate has been made of the intensity of the soft compo- 
nent relative to the hard component from a knowledge of the 
relative counting rates in the apparatus and the detection effi- 
ciencies for the two radiations. On the assumption that the soft 
component is entirely x-radiation following internal conversion of 
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the 804-kev gamma-ray, a conversion coefficient is obtained for 
this radiation of 20 to 30 percent. This value of the conversion 
coefficient would require the 804-kev gamma-radiation to be M4, 
but considerations of parity and angular momentum’ in this tran- 
sition between two even-even nuclei indicate the radiation must 
be electric. 

If, in fact, the internal conversion coefficient for the 804-kev 
gamma-ray is about 5 percent and the soft component is K-radia- 
tion, the above intensity measurements indicate that most of the 
K-shell ionization is due to processes other than internal conver- 
sion, for example, ionization by alpha-particles.® 

In an attempt to resolve these difficulties a search was made 
for a possible time association between the two components. A 
spectrum of coincidences was plotted in the region of 80 kev, 
with one channel set on the high energy component only. No 
significant coincidences to the 77-kev component were observed 
with a resolving time of 0.3 microsecond, and it was concluded 
that less than 1 percent of the soft radiation is in coincidence with 
the 804-kev component. This was taken as evidence that, even if 
part of the soft radiation is nuclear in origin, a prompt cascade 
de-excitation process does not exist. 

1K, Siegbahn and S. H. E. Slatis, Nature 159, 471 (1947). 

? Zajac, Broda, and Feather, Proc. Phys. Soc. (London) 60, 501 (1948). 
os Allen, West, and Halban, Proc. Phys. Soc. (London) 64, 493 

‘4 D. Alburger and G. Friedlander, Phys. Rev. 81, 523 (1951). 

5S. De Benedetti and G. H. Minton, Phys. Rev. 85, 944 (1952). 

* Since the completion of the above work, W. C. Barber and R. H. Helm 
have reported similar results [Phys. Rev. 86, 275 (1952)]. They find the 
ratio of the number of soft rays to the number of 800-kev gamma-rays to be 
0,134 +0.025 to 1, and suggest that only about one-third or one-half of the 


K shell ionization is due to internal conversion, the remaining ionization 
being a direct result «f alpha-emission. 


Wall Energy of Ferroelectric Domains 
W. KAnziG 
Swiss Federal Institute of Technology, Ziirich, Switzerland 
(Received May 12, 1952) 


HE present paper will give a simple tentative explanation 
of the behavior of small ferroelectric particles reported in 
a previous letter.! 

The stable domain configuration of an isolated and non- 
conducting ferroelectric crystal corresponds to a minimum of the 
sum of wall energy and volume energy. The arrangement of the 
domains which has to be expeeted for a KH;PO,-crystal is shown 
in Fig. 1.2 Assuming a cube-shaped crystal with edges D, consisting 
of » domains and imbedded in a medium with the dielectric con- 
stant e, the depolarization energy is* 


W dep= 1.7 P*D8/ne. (1) 
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For the surface energy density of the domain walls, we may put 
o=aF"*. Hence, 
W wau= (n—lhal* DP. (2) 


These energies are now introduced into the well-known Mueller 
interaction theory.‘ According to Mueller the free energy density 
of the shorted (single domain) crystal is 

A=(T—Te)P?/2C+}i' Pi+:-:, (3) 
where Tc is the Curie temperature (= 123°K), C is the constant of 
the Curie-Weiss law (=260°C),? and the coefficients £’, --- are 
assumed to be independent of temperature. 

Introducing Waep and Wau into Eq. (3), the total free energy 
of the free energy of the crystal described above turns out to be 


A@®=a*{ P*4{ T—Tco+3.4C/net+2(n—1)aC/D}/2C 
+2PY/A+---). (4) 


Comparing this expression with (3), we find that the Curie tem- 
perature is lowered by 


AT c= —(3.4C/ne+2(n—1)aC/D)}. (5) 


The stable domain number n corresponds to a minimum of | AT]. 
Hence, for given « and D, the relation between AT¢ and a@ is 
unique. 

For small particles the second term in (5) becomes important. 
The measurement of the Curie temperature of small isolated 
particles allows, therefore, the evaluation of the wall energy coeffi- 
cient a. The previously reported investigations on colloidal 
KH2PO, have now been completed by dielectric measurements 
with an improved sample technique.’ A lowering of the Curie 
teroperature with decreasing ¢ and decreasing D has been observed. 
& For e~5 and D>4000A the Curie point was found to be above 
the temperature of liquid nitrogen (i.e., |A7c¢| <46°C). From 
this an upper limit for a can be deduced: 


a<26X 10-8 cm. 


On the other hand, for e~5 and D<1500A the Curie point is below 
the temperature of liquid nitrogen (i.e., | A7¢| >46°C), indicating 
a lower limit 


a>9X10-* cm. 


These limits are consistent with the assumption of classical dipole- 
dipole interaction together with a domain wall thickness of a few 
lattice constants.* 

The value of the spontaneous polarization being? 5 X 10~® coul- 
omb/cm?, the limits for the surface energy density of a domain 
wall are 


20<o<58 erg/cm*. 


The author is indebted to Professor P. Scherrer for illuminating 
discussions. 


1W. K4nzig and M. Peter, Phys. Rev. 85, 940 (1952). 

2 See, e.g., Baumgartner, Jona, and K4nzig, Ergeb. Exakt. Naturwiss. 23, 
235 (1950). 

#C. Kittel, Revs. Modern Phys. 21, 541 (1949). 

4 See, e.g.. W. G. Cady, Piesoelectricity (McGraw-Hill Book Company, 
Inc., New York, 1946), p. 580. 

5 The dielectric measurements reported in the first paper (see reference 1) 
are not conclusive, as the colloid had undergone a change from being pressed 
into disks. 

*C. Kittel, Phys. Rev. 82, 965 (1951). 


Anomalous Magnetic Resonance 
Absorption of Cu*+ 


Hrroo KumaGat, Hipetar6 ABE, AND JUNJI SHIMADA 


Institute of Science and Technology, University of Tokyo, 
Meguroku, Tokyo, Japan 


(Received February 25, 1952) 


N magnetic resonance absorption of salts containing Cu**, 
no structure is observed in the resonance lines except for 
hyperfine structure. The reason is that the ion is in a *D state and 
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the ground state in crystalline fields is split only by an external 
magnetic field, the upper levels being far above the ground state. 
The g-value is affected by the upper level and varies with the 
orientation of the static magnetic field. It ranges from 2.05 to 2.20 
as in CuSO,-5H,0,'~* CuK,Cl,-2H.0, etc.*® 

Recently, however, Lancaster and Gordy® have pointed out 
anomalous resonance absorption in copper acetate powder. We 
have measured the absorption in single crystals of this salt at 10 
and 20 kMc. The composition of this salt is Cu(CH;COO).-H,0, 
the number of water molecules being determined by chemical 
analysis. 


1, and a6 planes, respectively. 


The field strengths at the observed peaks are shown in Figs. 1 
and 2. The a, }, and ¢ axes in the figures are magnetic ones, and 
not axes of crystal forms. The data observed at 20 kMc are 
shown in Fig. 1, and the corresponding data at 10 kMc, ob- 
served by Hayashi and Ono in our laboratory, are shown in 
Fig. 2. Up to five peaks are observed, whose g-values are dis- 
tributed in a wide range. At 10 kMc, a peak seems to exist at 
about zero magnetic field, showing that the salt has a zero-field 
splitting of about 10 kMc. The peaks in the a-direction in the 
second and third parts of Fig. 2 do not coincide; this point is 
under examination now. Dotted lines show that the absorption is 
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weak. The microwave magnetic field is always perpendicular to 
the static field. 

Such anomalous absorptions cannot be explained by a single 
ion in the *D state in any allowable crystalline field. The first 
possibility for the origin of this anomaly may be that ions are not 
in the *D state in this case of very strong crystalline fields. The 
second possibility is that the absorption is not effected by a single 
Cu** ion, but by a molecule containing Cu** and other atoms. 
The third one is that a number of Cu** ions are located at small 
distances from each other so that their electron spins mutually 
interact strongly, We note that the absorption of Mn(CHsCOO), 
-4H,0O shows a single peak with g=2.0. 

The authors’ thanks are due to Assistant Professors K. Kambe 
and E. Ishiguro for their discussions. A more detailed report will 
appear in J. Phys. Soc. Japan. 
Griffiths, Roy. Soc. (London) 201 


1D. M.S. Bagguley and J. H. E Proc 


366 (1950) 
?R. D. Arnold and A. F. Kip, Phys. Rev. 75, 1199 (1949 

J. Wheatley and D. Halliday, Phys. Rev. 75, 1412 (1949) 

Itoh, Fujimoto, and Ibamoto, Phys. Rev. 83, 852 (1951) 

H. Kumagai et al. (to be published). 

F. W. Lancaster and W. Gordy, J. Chem. Phys. 19, 1181. (1951 


Electron-Hole Recombination in Germanium 
R. N. HALL 
Research Laboratory, Schenectady 
Received May 8, 1952 
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OWER rectifiers have been described that consist of thin 

wafers of high purity germanium whose opposite faces are 
heavily doped with donor and acceptor impurities.’ Since the 
current flow depends largely upon the generation and recombina- 
tion of holes and electrons within the high purivy region, this 
geometry is well adapted to the study of the recombination process. 
A two-body collision mechanism leads to a rate that is propor- 
tional to the square of the carrier concentration at high levels of 
injection where holes and electrons are present in nearly equal 
numbers. Measurements show, however, that the rate varies 
linearly with concentration over a wide range of concentration 
and temperature.? These observations can be accounted for by 
assuming that recombination takes place largely through the 
agency of recombination centers distributed throughout the 
germanium. 

A steady-state recombination rate given by*® 


R=(np—n2)/[tp(n+no)+ta(p+ po) J, (1) 


results from a simple model in which the centers give rise to an 
energy level lying in the forbidden band. The electron and hole 
concentrations are given by m and /, their product under equi 
librium conditions being n;*. The lifetime for electrons when the 
centers are completely empty is given by ¢,; ¢, is the hole lifetime 
with all centers occupied by electrons. The recombination centers 
lie at an energy level defined by mo and fo which are the equi 
librium electron and hole concentrations in a sample whose Fermi 
level coincides with the position of the recombination centers. 
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Fic. 2. Variation of lifetime with temperature 

In the derivation of Eq. (1), it is assumed that the rate of cap 
ture of electrons is proportional to the number of empty centers 
and to the number of free electrons. The rate at which electrons 
are emitted by these centers is proportional to the number of 
occupied centers. Analogous statements apply to the capture and 
emission of holes. 

It is readily seen that Eq. (1) can account for the linear relation 
between carrier concentration and recombination rate mentioned 
in the first paragraph. With high level injection, m and p become 
equal and much greater than m;,.mo, or py so that R&n/(t,+t,). 
Rectifier characteristics calculated on the basis of Eq. (1) can be 
fitted to the data in a very satisfactory manner.‘ The lifetime for 
holes and electrons at high level injection (/,+¢,) is usually 
found to be approximately 100 usec. 

The equilibrium lifetime which results from Eq. (1) is 


7 = Limgn-+0(5n/5R) =[tp(n-+no)+ln(p+ po) ]/(m+p). (2) 


The variation of r with impurity content is illustrated in Fig. 1 
for a choice of parameters which gives reasonable agreement with 
lifetimes observed in samples of germanium at room temperature. 

Since mo and fo vary exponentially with 1/7 while ¢, and tp 
should be relatively insensitive to temperature, the lifetime should 
assume its limiting values ¢, and ¢, for p- and n-type samples at 
low temperatures. At higher temperatures, the lifetime increases 
with temperature as long as the sample remains extrinsic and then 
decreases again in the intrinsic range. Measurements of lifetime 
illustrating the variation with temperature in the upper two tem- 
perature ranges are shown in Fig. 2. The slope indicated on the 
graph gives a tentative value of 0.22 electron volt for the position 
of the recombination centers above the valence band or below the 
conduction band. 

1R. N. Hall and W. C Phys. Rev. 80, 467 (1950). 

?R. N. Hall, Phys. Rev. 83, 2 S51). 

3 This expression was presented in the text of reference 2, using somewhat 
different notation. Shockley has derived it as a special case of a more general 
treatment which has been submitted for publication. 


* A detailed treatment of the germanium power rectifier will be published 
shortly 


Dunlap, Jr., 
228 (15 


An Experimental Test of the Shell Model 


W. C. Parxtyson, E. H. Beacn, ann J. S. KInc 
H. M. Randall Laboratory of Physics, University of Michigan, 
Ann Arbor, Michigan 
Received June 3, 1952) 


N a recent letter, Bethe and Butler' proposed an experiment 
to give direct information on the accuracy of the shell model 
of nuclear structure in ascribing definite orbital angular momen- 
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listribution of the protons associated with the ground 
1, p)P®. The solid curves are calculated frori the 


tum states to nucleons in a nucleus. According to the Butler* 
interpretation of (d, p) and (d, m) reactions, the angular distribu- 
tion of the outgoing particle is characterized by the angular 
momentum / with which the captured particle can be accepted 
into the appropriate final state. If, for a particular nucleus, the 
selection rules allow more than one value of /, the target nucleus 
might be indifferent to which of these it accepts. According to the 
shell model, however, the target nucleus will accept a particle in 
one definite orbital angular momentum state only. In the case of 
phosphorus, the selection rules allow / values of 0 and 2, while the 
shell model requires an / of 2 only. 

We have measured the angular distribution of the protons from 
the reaction P"(d, p)P® and, although more accurate data are 
desired, the results are of sufficient interest to warrant a brief note 
at this time. In Fig. 1, the experimental points for the angular dis- 
tribution of the protons associated with the ground state are indi- 
cated along with the curves for the angular distributions pre- 
dicted by the Butler theory for / values of 0 and 2. In computing 
these curves from the expression given by Butler, the following 
values were used: ro=5.7X10~8 cm, a=0.23X 10" cm™, b=1.4 
10" cm™'. The incident deuteron energy was 7.20 Mev (c.m. 
sytem). The Q of the reaction was measured to be 5.5 Mev which 
is in reasonable agreement with that of 5.80.3 given by Pollard.’ 

The target consisted of a thin coating of pure phosphorus on a 
backing of 0.0001-inch silver foil. The background due to the silver 
was negligible at all angles except 0° where the correction was ap- 
proximately 10 percent. The vertical lines through the measured 
points represent the standard deviation determined from the total 
number of counts and are not a measure of the over-all uncer- 
tainty in the data. In particular, we believe that the values indi- 
cated at small angles (0° to 15°) represent an upper bound to the 
true situation. No correction has been applied for the finite solid 
angle of the detector system. In addition, the “tail” of the first 


excited state of P® overlapped the ground state peak and at small 
angles produced much the larger counting rate. The correction for 
this tail was somewhat uncertain, and we were conservative in 
applying it. 

These results indicate that the neutron is captured mainly into 
a D state, as is predicted by the shell model, rather than an S 
state, with an amount of admixture not exceeding 5 percent and 
probably less than 2 percent.‘ It is worth noting that this is also in 
agreement with the observations on the beta-decay of P®, which 
presumably decays by means of an “/-forbidden’”’ transition for 
which Al=2 with no change in parity. 

The measurements on P* and similar nuclei are being continued. 
A more detailed report, including a discussion of the techniques 
of measurement, will] be given in the near future. 


Phys. Rev 
1095 (1950); 


85, 1045 (1952). 
Proc. Roy. Soc. (London) 


1H. A. Bethe and S. T. Butler 

?S. T. Butler, Phys. Rev. 80, 
A208, 559 (1951) 

3 E. Pollard, Phys. Rev. 57, 1086 (1940) 

‘Since the ground-state doublet was not resolved, both members are 
presumably D-states his does not alter the implications with respect to 
the shell model 


Electron Capture in Tl? 
ALLAN C. G, MITCHELL AND Ropert S. Catrp 
Physics Department, Indiana University, Bloomington, Indiana 

(Received May 15, 1952) 


URING the course of an investigatian of the radiations from 

TI carried out in this laboratory,' the spectrum of photo- 
electrons ejected from Pb and U radiators by photons from TI? 
was measured. While the radiation was quite weak, two photo- 
peaks each were found with Pb and U radiators. The peaks came 
at photoelectron energies of 51 and 66 kev for U and 55 and 69 kev 
for Pb. If it is assumed that these peaks are due to photoelectrons 
ejected from the L and M shells of Pb and U, respectively, the 
energy of the radiation responsible for these photoelectrons is 
72.0+0.9 kev. Since this is approximately the energy of the Ka 
line of Hg, it appeared likely that Tl? decays to Hg*™ by orbital 
electron capture as well as to Pb* by beta-ray emission. 
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Fic. 1. Pulse-height analysis of the x-rays from TI™ and T12” 
using scintillation counters. 





LETTERS TO 


The experiments were put aside at that time owing to the press 
of other work and approximately a year later they were again 
investigated with the help of a scintillation counter. In the present 
work two sets of experiments were performed. 

In the first set of experiments, in order to get a good calibration 
point for this low energy radiation, the low energy radiations from 
Tl were compared with those of Os'**, a known K-capturer.*? 
By using the line produced by Os'** (Kq of Re) as a calibration 
point, the radiation from Tl? had an energy of 68 kev 

In a second set of experiments, the photon radiations from 
TP were compared directly with those from TI, which is known 
to decay to Hg” by electron capture.‘ The results of these experi- 
ments, taken with a scintillation counter are shown in Fig. 1. 
It will be seen that the peak of the curve, owing to the Kq x-rays 
of Hg from Tl, falls at exactly the same place as that of the 
photons from Tl, 

From the above experiments, it is to be concluded that the 
photons from T?™ are the Ka x-rays of Hg and that TI decays 
to Hg by X-electron capture. While these experiments were in 
progress, a similar conclusion was obtained by Lidofsky, Macklin, 
and Wu.$ 

t Supported by the joint program of the ONR and AEC, 

1 Mitchell, Canada, and Cuffey (unpublished) 

2 Bunker, Canada, and Mitchell, Phys. Rev. 79, 610 (1950). 

3M. M. Miller and R. G. Wilkinson, Phys. Rev. 83, 1050 (1951). 


‘H. I. Israel and R. G. Wilkinson, Phys. Rev. 83, 1051 (1951). 
§ Lidofsky, Macklin, and Wu, Phys. Rev. 87, 204 (1952). 


A Proposed Re-Interpretation of 
Quantum Mechanics 
Otto HALPERN 


University of Southern California, Los Angeles, California 
(Received April 18, 1952) 


N two recently published extensive papers,' Bohm has given 
a full discussion of an alternative interpretation of non- 
relativistic quantum mechanics proposed by him. It is Bohm’s 
opinion that there exists the possibility of looking on nonrela- 
tivistic quantum mechanics as a form of classical mechanics in- 
volving special quantum forces. While the bulk of the papers is 
devoted to various applications of this view, the fundamental 
point is contained in a few remarks concerning the solution of 
Schrédinger’s equation, at the beginning of Bohm’s first note. 
Writing, as customarily, 
¥=R(x, y, 2, t) exp(tS/h) 
(R, S real), 
the Schrédinger equation is split into two equations: 
(0R/dt)+ (1/2m)(RAS+2 gradR-gradS), (2a) 
2 - 2 
(S/at)-+(1/2m)(gradS)?-+ V(x, y, 2, )—2- SAR” (ap) 
2m R 
Equation (2b) is looked upon as the Hamilton-Jacobi equation of 
the quantum-mechanical problem, in which the terms containing 
R and its derivatives are a sort of quantum potential energy. Since 
it is necessary to satisfy also (2a), Bohm simply suggests the use 
of an arbitrary solution y of the Schrédinger equation. One is then 
certain that both (2a) and (2b) will be satisfied. 

We do not want to enter here into a discussion of the individual 
cases treated by Bohm. It is the thesis of the present letter that 
so far no possibility of a mechanical interpretation has been 
demonstrated. 

To obtain the solution of a mechanical problem, it is necessary 
to have a solution S which depends on the coordinates of the 
system, the physical parameters entering into the expression for 
kinetic and potential energy and f nonadditive integration con- 
stants. Bohm has failed to show that such a function can be found.? 

It is, of course, true that, thanks to the infinite number of 
eigenstates, as many constants as one wishes can be introduced 


(1) 
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into S; but these are not integration constants in the sense of the 
Hamilton-Jacobi theory, since they will in general also be present 
in the “quantum potential” described by R and its derivatives. 
There does not seem to exist a general formulation by which (2a) 
and (2b) can be satisfied and § still be made to contain f (non- 
additive) integration constants that are not present in R. Until 
a way to find these integration constants has been devised, the 
similarity with the Hamilton-Jacobi theory is purely extraneous, 
and one cannot talk about a mechanical interpretation of the 
wave equation. 

It may perhaps be kept in mind that the whole procedure sug- 
gested by Bohm is, even in its present incomplete form, strictly 
limited to nonrelativistic quantum mechanics and there is no 
indication given as to how it could possibly be extended to in- 
clude relativistic (spin) phenomena; nor has an attempt been 
made in any of the examples to analyze the fundamental rela- 
tivistic questions of observables and their measurability.* 

Keeping in mind these factors together with the difficulties in 
the purely mechanical part of the interpretation, one may feel 
justified in concluding that no alternative interpretation of quan- 
tum mechanics has been offered. 


1D. Bohm, Phys. Rev. 85, 166; 85, 180 (1952). 

2 To put the momentum vector equal to the gradient of S (as defined by 
Bohm) disposes of f integration constants in a nonmechanical manner which 
may be compared to the quantization of the phase-integrals in the old 
quantum theory 

40. Halpern and M. H. Johnson, Phys. Rev. 59, 896 (1941). 


Reply to a Criticism of a Causal Re-Interpretation 
of the Quantum Theory 
Davip Bonm 


Faculdade de Filosofia, Ciéncias e Letras, Universidade de Sao Paulo, 
Sdo Paulo, Brasil 
(Received May 22, 1952) 


N a letter’ criticizing a causal re-interpretation of the quantum 
theory proposed by the author,? Halpern comes to the conclu- 
sion that “no alternative interpretation of the quantum theory 
has been offered.” In the present letter, the author wishes to dis- 
cuss in some detail the arguments by which Halpern is led to this 
conclusion. 

Halpern’s first objection is that because the function, S(x), 
appearing in paper I, Eq. (6), does not depend on / nonadditive 
integration constants, one has not yet obtained a solution of the 
mechanical problem. It was stated in paper I, Sec. 4, however, 
that the Hamilton-Jacobi theory was being used only for the 
purpose of indicating in a simple way how one might arrive at a 
causal interpretation of the quantum theory; while the theory 
itself was to be based directly on the equations of motion [paper I, 
Eq. (8a) ]: 

md*x/d? = —V{U(x)+V(x)}, 


where V(x) is the classical potential, and U(x) is the “quantum- 
potential.” Now, the solution of these equations by the Hamilton- 
Jacobi technique would certainly require the f nonadditive inte- 
gration constants referred to by Halpern, but the author intended 
to employ another method of solution in his papers; namely, that 
of guessing a function and verifying it by direct substitution in the 
differential equations. Since the treatment given in the papers is 
perhaps not completely explicit, it may be useful to amplify it 
here. Guided by the Hamilton-Jacobi theory, we guess tentatively 
that if the momentum were equal to p= V.S(x), this function would 
satisfy the equations of motion. Now, 


dp/dt=dp/dt+(v-V)p=9(VS)/dt+9(VS)2/2m. 


But since S is defined as the phase of the wave function, we have 
(paper I, Eq. (6)) 


aS/at= —(VS)?/2m—V—U, dp/dt=—V{V+U}. 
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Thus, we verify that a particle traveling with velocity v=VS/m 
will satisfy our equations of motion.’ This means that the condi- 
tion p=VS(x) is a consistent subsidiary condition. It was then 
pointed out in paper I, Secs. 4 and 9 that if we assumed this sub- 
sidiary condition to be satisfied initially, we would be able to ob- 
tain a mechanical explanation of the results of the quantum 
theory; if not, we obtained a wider theory. Since it was shown to 
be possible to choose this wider theory in such a way that p ap 
proached VS(x) at the atomic level, but differed significantly 
from it at the level of 10° cm, it was concluded that the wider 
theory might be needed in the domain of very small distances, 
where present theories seem to be inadequate. 

Halpern then objected that the suggested reinterpretation was 
not relativistic and did not deal with spin phenomena. The author 
has, however, recently developed an extension of the causal inter 
pretation which applies to the Dirac relativistic wave equation 
and therefore also takes care of spin phenomena. This interpreta 
tion will soon be submitted for publication. 

As for Halpern’s statement that no attempt has yet been made 
to analyze the question of the measurability of observables from a 
relativistic point of view, the answer is, of course, that this will 
now be done with the aid of the causal interpretation of Dirac’s 
relativistic wave equation. 

It is therefore the author’s feeling that his previous articles? do 
in fact present a causal reinterpretation of quantum mechanics. 

receding letter, Phys. Rev. 87, 389 (1952). 
R 85, 166 (1952) (Paper I); 85, 180 (1952) (Paper I1) 
e must, of course, integrate the differential equations 
the appropriate initial position of the particles. 


The Decay Scheme of the V’-Particle* 
K. A, BRUECKNER AND R. W. 
Department, Indiana University, Bloomington 

Received May 22, 1952) 


THOMPSON 
Indiana 


( BSERVATIONS of the V°-particle are based on the de- 
two charged decay fragments which in many 
cases are probably a proton and a negative pion.'~* Accordingly, 


tection of 


the tentative decay scheme 

V°+p+nr+Q* (1) 
has been assigned with a Q*-value given by various groups as 
ranging from 10 to 250 Mev, the majority of the Q*-values falling 
between 30 and 50 Mev. A neutral decay product cannot be directly 
observed in the cloud chamber,‘ but would be expected to produce 
detectable dynamic effects on the observed decay fragments and 
their orientation with respect to the apparent origin of the 
V°-particle 


If the V°-particle decays according to the scheme 


V+ p+notrt+Q, (2) 


where mp is a neutral decay product, then the energy carried off by 
the charged particles and accordingly the apparent Q*-value cal- 
culated for the assumed 2-particle decay scheme of Eq. (1) will 
depend on the energy taken up by the neutral particle. The rela- 
tion between the true energy release Q and the apparent energy 


release (* is 
2(M+n4)+O To 
Q*= 1-— Jeo. (3) 
2(M+nu)+O*\ Tomax 
where M and u are the masses of the proton and pion, respectively, 
To is the kinetic energy of the neutral particle in the true c.m. 
system, and 7max is the maximum possible value of Jo. In 
case O&2(1/+ yu), this exact expression can be approximated by 
the relation 


Q* =[1—(To/Tomax) JO (4) 


In this approximation, since the proton is of large mass compared 
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Fic. 1. Probability distribution of observed Q*-values 


to the other decay fragments, it takes up very little kinetic energy 
and Q*=7, the kinetic energy of the pion in the true c.m. system. 
Thus the probability distribution for Q* is identical to that for 7, 
which can be easily obtained if it is assumed that the partition of 
energy among the decay products is determined by the statistical 
factor alone, i.e., that the matrix elements which characterize the 
decay are constant. Thus, under the approximation that the pro 
ton is heavy, the result for the relative probability distribution is 


P(T) = EqEoq, (5) 


where E, g, Eo, go are the total energies and momenta of the pion 
and neutral particle respectively considered to be functions of the 
pion kinetic energy 7 with the restriction that E+ Eo=Q+ut uo. 
The distribution in Q* is given in Fig. 1 for the cases of zero and 
mesonic® neutral particle mass. The true energy release Q has been 
adjusted to give a most probable value for Q* of 35 Mev, to 
correspond approximately to experiment. 

The problem of coplanarity can be treated similarly. If p’ and q’ 
are the momenta of the proton and pion in the laboratory system, 
then the angle 5 between the plane of the charged particles and 
the true direction 3/8 of the V°-particle is given by the expression 

sind=(q'Xp’)-B/(\q'Xp'|8). (6) 


This result can be simplified if, in the numerator, we substitute 
p’ = Po’—q’—qo’, where Po’ is the momentum of the V°-particle. 
In the denominator, we make use of the fact that for the decay 
of a rapidly moving V°-particle, the velocity and direction of the 
decay proton are essentially the same as for the V°-particle, so that 
|q’Xp’|=\q'XB\yM, where y=(1—6*)-4. We then find, for 
small angles 


1 qx 


b= “qQo’. (7) 
76M |a’x8| 


Aside from the numerical factor p’= 78M in the denominator, the 
right hand side of this expression represents the component 
gox’ of qo’ perpendicular to the plane defined by the vectors q’ 
and § and may be evaluated in the c.m. system. Thus 


6™~qo01/(y¥BM), (8) 


and the distribution of 64 is identical to that for go. except for the 
scale factor 1/y8M. In the present approximation that the proton 
is heavy, the distribution of qo with the plane of q’ and 6 consid- 
ered fixed is spherically symmetric, so that the distribution of goa, 
for a particular magnitude of go is given by 

N (qos) =1/qo, 


Jor <Q0; 
=0, (9) 


qos > go. 


The actual distribution in gos is obtained by integration over the 
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momentum spectrum P(qo) of the neutral aor 


P(gor) = | kgs Pa 


where P(qo) is readily found from Eq. aA ‘“ resulting distribu- 
tion is given in Fig. 2 with the neutral particle taken to be of zero 
or mesonic mass, and the same true Q-values as were assumed in 
Fig. 1. It is apparent from Fig. 2 that the most probable departure 
from coplanarity is zero and that the width of the distribution is 
small for a light neutral decay product and for a fast V°-particle 
such as those typically observed. Therefore, even in favorable 
cases, the observation of V°-disintegrations which are coplanar 
to within an experimental uncertainty of a few degrees cannot be 
considered as evidence for decay schemes involving two bodies 
only. 

An additional quantity of experimental! interest is the so-called 
net transverse momentum of the charged particles relative to 
the true direction of the V°-particle and in the plane of the charged 
particles. Considerations very similar to those involved in the 
discussion of the coplanarity angle show that the distribution of 
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Fic, 2. Probability distribution of goa and of the deviation 
rom coplanarity 4 


the net transverse momentum in the plane of q’ and § (which is 
close to the plane of q’ and p’) is identical to that for gos given in 
Fig. 2. Thus the net transverse momentum also has the most 
probable value zero, and comparison with experiment, as in the 
case of the coplanarity angle 6, requires comparison of the ob- 
served width of the distribution about zero with the width to be 
expected from the experimental errors alone. 

The three tests for the presence of a neutral particle discussed 
above are not entirely independent; for example, V°-disintegra- 
tions with low Q*-values corresponding to large kinetic energies 
of the neutral particle should, on the average, be less coplanar 
than the average case. 

Of the three tests, the one based on the distribution of Q*-values 
is perhaps to be preferred in the sense that it does not depend on 
assumption of the point of origin of the V°-particle. Unfor- 
tunately, the available experimental data do not appear to be 
sufficiently accurate at the present time so that the presence of a 
light neutral particle among the decay fragments can be excluded. 

* Assisted by the joint program of the ONR and AEC, by the Office of 
Ordnance Research, and by grant of the Frederick Gardner Cottrell Fund 
of the Research Corporation. 

1 Armenteros, Barker, Butler, and Cachon, Phil. Mag. 42, 1113 (1951). 

2 Leighton, Wanlass, and Alford, Phys. Rev. 83, 843 (1951). 

+ Thompson, Cohn, and Flum, Phys. Rev. 83, 175 (1951) 

4 Except in that it produces detectable interactions in plates placed in 
the cloud chamber. 

$ The neutral pion is included for comparison only, since it is probably 
excluded by the absence of cascade showers that its disintegration y-rays 
would produce in metal plates. 
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The Evaluation of the Ratio F,,/ Fy in the Theory of 
Forbidden Beta-Transitions* 
P. Macxuin,t L. Liporsxy, anp C. S. Wu 
Columbia University, New York, New York 
(Received June 6, 1952) 


HE tables of the Fermi function issued by the National 
Bureau of Standards are essentially tables of the gamma- 
function of complex argument, the real part of which is ~1. 
Therefore, these tables may be utilized for the accurate computa- 
tion of those correction factors! corresponding to the various 
matrix elements in beta-decay which contain the ratio of complex 
gamma-functions. 
Typical of these ratios is the ratio F,,/Fo, where 


F.x|- _(2(n+1))! 
IT(2sn+1) 
where s,=[(n+1)?—*]}# and y=aZ. The use of the usual recur- 
sion relationship I(x) = (x—1)I'(x—1) yields* 


Freon wm Der W P| P(s,+iyW/p)|*, 


|P'(sa-tiyW/p)|?= (IT [(sa—k)?+yW/p)*)) 
kl 


X | P(s.—n+iyW/p) |*. 
Since s,—n~1, one can define s’=s,—n and use the National 
Bureau of Standards tables for the evaluation of the I’-function. 
Let 
|P(sn—n+iyW /p) |?= | U(s' +iyW/p) |*= | P(s’+i7'W'/ p’) |?, 
where 
=(1—-"2)4 
and 
W'/ p'=(y/7')(W/p) =(2/2Z')(W/p) 
Thus, for a given Z, ~, the National Bureau of Standards tables 
will be entered at the related 2’, p’ 
The National Bureau of Standards tables give the function 
(Z, p) = pre" P| P54 iyW/p) |? 
So 
F, [2(m+1)]! 1(2s0+1) = 
7 


(2p)?¢a-? #0 
4(n!)? T*%(2s,+1) > 


pb \Pa-m) 1(Z’, p’) en 
:) - IT C (sa —k)?+ (yW/p)? 1. 
p {(Z, 6) k=1 

* Partially supported by the AEC 

t Present address: Department of Physics, Middlebury College, Middle- 
bury, Vermont. 

i ‘o J. Konopinski and G. Uhlenbeck, Phys. Rev. 60, 308 (1941). 

Jahnke and F. Emde, Tables of Functions (Dover Publications, New 

York: 1943 


The Radiations of Tl?" 


L. Liporsxy, P. MACKLIN,* anp C. S. Wt 
Columbia University, New York, New York 
Received June 6, 1952) 


HE beta decay of Tl has been reported to have a half-life 
of 2.7 years and an upper energy of 783 kev.' The log/t 
value ~10.3 is characteristic of a first-forbidden transition in- 
volving the B,;; matrix element only (AJ = 2; yes) .2 The shell struc- 
ture prediction for the spin and the parity of T?™ is J=1, 2; odd. 
The daughter nucleus Pb™ is even-even, so the shell structure 
predictions of the transition include the possibility of AJ =2; yes. 
An investigation of the beta-spectrum has been made which 
explores the possibilities of source scattering and of inadequate 
evaluation of the B;; correction factor as possible causes for the 
reported deviation from the B;; shape at energies below 350 kev." 
Simultaneously, a search was made with a Nal(T]) crystal scintil- 
lation spectrometer for gamma-radiation which would introduce 
the possibility that the beta-spectrum was complex. 
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Fic. 1. Kurie plots of TI 8-spectrum. 


The beta-spectrum of Tl)? was investigated in the solenoid 
spectrometer using both chemically deposited and vacuum 
evaporated sources. An exact evaluation of the B,; correction 
factor, as formulated by Konopinski and Uhlenbeck,’ was made 
utilizing the NBS Tables of the Fermi factor.*§ 

Three Kurie plots of the beta spectrum from a thin evaporated 
source are shown in Fig. 1. The first is the conventional Kurie 
plot and exhibits the typical “B;,;” spectrum shape. The second 
plot using the admittedly poor approximation a= (1/12)(p?+¢*) 
is linear at higher energies but deviates below 350 kev. The final 
plot using the exact evaluation of B;; is linear from the endpoint of 
765 kev to about 150 kev. 

The spectra from chemically deposited and vacuum evaporated 
sources of nearly the same strength were compared. The spectrum 
from the chemical source showed deviation below 350 kev. 





10 


> 


+ 


Fic. 2 
tion curves ot 
lation 


Critical absorp 
ri y-rad 


INTENSITY 


LOG 
~m 











ie) 2 4 6 8 
THICKNESS OF ABSORBER IN gm/cm@ 


THE EDITOR 

A search for gamma-rays revealed only the presence of gamma- 
radiation whose energy was about that for x-rays from elements 
of Z~81. W is a critical absorber as compared to Re and Pb for 
Hg K x-rays, while both Re and W are critical absorbers as com- 
pared to Pb for Tl K x-rays. The experimental absorption curve 
in Fig. 2 showing that W alone is a critical absorber, classifies the 
radiations as Hg x-rays and indicates that K-capture takes place 
in TP, 

A further check made using a proportional counter and W and 
Ta absorbers confirmed the identification as Hg x-radiation. 

The abundance of K-capture was determined as Vx/Ng—~2-3 
percent. 

t Partially supported by the AEC 

* Present address: Department of Physics, Middlebury College, Middle- 
bury, Vermont. 

1D. Saxon and J. Richards, Phys. Rev. 76, 982 (1949). 

?C. S. Wu, Revs. Modern Phys. 22, 386 (1950). 

3E. J. Konopinski and G. Uhlenbeck, Phys. Rev. 60, 308 (1941). 

41. Feister, Phys. Rev. 78, 375 (1950). 

5 Macklin, Lidofsky, and Wu, preceding 87, 
(1952). 

* Kindly loaned by Dr 
National Laboratory. 
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Rubinson and Dr. Friedlander of Brookhaven 


The Influence of Anisotropy on Ferromagnetic 
Relaxation* 


AND SHYH WANG 
Cambridge, Massachusetts 


1952 


N. BLOEMBERGEN 
Cruft Laboratory, Harvard University 
Received June 3, 


HE experiments on the relaxation effects in ferromagnetic 
resonance! have been extended to other samples of nickel 
ferrite, other types of ferrites, and to lower temperatures. It has 
been found that the saturation curves, giving the imaginary part 
of the high frequency permeability «4 and the magnetization M, 


Fic. 1. The saturation effect in a spherical polycrystalline sample of 
manganese zinc ferrite. The decr 1 frequency permeability is 
proportional to the decrease in gnetization, as a function of microwave 
field strength 


in the direction of the external field as a function of microwave 
power level, coincide in polycrystalline specimens. The results for a 
spherical sample of MnOZnOFe.O; are shown in Fig. 1. The spin- 
lattice relaxation time is again a few times 10~® sec. Similar curves 
have been found for a powdered spherical sample of nickel ferrite 
and for a single crystal of irregular shape. The difference from the 
previously reported result! on a spherical single crystal of the same 
substance is remarkable. There, the w’’ curve is shifted to values of 
H? which are about 500 times lower. The present results seem to 
be in better agreement with the predictions of simple theoretical 
models, namely that yw” is proportional to M,. 

The following explanation is proposed. When power is absorbed 
by the ferromagnetic spins from the microwave field, the mag- 
netization vector tends to turn away from the direction of the 
external field Ho. Due to dipolar or pseudo-dipolar interaction? be- 
tween the spins the absorbed magnetic energy is partially trans- 
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Fic. 2. The position of the resonance depends on the microwave power 
level in a disk-shaped specimen. No appreciable saturation can be ob- 
tained, as the constant field cannot be changed fast enough to satisfy the 
rapidly changing resonance condition during the microsecond pulse of 
the magnetron. 


formed to exchange energy. This spin-spin damping process tends 
to keep the spin system in equilibrium within itself and at low 
microwave power the magnetization vector will always precess in 
a cone of very narrow opening, determined by the balance between 
absorbed power and spin-spin relaxation. When the microwave 
power is increased, the opening angle of the cone will increase. 
Strictly speaking, the magnetization vector will not even precess 
uniformly on a conical surface. It can be shown that the effective 
anisotropy field, i.e., the field which would produce the same 
torque as the anisotropy, depends on the angular deviation of the 
magnetization from the axis of the cone. The derivations of Kittel,’ 
Van Vieck,? and Bickford,’ of the influence of the anisotropy on 
the resonance condition, make the assumption that the vertex 
angle 2¢ of the cone is very small. When we take for simplicity 
the case with H) is parallel to the 001 direction of the cubic crystal, 
the anisotropy will change the resonance value of the field ap- 
proximately by an amount 


Hanis’ = KiM,'-}(7 cos2¢+1) cos¢. 
For very small values of ¢ this reduces to the well-known expres- 
sion 
Hanis’ =2Ki/M,. 


For g= 2/8, the resonance field would differ by about 80 gauss 
from the value for ¢=0, in nickel ferrite at room temperature. 
As the resonance line is rather narrow, this means that wu” drops to 
15 percent of its maximum value, if the magnetization is forced to 
precess in a wider cone. On the other hand, the component M, 
has decreased by only 7 percent for this opening angle. Thus yu” 
can decrease without an essential change in M,. For other direc- 
tions of H» the calculations become much more complicated, but 
effects of the same order of magnitude result. 

If one starts off resonance at low microwave power, the change 
in the anisotropy torque with increasing power would produce an 
approach to the resonance maximum on one side of the absorption 
line. Although no actual increase of u”’ has been observed off reso- 
nance, it has been found that saturation occurs much more readily 
on one side of the resonance line than on the other. 

In polycrystalline or irregularly shaped samples no apparent 
change in yw” is caused by this effect, as the effective width of the 
resonance line is broad in these cases. Here we observe only the 
regular spin-lattice relaxation mechanism. 

In samples of ellipsoidal shape or flat disks the spin-lattice 
relaxation is difficult to observe. Here the resonance condition 
depends on M, through the demagnetizing factors. At the onset of 
saturation we get off resonance and thus only the initial small 
decrease of Mf, can be observed. The shift in resonance through 


incipient saturation is shown in Fig. 2. 
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Saturation experiments in a spherical single crystal of NiFexO, 
have been carried out at 77°K. Preliminary data show that the 
decrease in u’’ occurs for microwave power levels which are six 
times lower than at room temperature. So the spin-spin relaxation 
time increases with decreasing temperature. The spin-lattice 
relaxation time is also increased by a factor of about 3, as can be 
derived from the decrease of M,. 

A prediction of our theory about the influence of anisotropy is 
that the saturation curves for wu” and M, should coincide near the 
Curie point, where the anisotropy is very small. Experiments at 
high temperatures to test this point are in the course of prepara- 
tion. 

* This work was supported by the ONR 

1N. Bloembergen and R. W. Damon, Phys. Rev 

2J. H. Van Vieck, Phys. Rev. 78, 266 (1950) 

4C. Kittel, Phys. Rev. 73, 155 (1948); L. R. Bickford, Technical Report 
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First Excited States of Even-Even Nuclides 
in the Heavy Element Region 
FRANK ASARO AND I. PERLMAN 
Radiation Laboratory and Department of Chemistry, University 
of California, Berkeley, California 
(Received June 3, 1952) 


HIS communication aims to amplify some observations on 

regularities of the complex spectra of even-even alpha- 
emitters particularly as they apply to the location of nuclear 
energy levels."? Most of the alpha-emitters of this type examined 
in this laboratory have shown two alpha-groups and the ratio of 
intensities of the two groups for a particular 1.uclide is, in good 
approximation, that expected for the energy difference according 
to simple alpha-decay theory. For lack of good evidence to the 
contrary, we have been assuming that the energy level reached 
by the low energy group is the first excited state and that the laws 
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governing the alpha-decay rate are the same as for the ground- 
state transition with only the energy operating to fix its relative 
abundance. For the few instances in which but a single alpha- 
group has appeared, the working hypothesis has been adopted that 
the first excited state is so high that the correspondingly low 
abundance of the alpha-group has prohibited its detection. To 
the extent that these assumptions are valid, the examination of 
complex alpha-spectra leads to the definition of the first excited 
states of the even-even nuclides. 

The examination with our alpha-particle spectrograph of a 
number of nuclides in the region of uranium and higher atomic 
numbers yielded the curious result that the energy levels reached 
were all in a narrow range. For example, the energy differences 
between the two alpha-groups for each of the nuclides Cm, 
Cm, Pu, Pu®*, U™ all fell between 41 and 47 kev. It was 
also noted that nuclides of lower mass numbers showed higher 
energies for their first excited states. 

The data are summarized in Fig. 1, in which are plotted the 
energy levels of the “first excited states” against neutron numbers 
with isotopes of each element joined. Most of the data were ob- 
tained from alpha-spectra taken in this laboratory, others were 
obtained by Rosenblum and co-workers, and some were measured 
by conversion electron ranges in photographic emulsions both in 
this laboratory and elsewhere. Data for excited states of polonium 
and lead were taken from the literature concerning principally 
beta-decay processes leading to these states. For the sake of 
brevity, references are omitted for both the published and unpub- 
lished data but these will be included in a later paper. 

It is seen that the levels for plutonium, uranium, and the 
heaviest thorium isotopes are all bunched within a range of about 
10 kev 
consistent with the experienced difficulty of finding such states in 
alpha-spectra because of the low abundance which would accord- 


Che progressively higher energy for lower elements is 
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ingly be expected for the low energy alpha-groups. For example 
Em™, Em”, and Em*!® have not yet revealed low energy groups 
which, according to our present expectations for the energies of 
the excited states of the corresponding polonium isotopes, would 
have abundances in the range ~0.03—1 percent. 

The wide level spacing encountered at the region of 126 neu- 
trons is obvious and it is interesting to note that lead isotopes 
show a decrease going away from 126 neutrons on the low mass 
side. It is possible that all of these correlations may be based 
primarily on departures from closed neutron and proton shells. 
Recently, there have been communications from several sources 
pointing out this same relationship surrounding closed shells.** 

It is difficult to interpret these data on the single particle model 
which has been so successful in correlating transitions and energy 
states of nuclides having odd nucleons. The marked regularity of 
the first excited states and their low energies suggest some type 
of excitation involving the nucleus as a whole. 

There are a number of apparent steps which may be taken in 
pursuing further these correlations and their interpretation. One 
of these, of course, is to extend the data to a wider range and, as 
one example, to see if energy level spacings increase at still higher 
mass numbers as might be expected for the approach to a new 
closed shell. Another point is the examination of the lifetimes of 
these states and the measurement of conversion coefficients and 
angular dependence of the gamma-rays. Goldhaber and Sunyar® 
have concluded that the first excited states of most even-even 
nuclides have spin 2 and even parity. With the low energies en- 
countered for most of these transitions the lifetimes should be in 
the measurable range. 

11. Perlman and T. J. Ypsilantis, Phys. Rev. 79, 30 (1950). 

? Asaro, Reynolds, and Perlman, Phys. Rev. 87, 277 (1952) 


3 P. Stdhelin and P. Preiswerk, Helv. Phys. Acta 85, 690 (1952). 
4G. Scharff-Goldhaber, Phys. Rev. 87, 218 (1952) 


M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951). 























